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Training Recurrent Neural Networks Using 
Optimization Layer-by-Layer Recursive Least 

Squares Algorithm for Vibration Signals System 
Identification and Fault Diagnostic Analysis 

Siu-Yeung Cho, Tommy W.S. Chow,+ and Yong Fang 

Department of Electronic Engineering, City University of Hong Kong 
Tat Chee Avenue, Kowloon, Hong Kong 

ABSTRACT 

Depending on the representation ability and the dynamic capability of 
recurrent neural networks for nonlinear models, a neural-based approach for 
general practical nonlinear systems identification is demonstrated in this 
paper. The paper presents a new method for the training of recurrent neural 
networks, namely the Optimization Layer-by-Layer Recursive Least Squares 
(OLL-RLS) algorithm. The method is based upon the weights to be optimized in 
layer-by-layer fashion, using the standard RLS method to speed up the 
convergence rate. The derivations of the OLL-RLS algorithm for the 
recurrent networks and the difficulties by the numerical instability and 
convergence stalling are also included and addressed in this paper. These 
difficulties can be tackled by introducing noise to the OLL-RLS algorithm, 
which enhances the convergence property significantly. Further, the convergence 
analysis and the computational complexity of the OLL-RLS algorithm are 
discussed. The validation results show that when applying to the systems 
identification, the novel OLL-RLS algorithm significantly outperforms other 
training algorithms, in both convergence speed and generalization capability. 
The proposed neural-based approach is also applied to the railway carriage 
system identification by identifying the train vibration signal. The identification 
results are very promising and show that the OLL-RLS algorithm can provide 
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a significant contribution to fault diagnostic analysis by monitoring the 
identification error characteristics. 

1. INTRODUCTION 

Traditional system identification approaches are always based on well-
established results in adaptive signal processing theory. Several adaptive 
schemes, such as the least-mean squares (LMS) algorithm, least squares, and 
recursive least squares (RLS) algorithm, recursive least squares systolic 
arrays analysis, and blind deconvolution, have been developed to minimize 
the least squares error criterion (Haykin, 1991; Narendra & Annaswamy, 
1989). The LMS algorithm is easy to implement because of its simplicity; it 
does not require an explicit measurement of autocorrelations nor a matrix 
inversion. The main limitations of the LMS algorithm are a relatively slow 
convergence rate and failure to provide global optimum results owing to 
relying on a noisy estimate of the gradient vector. One method of overcoming 
these limitations is to use the RLS algorithm but at the expense of a larger 
increase in computational complexity. In addition, higher-order statistics 
(HOS) have recently received the extensive attention of the system 
identification, and also lots of novel algorithms have been proposed for the 
parameter identification of non-minimum phase systems with non-gaussian 
input (Nikias & Petropuou, 1989; Chow & Fei, 1995; Chow et al. in press). 
However, these HOS approaches suffer from the large demand of the 
computation cost. On the other hand, models-based approaches have dominated 
non-linear systems identification and fault diagnostic research over the last 20 
years (Isermann, 1984; Patton et al., 1989). Unfortunately, this class of method 
is very sensitive to modeling errors, parameter variations, noise and disturbances, 
and long computation time. Also the success of the models-based method is 
heavily dependent upon the quality of models for the monitored systems. In 
practice, it is very difficult to achieve accurate modeling for a complex non-
linear system. Sometimes, for some non-linear systems, it can even be 
impossible to describe them by analytical equations. 

To avoid the difficulties of classical non-linear systems mathematical 
modeling, neural networks-based non-linear systems modeling methods have 
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been emerging as a useful tool (Narendra & Parthasarathy, 1997; Srinivasan et 
al., 1994; Levin & Narendra, 1995; Jin et al., 1995) as numerical approximation 
techniques are not needed for the non-linearities of the system. The non-linearity 
of system dynamics is all embedded in the weighting functions of the neural 
network. This is especially appealing for systems whose non-linear dynamics are 
not known. Hence, the system model represented by the neural state model 
can be summarized in the following equations: 

x ( 0 = / ( x ( i - l ) , « ( i - 0 , W / ( 0 ) and y(0 = g(x(0,u(0,Wg(t)), 

η m 
where x(t) e 5R represents the internal state of the system, u(t) e9t represents 

q 
the mput, and y(t) e 5R represents the output state of the system. 

/H-m η rt+m q 

/ :9 ί 91 and g :9t -> 9? represent nonlinear mapping function of the 
neural networks. W^ and Wg denote the weights of the neural networks that 
represent the parameters of the system. According to this model, neural 
networks provide parallel computational structure, therefore it is possible to 
represent all the dynamic characteristics of the non-linear system with a 
relatively low computational burden. Such a characteristic of neural models 
allows it to be used in practical systems in which fast responses are required. 
Another important property is self-learning ability. The neural networks can 
extract the system features from previous training data using a proper training 
algorithm, whilst requiring little or no a priori knowledge about the system. 
Consequently, without estimating some parameters that are relevant to the 
identified systems, the fault diagnostic based upon neural networks 
approaches have demonstrated promising results in the field of systems 
identification (Sorsa et al., 1991; de la Fuente & Vega, 1995; Zafestas & 
Dalianis, 1994). Neural based approaches are used to examine the possible fault 
or abnormal features in the system output and provides a fault classification 
signal to declare whether the system is faulty or not. In accordance with this 
property, a railway carriage system identification based on a neural network 
model is valuable for an on-line railway carriage conditions monitoring 
system. For designing a suitable structure of the system identifier, an effective 
and robust network architecture and a training algorithm are important and 
significant. In this paper, we perform the railway carriage system 
identification and suggest a preliminarily fault diagnostic analyses based on a 

