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Abstract: Based on rigorous derivations using the electromagnetic energy-momentum tensor,
we established a generic relationship between the longitudinal optical force (along the surface
wave propagating direction) on a cylinder induced by surface waves and the energy flux of
each surface mode supported on the interface between air and a lossless substrate possessing
continuous translational symmetry along the longitudinal direction. The longitudinal optical
force is completely attributed to the canonical momentum of light. Our theory is valid for generic
types of surface waves and lays the theoretical foundation for the research and applications of
optical manipulations by surface waves.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Light carries momentum. The interaction between light and matter leads to the momentum
transfer from light to matter and induces optical forces that enable the manipulation of microscopic
particles by light in various ways, including the optical trapping [1–5], binding [6–9], pushing
[10–12], pulling [13–22] and so on. In the vacuum or air, the standard expression of the linear
momentum of a single photon is ℏk, where ℏ is the reduced Plank constant and k is the wavevector
of the photon. For a group of photons propagating in vacuum or air, the linear momentum density
is rigorously characterized by S/c, where S is the Poynting vector and c is the speed of light in
vacuum, according to the electromagnetic wave theory [23]. According to the conservation law
of linear momentum, the time-averaged optical force acting on a particle by a time-harmonic
beam is strictly equivalent to the momentum change of light per unit time, which is given by the
integral of the Maxwell stress tensor (MST) over a closed surface enclosing the particle.

The relationship between the momentum of light and the induced forces becomes complicated
inside a medium. A debate on the correct expression for the momentum of light inside media
has lasted for over a century, famously known as the Abraham-Minkowski controversy [24–26].
Because of the lack of a unified expression for electromagnetic momentum, how to calculate
optical forces rigorously inside a medium has also been controversial for a long time [27–31].
The prevailing understanding is that both the Abraham-type and the Minkowski-type momenta
are correct in their own way, with the former being the kinetic momentum and the latter being the
canonical momentum of light [32]. However, neither of them can be applied directly for optical
force calculations unless their material counterparts are also taken into account [33]. Our recent
work also demonstrated that the optical force inside a metamaterial cannot be unambiguously
determined unless some microscopic information is taken into consideration [34–37].
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Confined on the interface between air and a medium, optical surface waves propagate partially
in the air and partially in the medium. For the calculation of the linear momentum of the
surface waves, different results can be obtained depending on which formulation of momentum
(i.e. Abraham momentum or Minkowski momentum) is adopted [38]. Nevertheless, for a
particle located on the air side near the interface, the optical force acting on the particle can
be rigidly calculated using the MST. This is because that the calculation only involves the
electromagnetic fields and the macroscopic parameters (i.e. permittivity and permeability) of air,
and the microscopic information of the medium is not needed in this case. The natural question
then arises: which type of light momentum determines the optical forces induced by surface
waves and how is the momentum transferred?

In this paper, we attempt to answer these questions by studying the optical forces acting on a
particle located above the surface (in air) by the surface waves supported on a planar surface.
Based on rigorous derivations using the electromagnetic energy-momentum tensor, we obtained
closed-form expressions for the optical force along the surface-wave-propagating direction from
both the macroscopic and microscopic perspectives. We found that when the system supporting
the surface waves is lossless and preserves the continuous translational symmetry along the
surface-wave-propagating direction, the optical force along this direction is totally determined
by the canonical momentum of light. Our work will contribute to the understanding of the
mechanism of optical forces induced by surface waves. With the emergence of topological
photonics [39–42], optical surface waves have attracted considerable attention. Our work will
provide a deeper understanding for the research and applications of manipulating microscopic
particles by surface waves.

