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Abstract: A method for path planning for a long-haul submarine optical fiber cable connecting
two locations on the surface of the Earth is presented. Previous work on path planning takes
account of the laying cost of the cable including material, labor, and its survivability, with
consideration of risk of future cable break arising from laying of the cable in sensitive and risky
areas, such as, in particular, earthquake prone areas. Previous work has also taken account
of variation in the cost per unit length to optimize shielding (and associated increased costs)
in higher risk areas. The key novelty here is to take account of the important requirement to
reduce the likelihood of capsize of a remotely operated cable laying vehicle as it buries the
cable in an uneven terrain. This instability risk depends on the direction of the path and slope
of the terrain and is included here in the laying cost. Minimization of the cable laying cost
and the expected number of potential cable repairs are the two objectives used to formulate the
multi-objective optimal control problem. Using a Pareto approach, we solve the problem via
dynamic programming and a computationally efficient algorithm based on the Ordered Upwind
Method. Numerical results are consistent with an intuitive assessment of path quality, e.g., we
can observe that the algorithm avoids high slope areas when better solutions are clearly available.
Pareto optimal solutions and an approximate Pareto front are obtained to provide insight and
guidance for cable path design that considers trade-offs between cost effectiveness (that includes
consideration for stability of the remotely operated cable laying vehicle) and seismic resilience.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