127 



Vol. 11, No. 2, 2001 Training Recurrent Neural Networks 
Using OLL-RLS Algorithm 

fast recurrent neural network training algorithm. 
The paper is organized as follows: A review of recurrent neural networks 

(RNNs) and fast training algorithms is presented in Sec. 2. Section 3 presents 
the derivation of the proposed Optimization Layer-by-Layer Recursive Least 
Squares (OLL-RLS) algorithm for the neural model. The heuristic method of 
avoiding the numerical instability and stalling is also included in this section. 
In Sec. 4, convergence analysis and a discussion of the OLL-RLS algorithm 
are presented. The validation of the OLL-RLS algorithm by higher-order 
system identification is discussed in Sec. 5. Section 6 describes the 
methodology and investigation of the railway carriage system identification 
using recurrent neural networks. Finally, the conclusion of this paper is 
presented in Sec. 7. 

2. REVIEW OF NEURAL NETWORK: ARCHITECTURE AND ALGORITHMS 

In the past decade, many researchers have focused on RNNs because of 
their capability of exhibiting dynamics behavior Almeida, 1987; Pineda, 1987; 
Williams & Zipser, 1989; Elman, 1990). Different structures of recurrent 
networks can be obtained from a feedforward network by permitting the 
recurrent links of each neuron to be connected in different fashions. As a 
result, the states of the past events can be memorized in the network. Clearly, 
RNNs are more capable of describing dynamic characteristics than are 
conventional feedforward networks (Farmer & Sidorowich, 1987, 1988; Box 
& Jenkins, 1989; Lapedes & Färber, 1987). For the applications of speech 
recognition, electric load forecasting (Chow & Leung, 1996a; 1996b), and system 
identification, RNNs are perceived as a natural selection. 

Conventional training algorithms of Feedforward Neural Networks (FNNs) 
are usually based on error backpropagation (BP) for minimizing the global sum 
of the squared error between the network output and the desired output 
iteratively. The primary tasks for exploiting the BP algorithm involve the 
development of supervised training methodologies, which are aimed at 
finding an optimal function estimate mapping training patterns and unseen 
test patterns. Because of the nonlinearity of neural models, algorithms for 
supervised training are mainly based upon nonlinear optimization methods. 
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Generally, the conventional error BP training algorithm by gradient descent 
has two major shortcomings—the slow convergence rate and the existence of 
local minima. 
1. First, there is no guarantee that the training process can be completed 

within a reasonable length of time because the training process may be 
exceedingly long for most practical problems. 

2. Second, there is no assurance that the weights can be optimized to the 
optimal condition as a local minimum traps the training algorithm in an 
inferior solution. 
To overcome the first problem, the convergence rate is speeded up simply 

by selecting a larger learning rate of the BP algorithm, but this would probably 
introduce oscillation and may result in failing to find a good solution. Many 
fast learning algorithms were, therefore, proposed in many different articles. 
Jacobs (1998), Tolleneace (1993), and Yam and Chow (1993) have proposed 
several acceleration techniques of adapting the learning parameters in the training 
process. Other training algorithms based on different optimization methods were 
also proposed in recent years. For instance, the conjugate-gradient (CG) method 
(Towsey et al. 1995) and Newton's or quasi-Newton's method (Battiti, 1992) 
appear to be much fester training algorithms, but at the expense of memory size 
and computational complexity. 

Meanwhile, the Recursive Least Squares (RLS) (Azimi-Sadjadi & S. Citrin, 
1989; Azimi-Sadjadi & R. Liou, 1992), and the Extended Kaiman Filter (EKF) 
(Willams, 1992) training algorithms have become widely used for multilayer 
neural networks. The results indicated that by exploiting the fast convergence 
characteristics of the RLS method, these types of algorithms could provide a 
significant reduction in the total number of iterations. For recurrent networks, 
Puskorius and Feldkamp (1992; 1994) have proposed the Decoupled Extended 
Kaiman Filter (DEKF) algorithm that provides robust performance in the 
modeling of dynamical systems. This approach creates disjoint subsets of 
weights that are considered to be decoupled, with the result of allowing the 
modeling of the interactions amongst the weights to be redundant. The 
computational complexity and the storage requirement of DEKF can be 
significantly less than those of the general EKF. It is, however, noted that 
these EKF type algorithms all require the computation of the dynamic 
gradients (that is, the derivatives with respect to the weights at real time 
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training). In most cases, the computational complexity of the dynamic 
derivatives can be significantly affected on the algorithm efficiency. Besides, 
recently, fast training algorithms based on the linear layer-by-layer least 
squares method have been proposed (Biegler-König & Bärmann, 1993; Yam 
& Chow, 1995; Ergezinger &. Thomsen, 1995; Yam & Chow, 1997) to 
provide a major breakthrough in speeding up the training process for 
conventional FNNs. However, they required substantial computational 
memory size for a large training size and those algorithms do not always 
provide a guaranteed convergence results for RNNs implementation. 