2. Expressions of the longitudinal optical force based on first principle deriva-
tions

In order to obtain closed-form expressions, we consider a 2-dimensional system (the system
is infinite long along the z direction) which is schematically shown in Fig. 1(a). The surface
waves are excited on the planar interface between the air (y>0) and a medium (y<0) and optical
forces are induced on a cylinder above the interface. The medium is homogenous and can be
isotropic, anisotropic or bianisotropic. For simplicity, we consider a configuration in which no
free propagating waves are excited. To ensure this, we assume there is a out-of-plane wavenumber
kz>k0, where k0 = ω/c is the wavenumber in the air. The scattered waves by the cylinder and the
interface then can not propagate freely in the air and will be converted into the surface waves.
Without loss of generality, we assume the surface waves propagate in the x direction. Since the
particle is immersed in the air, the optical force acting on the particle is rigorously calculated by

F =
∮
∂S1

T̄max · n̂dl (1)

where ∂S1 is an arbitrary closed surface in the air enclosing the particle, n̂ is the outward unit
normal vector of , and T̄max is the time-averaged MST expressed as

T̄max =
1
2

Re[ε0EE∗ + µ0HH∗ −
1
2
(ε0E · E∗ + µ0H · H∗)Ī]. (2)

Without loss of generality, we choose ∂S1 as a rectangle shape with the upper boundary far away
from the planar interface and the lower boundary as close as we like to the interface, as shown
by the red dashed rectangle in Fig. 1(b). The left and right ends of ∂S1 are located at x1 and x2,
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respectively. Therefore, the longitudinal (along the x direction) optical force is calculated by

Fx =

∮
∂S1

x̂ · T̄max · n̂dl =
∫ ∞

0+
x̂ · Tmax

xx (x1, y)x̂x̂ · (−x̂)dy +
∫ ∞

0+
x̂ · Tmax

xx (x2, y)x̂x̂ · x̂dy

+

∫ x2

x1

x̂ · Tmax
xy (x, 0+)x̂ŷ · (−ŷ)dx +

∫ x2

x1

x̂ · Tmax
xy (x,∞)x̂ŷ · ŷdy

=

[︃∫ ∞

0+
Tmax

xx (x, y)dy
]︃ |︁|︁|︁|︁x2

x1

+

[︃∫ x2

x1

Tmax
xy (x, y)dx

]︃ |︁|︁|︁|︁∞
0+

,

(3)

where the MST components are given by

Tmax
xx =

1
2

Re[ε0ExE∗
x + µ0HxH∗

x −
1
2
(ε0E · E∗ + µ0H · H∗)],

Tmax
xy =

1
2

Re(ε0ExE∗
y + µ0HxH∗

y ).
(4)

Applying standard boundary conditions, the tangential components of electromagnetic fields
Ex, Ez, Hx, Hz and the normal components of electric displacement Dy and magnetic induction
field By are continuous across the boundary y = 0. Note that the MST takes the same expression
as the Minkowski stress tensor in the air. Thus, the integral of the lower boundary of ∂S1 in
Eq. (3) equals to the integral of the Minkowski stress tensor along the boundary just below the
interface, namely∫ x2

x1

Tmax
xy (x, 0+)dx =

∫ x2

x1

Tmin
xy (x, 0+)dx =

∫ x2

x1

Tmin
xy (x, 0−)dx, (5)

where Tmin
xy is the component of the Minkowski stress tensor expressed as

Tmin
xy = x̂ · T̄min · ŷ = x̂ ·

1
2

Re[ED∗ +HB∗ −
1
2
(E · D∗ +H · B∗)Ī] · ŷ. (6)

The second equality of Eq. (5) is due to Tmin
xy (x, 0+) = Tmin

xy (x, 0−) incurred by the boundary
conditions. Then the longitudinal force can be evaluated by

Fx =

∮
∂S2

x̂ · T̄min · n̂dl, (7)

where ∂S2 is the closed surface with the lower boundary just below the interface, as shown by the
green dashed rectangle in Fig. 1(b). When the medium is homogeneous and lossless, the integral
of the Minkowski stress tensor over any closed surface inside the medium is always zero. As a
result, the longitudinal force is further calculated as

Fx =

∮
∂S2

x̂ · T̄min · n̂dl +
∮
∂S3−∂S2

T̄min · n̂dl =
∮
∂S3

x̂ · T̄min · n̂dl, (8)

where ∂S3 is a very big rectangle with the upper and lower boundaries far away from the interface,
see the blue dashed rectangle in Fig. 1(b), and ∂S3 − ∂S2 is the boundary of the rectangle obtained
by the rectangle enclosed by ∂S3 subtract to the rectangle enclosed by ∂S2. Because the surface
waves decay when away from the interface, the integrals of the upper and lower boundaries
vanish. Consequently, the calculation of the longitudinal optical force is simplified as