As a part of critical infrastructures, submarine (telecommunications) cables play a crucial role in
the transport of information from one location to another, carrying over 99% of international
telecommunications [1]. The current service capacity of submarine cable networks is a bottleneck
for the expected future demand of 5G networks and cloud computing [2]. Operational submarine
cable networks with a lifespan of around 25 years [3] has reached 1.2 million kilometers [4].
Driven by the growth of services and applications such as cloud services and Internet of Things,
and enabling technologies including the expected deployment of 5G networks, data bandwidth
demand is expected to double every two years for the foreseeable future; the growth of submarine
cable networks must follow [5].
While the capital cost of laying a cable is a crucial factor in the overall costs of cable networks,
resilience to a range of risks is also important. Cable breakage can lead to Internet service
disruption with harmful financial and social consequences beyond the immediate costs to the
cable company. According to [6, 7], in a country such as Switzerland, an Internet shutdown for a
period of one week can cause a loss of over 1% of annual GDP.
One estimation of the laying cost of submarine cables is around $20,000 (throughout, we use
$ to denote the US dollar) per kilometer (http://www.drguc.com/). Although estimates
are dependent on a range of factors, it is clear that the costs of long-haul trans-oceanic cables
#338487
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are in order of hundreds of millions of dollars. For example, the FLAG Europe-Asia (FEA),
the Asia-Pacific Gateway (APG) and the Africa Coast to Europe (ACE) cable systems cost
around $720 million, $500 million, and $700 million, respectively. Moreover, a single repair of a
submarine cable costs between $1,000,000 and $3,000,000.
Path planning, a procedure of selecting the route for laying the cable, is an important part of
constructing a submarine cable system. The path of a cable affects its construction cost, and the
breakage risk of the cable is strongly related to the location of the cable. Both natural hazards
and human activities may damage submarine cables. For example, in 2006, eight submarine
telecommunication cable systems were damaged by the Hengchun (Taiwan) Earthquake [8],
which led to Internet service disruption for several weeks in various Asian regions, including
China, Hong Kong, Korea, Taiwan, Singapore, Malaysia and Philippines. Other natural hazards
may damage cables include volcanic activities, tsunamis, landslides and turbidity currents.
However, human activities in the ocean, such as fishing, anchoring and resource exploration
activities, have been the dominant threat to the safety of submarine cables. Investigations indicate
that over 65% of all cable faults occurring in water depths less than 200 meters result from human
activities [9].
Various approaches can be used to improve the survivability of submarine cables, including
but not limited to designing the cable path to avoid risky areas, adopting cables with strong
protection, and burying the cable under the seabed. We use the term design level to refer to the
level of protection provided to a cable or to a cable segment. A higher design level of a cable
offers less risk of breakage while necessitating a higher construction cost. As an example, to
protect a cable from being damaged by human activities, a plough burial operation carried out by
a remotely operated vehicle (ROV) is usually performed in water depths of less than 1000 m
where seabed conditions allow.
High slopes increase the propensity of the ROV to topple over as it buries the cable, and so the
slope of the terrain needs to be considered during the path planning procedure. For example, it is
recommended that the slope along the planned path must not exceed 20° [10, 11]. Accordingly,
to account for the risk and cost consequences associated with ROV instability, we include the
effect of the slope as part of the laying function: roll-over of the ROV will indeed significantly
increase the laying cost. Because instability risk is a function of both the side slope (i.e., the
slope in the direction of the path) and the slope perpendicular to the path direction, the laying
cost will depend both on the location and the direction of the path.
Traditionally, the practice of path planning of submarine cables has been based on manual
planning that relies on the experience of experts [9, 12]. Burnett et al. [9] provides a guide
to manual selection of a submarine cable path: by using data in a region of interest, experts
manually provide a path connecting two points. This manual approach does not provide an
optimal path, and it is also very time consuming.
Existing publications, including [13–16], have focused on route selection of cables. Saito [13]
proposed a strategy for replacing a node/link in a physical cable network on a plane. Tran and
Saito [14] provided a method of finding routes from candidate routes set under a cost constraint.
Then, in [15], they presented an approach based on dynamic programming to solve the problem
of how new links and routes can be added efficiently to a given network. Msongaleli et al. [16]
provided an Integer Linear Programming based approach for selecting a path from a set of
submarine cables. None of these publications considered optimization of the path between two
end points, namely path planning.
Publications more closely related to the present paper are [17–24]. In [17–20], a path design
method is described for cables constrained to a (flat) plane taking account of cost and resilience
of the links. In [21], using Dijkstra’s algorithm, the authors proposed a raster-based path planning
method to obtain the cable least cost path with consideration of minimizing the weighted sum of
the cable length and seismic risk. A weakness of the approach in [21] is the limitation that a
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path has to traverse either a lateral edge or a diagonal edge when moving between neighboring
cells. In [22], Wang et al. presented a Fast Marching Method (FMM) based approach to solve
the multi-objective path planning problem on the Earth’s surface. None of the papers [17–22]
considered the case where the shielding level of the cable varies, and they also did not consider
the issue of ROV instability.
Papers [23–25] studied non-homogeneous cables. The problem of selecting the submarine
cables that require shielding among the cables in an existing network was considered by Zhang
et al. [25]. Again, the work in [25] did not consider cable path planning. In [23], Wang et
al. addressed the optimization problem of both the planning of the cable path as well as the
choice of design levels for submarine cables and formulated it as a multi-objective optimization
problem on a graph, with the two conflicting objectives of minimizing cable failures and also
minimizing laying cost. A variant of the label setting algorithm was presented there to solve the
multi-objective optimization problem, and also an approximate algorithm to reduce computational
cost was provided there. In [24], Wang et al. considered the same problem of [23] and presented
an FMM-based method that is applicable to problems of realistic size. Again, none of the
publications [23–25] considered the issue of ROV instability.
We provide a formulation for the optimization problem where both the path planning and the
design level at each point of the cable are optimized while taking account of terrain slope for
submarine cables as a multi-objective optimal control problem on a two-dimensional triangulated
manifold in R3 . We apply the Ordered Upwind Method (OUM) of [26] to develop an optimal
while computationally effective method to solve the multi-objective optimal control problem. As
in [22–24], the expected number of a cable potential repairs is used as a measure of risk. In our
context, a two-dimensional triangulated manifold in R3 represents the surface of the Earth. The
resulting multi-objective optimal control problem incorporating multiple design levels and terrain
slope is converted into a single objective optimal control optimization problem by applying
a weight to each one of the multiple objectives and consider their weighted summary single
objective function. An application of Dynamic Programming then provides a solution path of this
single objective optimal control problem, using the well-known OUM. Finally, the approximate
Pareto front is generated from the obtained Pareto optimal solutions.
The remainder of the paper is organized as follows. The cable laying cost model and the cable
repair model are described in Section 2. In Section 3, taking into account path planning, multiple
design levels and terrain slope, we formulate the cable design problem of minimizing the total
laying cost and the expected number of potential cable repairs. Our algorithm, based on OUM, is
described in detail there. Real-world 3D geographic data are applied to our proposed algorithm,
and the corresponding numerical results are presented in Section 4. The paper is concluded in
Section 5.
2.