In this paper, we propose a fast and reliable training algorithm for 
recurrent neural networks called the Optimization Layer-by-Layer Recursive 
Least Squares (OLL-RLS) algorithm, applying it to system identification. 
Owing to the OLL-RLS algorithm being substantially less computationally 
complex than the aforementioned fast algorithms, very encouraging results 
were obtained on a PC platform. The OLL-RLS algorithm optimizes the 
weights in the fashion of layer by layer, and it does not need to evaluate the 
dynamic gradient for recurrent networks training. Unfortunately, the OLL-
RLS algorithm still suffers from the limitation of numerical instability and 
convergence stalling that have been addressed in Haykin (1991) and 
Puskorius & Feldkamp (1994). The numerical instability of the OLL-RLS 
algorithm occurs when the matrix P(A) in the recursive equation loses the 
property of positive definiteness. The convergence stalling phenomenon 
occurs when the algorithm stops adapting (i.e. the weights stop changing in 
value). In this paper, we also suggest a heuristic mechanism that can 
overcome these difficulties by adding noise to the recursive algorithm. Under 
the motivation of introducing noise, the performance of the OLL-RLS 
algorithm for the RNNs training is enhanced significantly in terms of 
convergence speed, avoidance of local minima, and quality of solution. The 
proposed OLL-RLS algorithm has been validated by applying to a higher-
order system identification. The results demonstrate that the OLL-RLS algorithm 
exhibits an extremely fast and reliable convergence behavior as compared 
with other conventional algorithms. The OLL-RLS algorithm trained with 
RNNs is also applied to the railway carriage system identification for fault 
diagnostic analysis. The neural approach of the railway carriage system 
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Fig.l: Graphic representation of the typical 3-hayer recurrent neural network. 

identification performed by our proposed OLL-RLS algorithm is capable of 

providing promising results under different loading conditions and system 

environments. 

3. OPTIMIZATION LAYER-BY-LAYER RECURSIVE LEAST SQUARES 

ALGORITHM FOR RNNS 

3.1 Derivation of the OLL-RLS Algorithm for RNNs 

For simplicity, we consider a fully connected recurrent neural network with a 

single hidden layer. The network has m network outputs, s hidden nodes, and r 
network inputs. A graphic representation of the recurrent network is shown as Fig. 

1. The general form of the recurrent neural network can be represented as follows: 

Vj = + Σ Χ Λ + »j J. 1 < y < ί; 1 < / < r , ( la) 
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ο * = ί > ^ 7 + ν * > l < k < m , (lb) 
7=1 

Ρ 
where ok denotes the network output of the λ-th node in the output layer, vkj 

is the synapses weight connected between the A-th output node and y'-th node 
hidden node, and vf is the bias term of the k-th output neuron. σ 7 {·} 
represents the non-linear monotonic function, typically is sigmoid or 
hyperbolic tangent, x, denotes the network input of the /'-th node and yj 
denotes the output of y'-th hidden node. z~lyq denotes the unit delay of output ρ 
of <7-th hidden node. wp is the synapses weight connected between y'-th 

ρ 
hidden node and /-th input node, \vw is the feedback weight connected 
between the unit delay of <7-th node and y'-th node in the hidden layer, w1· is 
the bias term of the y'-th node in the hidden layer. 

Assume that a set of Ρ number of samples are available, the goal of the 
algorithm is required to optimize the weights of the above network such that 
the total squared error can be minimized. The total error function can be 
defined as: 

£ γ = | Σ Ρ ' ~ ' Σ Ι Μ ' ) | | \ with e V i = d v i - Y v „ (2) 
1 (=1 *=1 

where ||e|| denotes the Euclid norm of vector e, and β is the forgetting factor 
and the value is always chosen a positive number less than but close to one. 
dv* = [dv*i,dv*2,"-,dvw>]r is the desired outputs of the A-th node, 
v t = (ν*,,ν*2, v^ .vff is the weight vector at the £-th node between the 
output layer and hidden layer. 

®u{XlWl} CT 21 {χ ιw 2 Ϊ "• ^lfriW,} Γ 

γ = o12{x2w,} a22{x2w2} - cts2{x2w1} 1 

ff2,(x,Wj) - asP{xPvis} 1 

is a matrix of the output from the hidden layer. 

and w/= [^ ,η -^ w^.w^.w^ w^.w®f 

represent the network inputs and he unit delay of hidden layer's outputs at the 
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sample t, and the weight vector, including synapses, feedback, and bias, 
connected between the hidden layer and the input layer at y'-th hidden node, 
respectively. 

For evaluating the optimum values of the weights in the network, Er 

should attain its minimum value. Therefore, taking the derivative of Er with 
respect to the weight \ k and letting all the derivatives equal zero, we get 

dE 
-1- = Σ Ρ ^ " ' ( γ Γ Y v * - γ Γ ( 1 ν * )= 0 · m k r=l 

(3) 

In accordance with Eq. (3), the optimum value of the weights matrix, V, 
can be found as 

V(M) = Φνί«)"1 0V(/J), (4) 

where [viv2i...,vm] is the weight matrix connected between the output 
layer and the hidden layer. 