Fx =

∫ ∞

−∞

[Tmin
xx (x2, y) − Tmin

xx (x1, y)]dy, (9)

where
Tmin

xx =
1
4

Re(ExD∗
x + HxB∗

x − EyD∗
y − HyB∗

y − EzD∗
z − HzB∗

z ). (10)

We can see that the longitudinal optical force can be obtained by integrating the Minkowski
stress tensor over an arbitrary closed surface enclosing the particle, even with the surface cutting
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through the interface, and greatly simplified. We note that this is not true for calculating the
transversal (along the y direction) optical force.

Fig. 1. (a) Surface waves propagating at the interface between the air and a medium interact
with a cylinder infinitely long along the z direction immersed in the air. (b) Geometrical
sketch for the optical force calculation.

We now generalize the above result to the case of arbitrary number of surface wave modes.
Consider there are n surface modes supported on the surface, each with the longitudinal
wavenumber kxi, i = 1, 2, ... Then the electromagnetic fields are expressed as

(E, H) = eikzz
n∑︂

i=1
(eix, eiy, eiz, hix, hiy, hiz)eikxix, (11)

where eix, eiy, eiz, hix, hiy, hiz are the field components of the ith surface mode which are y-dependent
and vanishing at the infinities y → ±∞. According to the Maxwell’s equations,

∇ × E = eikzz
n∑︂

i=1
(∂yeiz − ikzeiy, ikzeix − ikxieiz, ikxieiy − ∂yeix)eikxix = iωB, (12a)

∇ × H = eikzz
n∑︂

i=1
(∂yhiz − ikzhiy, ikzhix − ikxihiz, ikxihiy − ∂yhix)eikxix = −iωD. (12b)

Substituting Eqs. (11) and (12) into Eq. (10), we arrive at

Tmin
xx =

1
4

Re(ExD∗
x + BxH∗

x − EyD∗
y − EzD∗

z − ByH∗
y − BzH∗

z )

=
1

4ω
Re

∑︂
ij
[−i∂y(eixh∗jz + h∗jxeiz) + (kxi + kxj)(eizh∗jy − eiyh∗jz)]e

i(kxi−kxj)x.
(13)

In lossless medium, the Poynting vector is divergent-less, namely

∇ · S = ∂
∂x

Sx +
∂

∂y
Sy +

∂

∂z
Sz = 0. (14)

Substituting Eq. (11) into Eq. (14), we obtain

1
2

Re
∑︂

ij
i(kxi − kxj)(eiyh∗jz − eizh∗jy)e

i(kxi−kxj)x

=
1
2

Re
∑︂

ij
∂y(eixh∗jz − eizh∗jx)e

i(kxi−kxj)x.
(15)

Since Eq. (15) should be valid irrespective of x, we have

eiyh∗jz − eizh∗jy = −
i

kxi − kxj
∂y(eizh∗jx − eixh∗jz), i ≠ j. (16)
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Substituting Eq. (16) into Eq. (13), we obtain

Tmin
xx =

1
4ω

Re
∑︂

ij

[︃
−i∂y(eixh∗jz + eizh∗jx)e

i(kxi−kxj)x + 2kxi(eizh∗iy − eiyh∗iz)δij

− i(1 − δij)
kxi + kxj

kxi − kxj
∂y(eizh∗jx − eixh∗jz)e

i(kxi−kxj)x
]︃
,

(17)

where δij is the Kronecker delta function. Then the contribution from the left boundary to the
longitudinal optical force is