Models

Let D denote a closed and bounded path-connected region on the Earth’s surface, and let U
denote the set of possible design levels of the cable. The function u : D → U represents the
design level: u(x) is the required design level at x ∈ D based on issues such as earthquake risk,
etc. Without loss of generality, the set U of available design levels is assumed to be the same for
any point x ∈ D. We aim for a path design that selects the design level of each point of the cable
path γ ∈ D between the Start Point A ∈ D and the End Point B ∈ D. Curves in D are assumed
parameterized according to the natural parametrization [27], i.e., parameterizing a curve γ as
a function of arc length denoted by s, so that a curve γ : [0, l(γ)] → D is a function from the
interval [0, l(γ)], taking values in D, where l(γ) is the length of the curve γ. This apparently
circuitous definition turns out not to be a problem in practice because of the method used to
find such curves. Our goal is to find a path (curve) γ and corresponding design levels such that
γ(0) = A, γ(l(γ)) = B. Next, we describe our landform model, laying cost, and the expected
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number of potential cable repairs.
2.1.

Earth surface model

In the same vein as [22], a triangulated piecewise-linear 2D manifold M in R3 is used to represent
the region D. Each point on M is defined by a 3D coordinate (x, y, z), where z = ξ(x, y) is the
elevation corresponding to the geographic location (x, y).
2.2.

Laying cost model

As discussed in the Introduction, the laying cost of submarine cables not only depends on the
local site attributes (elevation, soil type, etc.), licenses (e.g. right of way), labor and protection
level, but also on the direction of the path γ. The laying cost consists of two components: (1) a
direction-dependent laying cost that depends on the direction of the path and the slope of the
terrain in order to account for instability risk of the ROV; (2) a direction-independent laying
cost that encompasses all other costs, such as labor, licenses and protection level mentioned
above. In our context, let a : R+ → A, where A = {a ∈ Tx (M) | kak = 1} define the direction
in which the ROV is facing, where Tx (M) is the tangent space of the manifold M at the point
Û = a(s), s ≥ 0 by our definition. The set of admissible controls describe
x ∈ M. Note that γ(s)
the direction of a path is A = {a(·) : R+ → A | a(·) is piecewise continuous}. Redefine
u : R+ → U by the natural parametrization of a path, where U is the set of the available
design levels. In order to permit different design levels at different locations on a cable, we let
U = {u(·) : R+ → U | u(·) is piecewise constant}. In effect, the values taken by a function in U
are the design levels.
For any point x = (x, y, z) ∈ M, z = ξ(x, y), we use h(x, a, u) to represent the laying cost per
Û yÛ, zÛ) ∈ A and the design level is u ∈ U. Note
unit length, if the direction of the path is a = ( x,
∂z
∂z ∂z
∂z
xÛ + ∂y
yÛ since x ∈ M, where ( ∂x
, ∂y ) is the slope gradient vector at x.
that zÛ = ∂x
To consider instability risk to the ROV caused by terrain slope, the direction-dependent laying
∂z ∂z
cost is modeled as follows. Let n = ( ∂x
, ∂y , −1) denote the normal vector at the point x on the
surface z = ξ(x, y). The slope in the direction of the path (i.e., side slope) is represented by
q1 (x, a) = p

k zÛ k
xÛ 2 + yÛ 2

.