ρ P 
Φν(") = Σβ ' ' " ' γ ( ί ) Γ Υ(0 and ev(/i) = £ß p ~ 'Y(O r d v ( f ) are considered 

the (s+1) χ (s+"l) correlation matrix of the input sequence for the output layer 
and the m χ (s+1) cross-correlation matrix of Y(t) and dy(0» respectively. 

Similarly, the weights connected between the hidden layer and input 
layer can also be updated by the least squares method. The optimum value is 
again evaluated by taking the derivatives of the error function, defined in Eq. 
(2), with respect to weight vector, W, and letting them equal to zero. 

By the chain rule, 

dEj_=r ß / ' - i _aY_9£ L = 0 ( 5 ) 

dw j fti 5w j SY 

If we define 

^ - = - M k e w k , (6a) 

and 

— = X 2 >{XW}, (6b) 
dw j 
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where 

M t = [ v j v t ··· v j and ewk has already been defined in * L * * 'Jpxij+i) 

Eq. (2). 
X = [x1,x2,...,Xp]r denotes a matrix of the input patterns with Ρ training 
samples, and 

F'{XW} = 
°ii'{xiwi} a21'{x,w2} ··• σ,,'Ιχ,ν^}' 
al2'{x2w,} σ22'{χ2\ν2} •·· al2'{x2ws} (7) 

is a matrix form of the derivatives of the non-linear activation function in the 
hidden nodes. 

Substituting Eq. (6a) and Eq. (6b) into Eq. (5) respectively, we can obtain 

^ = - f y - ' X r F ' { x w K e v * = 0 . (8) 
j (=1 

By letting 

ew, .=F'{XW}M,e v i ) (9) 

where 

ew, defines an error column vector between the desired output and the 
network output in the hidden layer. 

So we define dW; = XW) + ew>, where dwy = [dWji dw/2,---,dw;p]r represents a 
vector of the desired values of the y'-th node in the hidden layer. 

Thus, Eq. (8) can be expressed as 

dE-

j t=l 1=1 

(10) 

Consequently, Eq. (10) can be written into a similar form of Eq. (3), and 
the optimum values of the weights matrix connected between the hidden layer 
and the input layer are also evaluated by the least squares method in the 
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fashion of layer by layer. The advantage of this is that the optimizations are 
not necessary to compute the dynamic derivatives with respect to the weights 
during the training process. As a result, 

W(#i) = (11) 

where 

W = [whw2,...,w3] denotes a weight matrix connected between the 
hidden layer and the input layer. 

ρ 
Φ ν ( „ ) = Σβ ' - 'Χ(0ΓΧ(0 ^ θ\ν(Ό = Σ β χ ( 0 d w(0 are considered 

/=ι r«i 
as a (r—1) χ (r+1) correlation matrix of the input sequence of the network and 
a s χ (r+1) cross-correlation matrix of X(i) and dw(0> respectively. 

In accordance with the Eqs. (4) and (11), the inverse of the correlation 
matrices, Φν(«) and Φψ(η) could be determined to compute the optimal 
values of the weight matrices, V(«) and W(n). respectively. In practice, however, 
we usually try to avoid performing such a matrix inversion operation as it 
could be very time consuming and complex, particularly if the number of 
weights is too large. In addition, the correlation matrices may be singular if 
Ρ<m or P<ä and hence, Φν(«) or Φw(«) is said to be ill-conditioned, and 
errors of rounding and truncation are produced (Horn & Johnson, 1983). It is, 
therefore, advantageous to use the Recursive Least Squares (RLS) method to 
determine the correlation matrices. By the definition of (Φν(η),θν(η)) and 
(®w(n), θ w (/»)), and assuming that η » Ρ, their updating forms can be 
expressed in the following: 

Φ v (w) = βΦν (η -1) + Υ(η)τ Y(n), θ ν («) = βθ ν (« -1) + Υ(«)Γ d ν («); 

φw («) = βφw (« -1) + Χ(ΌΓ Χ(Ό. θw (") = ßöw - 1 ( η - U + Χ(ΌΓ dw (Ό · 

Let Ρν(«)=Φν(«) 1 and Ρ\ν(«)=Φ\ν(«) '; by using the matrix inversion 
lemma (Haykin, 1991), a set of recursive equations can be expressed as 

K v (» ) = i p v ( x - 1)Υ(«)Γ [ ι + τ Σ y» (")pv (« - i)y, («)Γ 

Ρ P r=l 
(12) 
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Pv (») = ^ [Pv (« " 0 " Κ ν («)'Y(«)PV ( « - ! ) ] , (13) 

κ w (») = τ p w (» - 1 > χ ( " ) Γ 1 + τ Σ x ' (")pw (» - 1 » , 
Ρ Ρ ί=ι 

\Τ 
; (14) 

Pw (») = ^ [Pw (« - 1 ) - Κ w («)X(«)Pw ( " - ! ) ] , (15) 

where I is an Ρ χ Ρ identity matrix, Kv(«) and Kw(/i) denote the Kaiman gain 
of the RLS algorithm. 