−

∫ ∞

−∞

Tmin
xx dy =

1
4ω

Re
∑︂

ij

[︃
i(eixh∗jz + eizh∗jx)|

∞
−∞ei(kxi−kxj)x

+ i(1 − δij)
kxi + kxj

kxi − kxj
(eizh∗jx − eixh∗jz)|

∞
−∞ei(kxi−kxj)x

]︃
+
∑︂

i

kxi

ω

∫ ∞

−∞

Sixdy =
∑︂

i

kxiStot
ix
ω

,

(18)

where Six =
1
2 Re(eiyh∗iz −eizh∗iy) is the Poynting vector of the ith surface mode along the x direction

and Stot
ix is its total energy flux along the x direction. Similarly, we can obtain the contribution

from the right boundary and conclude the longitudinal force as

Fx =
∑︂

i

kxi

ω
Stot

ix (x1) −
∑︂

i

kxi

ω
Stot

ix (x2). (19)

If the particle is also lossless, the total energy flux of the surface waves should be conserved,
namely ∮

∂S3

S · n̂dl =
∑︂

i
[Stot

ix (x1) − Stot
ix (x2)] = 0. (20)

3. Relation between the longitudinal optical force and the canonical momentum
of light

In the generic medium, the constitutive relations can be expressed as [43]

D = ε̄ · E + ξ̄ · H, B = µ̄ · H + ζ̄ · E, (21)

where ε̄, µ̄ are the permittivity and permeability tensors, ξ̄, ζ̄ are the magnetoelectric coupling
tensors. When the medium is lossless, ε̄ = ε̄†, ξ̄ = ζ̄†. For dispersive medium, the energy
density [45] and the canonical momentum density [38] of the surface waves inside the medium
are calculated as

W =
Re
4

[︃
E∗ ·

∂ε̃

∂ω
· E + E∗ ·

∂ξ̃

∂ω
· H +H∗ ·

∂ µ̃

∂ω
· H +H∗ ·

∂ζ̃

∂ω
· E

]︃
, (22)

and
g = −

Im
4

[︃
∇E∗ ·

∂ε̃

∂ω
· E + ∇E∗ ·

∂ξ̃

∂ω
· H + ∇H∗ ·

∂ µ̃

∂ω
· H + ∇H∗ ·

∂ζ̃

∂ω
· E

]︃
, (23)

where ε̃ = ωε̄, µ̃ = ωµ̄, ξ̃ = ωξ̄, ζ̃ = ωζ̄ . In vacuum or air, the canonical momentum equals to
the orbital part of the Poynting momentum [44]. Since the ith surface mode has the phase term
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eikxix+ikzz, it is straightforward that

gix =
kxi

ω
Wi, (24)

where Wi is the energy density and gix is the canonical momentum of the ith surface mode along
the x direction. Also, note that the group velocity of the ith mode along the x direction is [38]

vgxi =
Stot

ix∫ ∞

−∞
Widy

. (25)

Combining Eqs. (19), (24) and (25), the longitudinal optical force is then written as

Fx =
∑︂

i
vgxi

∫ ∞

−∞

gix(x1, y)dy −
∑︂

i
vgxi

∫ ∞

−∞

gix(x2, y)dy. (26)

Eq. (26) reveals that the longitudinal force acting on the particle equals to the change of the
canonical momentum of light per unit time. Therefore, the longitudinal optical force is totally
attributed to the canonical momentum of the surface waves.

From the microscopic perspective, the surface wave is composed of a number of photons.
Therefore, the energy density and the canonical momentum density of the ith mode are

Wi = Niℏω, gix = Niℏkxi, (27)

where Ni is the photon number density of the ith mode. Equation (27) straightforwardly gives the
relation of Eq. (24). According to the conservation law of the linear momentum, the optical force
of the particle is

Fx =
∑︂

vgxiℏkxi

∫ ∞

−∞

Ni(x1, y)dy −
∑︂

i
vgxiℏkxi

∫ ∞

−∞

Ni(x2, y)dy. (28)

Because the total energy flux of the ith mode is

Stot
ix = vgxiℏω

∫ ∞

−∞

Ni(x, y)dy, (29)

Eq. (28) is equivalent to Eq. (19).

4. Numerical results and discussions

Although the planar substrate is assumed to be homogeneous in the derivations, the formulas
Eqs. (19), (26) and (28) are also valid for inhomogeneous substrates as long as it is lossless
and possesses continuous translational symmetry along the x direction, for example, substrate
consisting of dielectric multilayers (including single-layer substrate). This is because we can
extend the integral region from layer to layer using the boundary conditions at the interface
between the layers for the longitudinal optical force calculation, just as we did in Eq. (5), and then
the integral of the Minkowski stress tensor is also finally defined over the very big rectangular
surface with the upper and lower boundaries at the infinity. In our previous work [46], we showed
that our theory is also valid for two planar substrates sandwiching an air gap.