The update equation for the weights matrix V(n) is 

V(«) = V(n - 1 ) + Κ ν («)[d ν («) - Y («)V(» -1)] , (16) 

and the update equation for the weights matrix W(n) is 

W(») = W(n - 1 ) + K w ( « ) [ d w (n) - X(«)W(« -1)] . (17) 

The recursive algorithm requires initial values of Pv(0) and Pw(0), as 
well as the weight matrices V(0) and W(0). The choice of the initial values 
are usually taken Pv(0) = <5IV and Pw(0) = in our computation, where δ is 
a small positive number that Pv(0) and Pw(0) can be kept positive definite. 
V(0) and W(0) can be any non-zero random number. 

3.2 Avoiding the Problems of Numerical Instability and Stalling of the 
OLL-RLS Algorithm 

In accordance with the derivation of the OLL-RLS algorithm, a fast 
convergence speed is obtained because the dynamic gradients are not required 
to compute for RNNs training and the matrix inversion can be ignored. The 
mathematical formulation and therefore implementation of the OLL-RLS 
algorithm is relatively simple. However, when the RLS algorithm is 
implemented in neural networks training, the problems of numerical instability 
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and convergence stalling are considered. Basically, as stated in Haykin 
(1991), numerical instability and convergence stalling of the RLS algorithm 
are a nature similar to that experienced in Kaiman filtering, of which the RLS 
algorithm is a special case. These problems may be traced to the fact that the 
matrix PV(H) or PW(«)> as indicated in Eq. (13) or (15), is computed as the 
difference between two nonnegative definite matrices. Based on the results of 
Haykin, the numerical instability and the convergence stalling occur when the 
weights stop changing in value during the training process. In particular, this 
phenomenon occurs when both the matrices, Ρ\{n) and PW(M), lose the 
property of positive definiteness and become very small, such that 
multiplication by Ρ\{η) and PW(«) is equivalent to multiplication by zero 
matrices. Accordingly, a heuristic mechanism, used to circumvent these 
difficulties, is the addition of artificial noise to the recursive equations. 
Consequently, for the weight space between the output layer and hidden layer, 
Eq. (13) becomes 

Pv (») = ^ [Pv (« -1 ) " Κ ν («)'Y(«)PV (« " 1)]+ Γ ν 0 0 , (18) 

where Γγ(«) denotes a diagonal matrix with components that are small and 
nonnegative Gaussian distribution random numbers in the range of 10"6 to 
10~2, and the new updated equation of the weight matrix V(/J) becomes: 

V(N) = V(« - 1 ) + Κ γ («)[d ν («) - Y(« ) V( / j - 1 ) ] + Α ν Δ ν (19) 

where ccv denotes a small positive number which can be increased gradually 
by a small fraction until the weights start to adapt again. ΔΝ is a Gaussian 
noise matrix in V dimensional space in an element of JV(0,1). 

For the weight space between the hidden layer and the input layer, Eq. 
(15) becomes 

Pw («) = τ [Pw (»'" 1) •" K w (»)X(«)PW (« - 0 ] + r w (») > (20) 
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where rw(w) denotes a diagonal matrix with components that are small and 
nonnegative Gaussian distribution random numbers in the range 10"6 to 10"2, 
and the new updated equation of the weight matrix W («) becomes 

W (n) = W(/J - 1 ) + K w ( « ) [ d w («) - X(n) W(« - 1 ) ] + α WA w , (21) 

where a w denotes a small positive number which can be increased gradually 
by a small fraction until the weights start to adapt again. Aw is a Gaussian 
noise matrix in W dimensional space in an element of 7V(0,1). 

According to the above formalism, the improvement is based upon 
introducing noise combined with increasing the parameters (α,α») gradually. 
Increasing the quantity of the parameter is a critical consideration for this 
mechanism. If the parameter is increased too much, some opportunities to 
escape the stall will missed. If the increase in the parameter is too small, the 
ability to escape will be enhanced but the speed will be too slow, making the 
algorithm inefficient. In our experience, the quantity of the parameters is 
increased to 0.5% of the original values until the weights start to adapt again. 

4. DISCUSSION ON THE OLL-RLS ALGORITHM 

A. Convergence Analysis of the OLL-RLS Algorithm 

For a recursive algorithm applied to the neural networks training, an 
important consideration is to know the asymptotic properties of the estimated 
weights (V(H), W(M)) as the number of epochs, n, approaches infinity. 

Consequently, the convergence analysis of our proposed OLL-RLS algorithm 
is significance. For simplicity, owing to employing layer-by-layer optimization, the 
convergence proof of the OLL-RLS algorithm can be considered for only one 
layer, and the subscripts Ύ ' and ' W' can then be omitted. 

From the definition of the correlation matrix, Φ(Η), we obtain 

Φ ' ( Η ) = Φ(η) + δβΡ\ 

= Σ β ρ - χ ( ι ) τ χ { ί ) + δβρ\ ( 2 2 ) 

t=ι 
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where the term δβ^Ι is caused by the initialization. Suppose that d(/)= 
X(/)Wo+e(0, where W0 is the optimum solution of the weights. So, the 
estimated weight, W(«) is 

W (η) = Φ·(η)~ιθ(η) 

= |φ(«) + δβΡ\]ΧΣβρ-'Χ(.ΐ)τ d(.t) 

Γ T-i'? (23) 
= ^ ( « j + ^ ^ i f Σ ^ x w r [ x r / ; w e + e ( o ] 

(=1 

= [i + δβΡΦ(η)~λ ]"' W„ 

Based on Eq. (23), we have the following general convergence theorem 
of the OLL-RLS algorithm: 

Theorem 1: Let R be an ensemble-averaged matrix, 

" (=1 » 

Thus, if the weights error between the estimated and optimum values, 
e y ( n ) = W(n) - W0, the mean value of the weights error: 

ο 

£ { 6 w («)}= — R _ 1 W 0 , (24) 
η 

as a result, the OLL-RLS algorithm is said to be convergent if the mean value 
of the weights error £{ew(«)} -> 0 , implies that W0 as η —> oo . 

Proof: From Eq. (23) and assume β is very close to one, £{sw(«)} can be 
expressed as 
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E{ew(n)} = £{wf«;-w0} 

= £ j | l + δβΡΦ(n)~x ]"' W 0 - W 0 J 

« -8b(n)~xV10, for δ « 1 

w, ο 

(25) 

From Eq. (25) we obtain Eq. (24) and the convergence theorem follows. 

B. Comparison in Computational Complexity with Other Algorithms 

Regarding to the computational complexity, the requirement of the RLS, 

EKF, and DEKF algorithms are dominated by the computation and storage of 

the Ρ(«) matrix. Because the optimization of weights of the proposed OLL-

RLS algorithm is performed in a layer-by-layer fashion, the computation and 

storage requirement for it are less demanding than for the EKF and DEKF 

algorithms. The OLL-RLS algorithm does not compute the dynamic gradients, 

which contributes a major reduction on computational complexity when 

compared with the other algorithms. In Table 1, the computational complexity 

of the proposed OLL-RLS algorithm are compared with the dynamic BP, 

EKF and DEKF algorithms. Clearly, the computational cost of the OLL-RLS 

algorithm is much expensive than the dynamic BP whereas is lower than the 

EKF and DEKF algorithms. 

5. VALIDATION OF THE OLL-RLS ALGORITHM BY HIGHER-ORDER 

SYSTEM IDENTIFICATION 

From a system theoretical point of view, neural networks can be 

considered versatile nonlinear maps with the elements of the weight matrices 

as parameters. Hence, the identification procedure consists of adjusting the 

parameters of the neural networks in the model based on the error between 

the plant and model outputs. In our validation, the higher-order system model 

is shown as follows: 
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Table 1 
Comparison of the computational complexity among dynamic BP, EKF, 

DEKF and OLL-RLS algorithms 

Algorithm Computational Complexity1 Remark 

dynamic BP q(M + N) requires computing dynamic 
derivatives 

EKF ©((Μ + Λ02) 
requires computing dynamic 
derivatives 

DEKF 
requires computing dynamic 
derivatives 

OLL-RLS 0(M 2 + jV2) does not require computing 
dynamic derivatives 

*M is the number of weights at output layer, Ν is the number of weights at hidden 
layer, (assume 3-layer network only). 

*l(< + l) = -0.4*2 ( ' ) + x3 (0 + 0.3*4 (/) 
JC2(/ + 1) = tanh(o.5^(/) + X3(0 + (l + 0.2*2(0)w(0 + 0.7x4(0) 
JC3 (/ +1) = tanh(-0.6*i(O + 0.4*2(O + 0.3*i(O*4(O) ' ^ 
* 4 ( / + l) = tanh(*i (t) + 0.6*2 (0*4 (θ) 
y(t +1) = (* , (0) 2 +0.8*4(0 

| _ -X 

where tanh(*)=-—-— and «(i)represents input of the system. 
l + e~x 

According to the above equations, two hundred training patterns were 
generated, and the input signal {w(0} is uniformly distributed in the interval 
[-1,1]. To investigate the generalization of the network model, 300 testing 
samples were carried out by different input responses—for instance, Gaussian 
random input, step input, and sine input function. So, the system is driven by 
the following input signal: 

" (0 = 

n(O,\) 1 ^ / ^ 100, 
0.5 101 £ / ^ 200, 

. ( t - 2 0 0 
Sl/I 

I 10 
10 s/w 201 <, 300. 

(27) 

where N(0,\) represents Gaussian random signal with zero mean in variance 

of one. 
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The performance of the proposed OLL-RLS algorithm is compared with 
the RNNs trained by a dynamic BP with a fixed learning rate and a fast BP 
algorithm with adaptive learning rate. In all algorithms, the initial values of all 
weights were drawn by random numbers with a uniform distribution between 
-1.0 to 1.0. The OLL-RLS algorithm was written in PC Matlab scripts, and 
the other BP algorithms are available in the Neural Network Toolbox inside 
the PC Matlab platform. The algorithms were performed on a PC-pentium/ 
100MHz computer, and the stopping criterion of either 2000 epochs or 
meeting a root mean squares error (RMSE) of 0.05. The RMSE is defined by 