In the derivations, there is no restriction on the distance between the cylinder and the interface.
The distance between the cylinder and the interface affects the scattering of the surface wave
by the cylinder and the multiple scattering between the cylinder and the interface, therefore
influences the energy fluxes of the surface waves on the two sides of the cylinder. Then according
to Eq. (19), the longitudinal optical force depends on the distance. There is also no restriction
on the scattering property or geometry of the cylinder. Equation (19) is valid for a cylinder of
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arbitrary size and shape and possessing permiitivity and permeablity of arbitrary values. The
out-of-plane wavenumber kz>k0 is key important, ensuring that no propagating wave is excited.
For a 3-dimensional system where the particle is finite along the z direction, the continuous
translational symmetry breaking along the z direction will make kz not conserved. Therefore, free
propagating waves in the air are inevitably excited during the scattering, invalidating Eq. (19).
However, Eq. (8) which calculates the longitudinal optical force using the Minkowski stress
tensor still folds. Therefore, the longitudinal optical force is still completely attributed to the
canonical momentum of light including both the surface waves and free propagating waves. By
taking the free propagating waves into account, we will obtain the expression of the longitudinal
optical force for the 3-dimensional system. If the planar substrate also possesses continuous
translational symmetry along the lateral direction, the expression can be directly applied to the
lateral optical force [37,47] by a coordinate transformation.

Consider the planar surface is infinite and only a single surface wave mode is incident from
the left. On the left side of the particle, there are two surface waves, the incident wave with
wavenumber kx and the reflected wave with wavenumber −kx. On the right side of the particle,
there is a mode, the transmitted wave with wavenumber kx. According to Eq. (19), the longitudinal
optical force is then given by

Fx = (Stot
inc,x − Stot

ref ,x − Stot
tran,x)

kx

ω
, (30)

where Stot
inc,x>0, Stot

ref ,x<0 and Stot
tran,x>0 are the total energy fluxes along the positive-x direction of

the incident, reflected and transmitted modes, respectively. If there is no gain in the system,

Stot
inc,x − Stot

ref ,x − Stot
tran,x ≥ −2Stot

ref ,x>0. (31)

As a result, for an ordinary surface wave which has kx>0, the longitudinal optical force is always
positive. However, when kx<0 the longitudinal optical force becomes negative, offering the
ability to pull the particle against light propagation direction. For kx<0, the surface wave is called
backward surface wave [48–50] which has negative phase velocity but positive group velocity.

To verify the validity of Eq. (19), we consider the surface waves supported on a planar substrate
with relative permittivity ε< − 1 and permeability µ = 1, as shown in Fig. 2(a). The surface
waves are excited by a line source (marked by the red star). A particle with radius r is located
above the substrate with height h. The substrate has a finite width w, so the surface waves are
reflected by the corners of the substrate. On the left (right) side of the particle, there are two
surface modes which are propagating rightward with kx = k+ and propagating leftward with
kx = k−, respectively, where k+ = −k−, see Fig. 2(a). Our formula Eq. (19) is valid irrespective
of the width of substrate w and the height of the particle h. These two parameters will affect the
energy fluxes of the surface waves on the left and right sides of the particle and then influence
the amplitude of the longitudinal optical force. The electromagnetic fields of a single surface
mode supported on the interface are expressed as

E =
{︄
(ex, ey, ez)

Teikxx+ikzz−κ0y, y>0
(ex, e′y, ez)

Teikxx+ikzz+κy, y<0
, (32a)

B = ∇ × E
iω

=
1
iω

{︄
(−κ0ez − ikzey, ikzex − ikxez, ikxey + κ0ex)

Teikxx+ikzz−κ0y, y>0
(κez − ikze′y, ikzex − ikxez, ikxe′y − κex)