RMSE = 
Σ T{dwki~zktf 

^ - L · ! , (28) Pm 

as a metric of performance measures. All the averaged results reported in this 
paper were obtained from 20 independent trials having different initialization 
settings. The RMSE measures, as a function of the number of epochs, during 
the training period are illustrated in Fig. 2. The OLL-RLS algorithm enables 
the networks to converge in the least number of iterations at the specified 
stopping criterion. The comparative results of the different algorithms 
implemented in the different network architectures are tabulated in Table 2, 
which manifests that the OLL-RLS algorithm overwhelmingly outperforms 
other algorithms. The average number of epochs required by the OLL-RLS 
algorithm is less than 200 to reach the lowest error level, whereas the other 
conventional algorithms cannot converge to the same level until 2000 epochs. 
The CPU time taken by the OLL-RLS algorithm is only 4.66% of the 
dynamic BP and 4.81% of the fast BP. We also conclude that the neural 
model responses trained by OLL-RLS algorithm almost coincide with the 
actual output responses as shown in Fig. 3a. The error responses between the 
actual model and networks model trained by different algorithms are shown in 
Figs. 3b, 3c, and 3d. The overall testing errors of the whole set are 0.056, 
0.117, and 0.111 given by the OLL-RLS, dynamic BP, and fast BP, 
respectively. It is clear that the OLL-RLS algorithm has excellent 
generalization capability under the fastest rate of convergence for the RNNs 
training. 
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number of epochs 

Fig. 2 : Convergence curves of the recurrent neural network with 4 input, 22 hidden 

and 1 output nodes trained by the proposed OLL-RLS algorithm, dynamic B P 

with the fixed learning rate and B P with the adaptive learning rate in the high-

order system identification. 

T a b l e 2 

C o m p a r a t i v e r e s u l t s o f t h e d i f f e r e n t a l g o r i t h m s a p p l y i n g t o 

t h e H i g h e r - O r d e r s y s t e m i d e n t i f i c a t i o n . 

ALGORITHM OLL-RLS 
DYNAMIC BP WITH 
FIXED LEARNING 

RATE1 

DYNAMIC BP WITH 
ADAPTIVE 

LEARNING RATE1 

Network size1 Hidden nodes 
Network size1 

12 22 12 22 12 22 

No. epochs, η at 
stopping criterion 

178 89 >2000 >2000 >2000 >2000 

RMSE for training 
samples 

0.0771 0.0352 0.173 0.1014 0.173 0.0976 

RMSE for 
testing 

Gaussian 
random 
response 

0.111 0.0801 0.165 0.146 0.164 0.134 

samples 
driven by 
different 

Step 
function 
response 

0.1409 0.0255 0.143 0.0949 0.137 0.0963 

input 
responses 

Sine 
function 
response 

0.1407 0.0519 0.148 0.102 0.145 0.0965 

The architecture consisted of 4 inputs and 1 output, with either 12 or 22 hidden nodes. 
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0.4 
0.2 

-02 
-0.4 
-0.6 
-0.8 -1 
-1.2 

0 50 100 150 200 250 300 
Samples sequence 

0.5 

1 0 
® -0.5 

- 1 

0 50 100 150 200 250 300 

Samples sequence 

Fig 3: System identification results of the higher-order system. From up to down, (a) 
Identification results by the OLL-RLS algorithm, (b) Error response between 
the actual responses and the network responses trained by the OLL-RLS 
algorithm, (c) Error response between the actual responses and the network 
response trained by the dynamic BP. (d) Error response between the actual 
responses and the networks responses trained by the fast BP. 

6. RAILWAY CARRIAGE SYSTEM IDENTIFICATION USING THE OLL-

RLS ALGORITHM 

The railroad industry suffers damages to equipment, wayside structures, 
and lading every year from derailments that are caused by catastrophic roller 
bearing failure. The derailments caused by roller bearing failure in particular had 
been on the decline since the 1970s. Likewise, costs associated with train 
accidents had also steadily declined over the last 30 years. However, this 
reduction in train accidents has come at a very high cost in operating 
efficiency. Thus, the improved wayside train inspection research is important 
and leads to advancements in cost-effective train inspection technologies. For 
the prevention of catastrophic bearing failure and derailment, one method of 
identifying defective roller bearings is based upon evaluating the audible 
acoustic emissions or vibration signal that is produced by roller bearings 
during operation. 

Β. λ «jJLJUHAJIL·— <JUi ι • Α ι - λ 1 r·. ι 
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In this paper, we use the developed neural-based system identification 
technique to the railway carriage system identification and fault diagnostic 
analysis with the aim of developing an on-line railway carriage condition 
monitoring system. The vibration signals presented in this section were 
measured by an accelerometer mounted on a specific bearing of a railway 
carriage running at about 30 mph. The analogue signals were sampled at a 27 
kHz sampling rate, and the total data is 27k samples in each data record. Two 
groups of data obtained under the conditions of the unloaded (8000 lbs) and 
loaded (33000 lbs) carriage were applied. To obtain the identified models, we 
made use of the samples data with time sequence from 1 to 256 for the 
training patterns. To test the properties of our constructed models, we adopted 
two groups of the test subsets with the samples sequence from 512 to 1024 
and from 12800 to 13312 under the different loading conditions. The neural 
network architecture was specified as 1 input, 10 hidden, and 1 output nodes, 
and the training performance was compared by our proposed OLL-RLS 
algorithm, dynamic BP with fixed learning rate, and fast BP with adaptive 
learning rate. The training processes were performed up to 2000 epochs. The 
statistical results for the railway carriage system identification using different 
algorithms are summarized in Table 3. It is shown that the system identification 
results are very promising obtained by the OLL-RLS algorithm. Moreover, 
the testing performances of the railway carriage system identification are also 
depicted in Figs. 4 to 7. We conclude that the outputs of the networks trained 
by the OLL-RLS algorithm almost coincide with the actual response of the 
systems under unloaded and loaded conditions. The generalization capability 
of the OLL-RLS algorithm exhibits excellent performance on railway system 
identification. In accordance with the error range of the identification between 
the actual system output and network output, we can initially define these 
ranges as a fault determination index for the normal signal situation whenever 
loaded and unloaded conditions. For the unloaded condition, we define the 
range of [-0.2, 0.3] as an index of the normal signal and the range of [-0.4, 
0.4] as an index of the normal signal for the loaded condition. As a result, the 
objective of our proposed fault diagnosis is to determine the error range of the 
identification between the actual system output and the network output. If the 
identified error range is higher than the index of the normal signal, the 
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712 812 
Samples sequence 