Teikxx+ikzz+κy, y<0
, (32b)

where ex, ey, e′y, ez are constants denoting the field components at the interface y = 0, the
superscript T denotes the transpose, and

κ0 =
√︂

k2
0 − k2

z − k2
x , κ =

√︂
εk2

0 − k2
z − k2

x , (33)
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are real and positive numbers denoting the decay constants of the surface wave in the air and
medium sides, respectively. According to the boundary conditions that the tangential component
of the magnetic field should be continuous, we obtain

−κ0ez − ikzey = κez − ikze′y, ikxey + κ0ex = ikxe′y − κex. (34)

And the electric displacement fields are divergent-less, namely

ikxex + ikzez − κ0ey = 0, ikxex + ikzez + κe′y = 0. (35)

Solving Eqs. (33)–(35), and keeping only the solutions that κ, κ0 are positive, we obtain

kx = k±= ±
√︃
ε

ε + 1
k2

0 − k2
z , κ =

−εk0
√
−1 − ε

, κ0 =
k0

√
−1 − ε

, (36a)

ex =
kx

kz
ez, ey = i

κ

kz
ez, e′y = −i

κ0
kz

ez. (36b)

Thus, the total energy flux along the x direction of the surface wave with wavenumber kx is

Fig. 2. (a) A schematic of the example system. The metallic substrate has a width w
and height H and is attached to an absorbing layer at the bottom. A line source (marked
as the red star is located with a distance L from the up left corner of the substrate. A
particle with the radius r is located above the center of upper boundary of the substrate
with height h. (b) The optical force as a function of the relative permittivity of the particle
calculated using the MST based on Eq. (1) (line) and Eq. (19) (circles). The frequency
is 1.5 × 1015Hz and the amplitude of the source current is 1A. Other parameters are
kz = 1.05k0, k0w = 100π, k0H = k0L = 10π, k0r = 0.5π, k0h = 0.8π, ε = −5.
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Stot
x =

1
2

Re
∫ ∞

−∞

(E × H∗) · x̂dy

=
1
2

Re
∫ ∞

0
[ey(

ikxey + κ0ex

iωµ0
)∗ − ez(

ikzex − ikxez

iωµ0
)∗]e−2κ0ydy

+
1
2

Re
∫ 0

−∞

[e′y(
ikxe′y − κex

iωµ0
)∗ − ez(

ikzex − ikxez

iωµ0
)∗]e2κydy

=
1

2ωµ)
Re[

1
2κ0

(kx |ey |
2 + iκ0eye∗x − kzeze∗x + kx |ez |

2)

+
1
2κ

(kz |e′y |
2 − iκe′ye

∗
x − kzeze∗x + kz |ez |

2)]

=
1
ωµ0

(ε − 1)(−1 − ε)3/2

4εk2
z

k0kx |ez |
2.

(37)

The total energy flux of a surface mode is then proportional to |ez |
2. The absolute value |ez | for

kx = k± on the left (right) side of the particle can be obtained by imposing the Fourier transform
on the z-component electric field at the interface on the left (right) side of the particle according
to

ez(kx) =
1

x2 − x1

∫ x2

x1

Ez(x, 0)e−ikxxdx, (38)

where Ez(x, 0) is the electric field along the z direction on the interface, x1, x2 are the coordinates
on the right side of the particle which are marked by the arrows in Fig. 2(a).

In Fig. 1(b), we showed the optical force acting on the particle as a function of its relative
permittivity. The results calculated by the MST and Eq. (19) are shown by the black line and red
circles, respectively. It is clearly seen that they agree with each other, indicating the validity of
Eq. (19).

5. Conclusions

In summary, we studied the longitudinal optical force on a cylinder induced by the surface
waves supported at the interface between air and a lossless planar substrate. We established
the general relationship between the longitudinal optical force and the energy fluxes of the
surface modes based on rigorous derivations. The validity of the analytical expressions was
verified by an numerical example. We demonstrated from both the macroscopic and microscopic
perspectives that the longitudinal optical force is completely determined by the canonical momenta
of the surface waves. Our theory is valid for any lossless substrate possessing the continuous
translational symmetry along the longitudinal direction and even for two such kind of substrates
sandwiching an air gap [46].
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