j.j -I 
712 eia 

Sam pies sequence 

Fig. 4: Identification results of the railway carriage system by the OLL-RLS algorithm 
in the samples sequence (512-1024) under the unloaded condition. From up to 
down: (a) The system actual response and the network identified response, (b) 
Error response between the actual and network outputs. 

Fig. 5: Identification results of the railway carriage system by the OLL-RLS algorithm 
in the samples sequence (12800—13312) under the unloaded condition. From 
up to down, (a) The system actual response and the network identified 
response, (b) Error response between the actual and network outputs. 
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Fig. 6: Identification results of the railway carriage system by the OLL-RLS algorithm 
in the samples sequence (512-1024) under the loaded condition. From up to 
down: (a) The system actual response and the network identified response, 
(b) Error response between the actual and network outputs. 

12800 12900 13000 13100 13200 13300 

S a m p l e s l e q u e n c e 

Fig. 7: Identification results of the railway carriage system by the OLL-RLS algorithm 
in the samples sequence (12800-13312) under the loaded condition. From up 
to down: (a) The system actual response and the network identified response, 
(b) Error response between the actual and network outputs. 
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s :|Γ 
•is 1 — 

Sil «17 Til 112 en 1012 
S a m p l e « s e q u e n c e 

Fig. 8: Identification results of the faulty railway carriage system by the OLL-RLS 
algorithm in the samples sequence (512-1024) under the loaded condition. 
From up to down, Fig. 8a. The system actual response and the network 
identified response. Fig. 8b. Error response between the actual and network 
outputs. 

13000 13100 
S a m p l e s s e q u e n c e 

Fig. 9: Identification results of the faulty railway carriage system by the OLL-RLS 
algorithm in the samples sequence (12800-13312) under the loaded condition. 
From up to down: (9) The system actual response and the network identified 
response, (b) Error response between the actual and network outputs. 

12800 12800 13000 13100 13200 13300 
S a m p l e s s e q u e n c e 
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system fault may be diagnosed by the identifier. In practice, it is impossible to 

have a faulty railway carriage running along the railway for similar 

measurement. We then generated a simulated faulty signals by superimposing 

a Gaussian noise with the mean of the base frequency of the normal vibration 

signal and the variance of 0.5 in the frequency domain. Figs. 8a and 9a show 

the faulty signals of the system outputs and the network outputs under the 

loaded condition in the samples sequence of 512 to 1024 and 12800 to 13312, 

respectively. In accordance with the error signal in Figs. 8b and 9b, their 

ranges of [ -2 .5 , +1.0] and [-1.5, +1.5] are higher than the index of the range 

of the normal signal. The results indicate that our developed method can 

identify the railway carriage system and provide useful and measurements for 

the fault diagnostic analysis. 

7. CONCLUSIONS 

An accelerated and robust neural based approach for the nonlinear 

system identification is proposed. The model for the nonlinear system 

identification is based on the well-known recurrent neural networks structure 

that has the merit of dynamic capability. Meanwhile, the convergence speed 

of the training algorithm can be substantially speeded up using the 

Optimization Layer-by-Layer Recursive Least Squares (OLL-RLS) algorithm. 

Owing to the fact that the weights are optimized in the fashion of layer by 

layer, the computing of dynamic gradients is not required by the OLL-RLS 

algorithm. As a result, the computational complexity is reduced as compared 

with the RLS or Kaiman filter type algorithms. To our knowledge, however, 

least squares type algorithms often suffer from the difficulties of numerical 

instability and convergence stalling. In this paper, a heuristic mechanism is 

suggested to overcome these difficulties by introducing noise to the RLS 

formalism. In accordance with this method, the novel OLL-RLS algorithm is 

capable of providing an extremely fast training and a promising optimum 

solution for system identification. Moreover, in this paper, railway carriage 

system identification, based upon our proposed model and algorithm, is 

demonstrated. Although the system is totally unknown, this proposed method 

demonstrates that the system identifier is capable of identifying the train 
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vibration signal. Finally, based on the advantages of our proposed algorithm, 
a fast system identification process is established that is capable of providing 
a preliminary fault diagnostic analysis by monitoring the variation of the 
identification error characteristic. 
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