(1)

For the path direction a and the normal vector n at the point x, the slope perpendicular to the
path is
∂z
∂z
Û
| ∂x
yÛ − ∂y
x|
k(n × a)3 k
,
q2 (x, a) =
=q
k(n × a)1,2 k
∂z
∂z
Û2
( ∂y
zÛ + yÛ )2 + ( ∂x
zÛ + x)

(2)

where × represents cross product, (·)3 and (·)1,2 represent the third component and the first two
components of the resulting vector, respectively.
To incorporate the two considerations of the side slope and the slope perpendicular to the path,
in this paper, we use an exponential function to model the direction-dependent part of the cable
laying cost related to terrain slopes which is defined as follows,
h1 (x, a) = eq1 (x,a)−θ1 + eq2 (x,a)−θ2 ,

(3)

where θ 1 ∈ R+ , θ 2 ∈ R+ are two thresholds representing the allowable maximum side slope and
the slope perpendicular to the path. The use of the exponential function provides a steep penalty
for failure to remain within the bounds prescribed for slopes. An alternative would be to have a
sharp cut-off penalty but the present approach using Eq. (3) seems to work well.
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Inclusion of the direction-independent component h2 (x, u) gives the unit-length laying cost
function h(x, a, u) as
h(x, a, u) = h1 (x, a) + h2 (x, u).
(4)
Observe that this cost function depends on both the location and the direction of the path.
We assume here that the unit-length laying cost function h(x, a, u) is continuous and satisfies
h(x, a, u) > 0 for all x ∈ M, a ∈ A and u ∈ U, and discuss the non-continuous case of h later.
As discussed, our aim is to plan a cable path represented by a Lipschitz continuous [28] curve γ
to connect Start Point A and End Point B in M. The total cable laying cost, H(γ, a(·), u(·)), for a
path γ also includes the controls of path direction a(·) ∈ A and design levels u(·) ∈ U. Applying
the additive assumption of the laying cost as discussed in [22], we can write H(γ, a(·), u(·)) as
H(γ, a(·), u(·)) =

l(γ)

∫

h(γ(s), a(s), u(s))ds,

0

(5)

where l(γ) is the total length of the cable γ.
2.3.

Cable repair model

As in [22], we use the term repair rate to denote the average number of potential repairs per
unit length of the cable that will occur during a certain future time period. Following [24], we
consider this term to be a function of the design level variable u as well. As in [24], at location
x = (x, y, z) ∈ M, z = ξ(x, y) the repair rate is denoted by g(x, u), u ∈ U. In other words, for the
same location x on the cable, the repair rate reduces as the design level increases. As in [24],
we assume that the repair rate function g(x, u) is also continuous and satisfies g(x, u) > 0 for all
x ∈ M and u ∈ U.
Let G(γ, u(·)) be the expected number of potential cable repairs of cable γ with the selection (or
control) of design levels u(·) ∈ U. We again assume that G(γ, u(·)) is additive. This allows us to
rewrite the function G(γ, u(·)) as
G(γ, u(·)) =

∫

l(γ)

0

g(γ(s), u(s))ds.

(6)

As mentioned above, a higher design level results in a greater direction-independent laying
cost and a reduced number of potential cable repairs. That is, h2 (x, u1 ) ≤ h2 (x, u2 ) and
g(x, u1 ) ≥ g(x, u2 ) if u1 < u2 , if x ∈ M.
In [22–24], ground motion intensities, such as Peak Ground Velocity (PGV), are used to
calculate the repair rate g taking into consideration the risk caused by earthquakes. As pointed
out in [22], other natural hazards such as landslides, debris flows, volcanoes, and hurricanes that
may damage cables can be dealt with in the same way using the laying cost and cable repair
models if they satisfy the properties of locality and additivity. See [22–24] for further details.
3.

Problem formulation and solutions

The above described laying cost and cable repair models allow us to describe the multiobjective path planning problem
in terms of minimization of the vector Φ(γ, a(·), u(·)) =

H(γ, a(·), u(·)), G(γ, u(·)) , consisting of both expected number of potential cable repairs and
laying costs, as follows.
min Φ(γ, a(·), u(·)),

a(·),u(·)

s.t. γ(0) = A, γ(l(γ)) = B,
where γ is the cable connecting the Start Point A and End Point B.

(Problem 1)
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Typically, the expected number of potential cable repairs and the laying cost are conflicting
objectives and, thereby, impossible to minimize simultaneously. Accordingly, we seek Pareto
optimal solutions.
A common approach to solve a multi-objective optimization problem is to reduce it to a
single-objective optimization problem, which operates by minimizing a weighted sum of the
objectives to recover Pareto optimal solutions. By the weighted sum approach, the multi-objective
problem Problem 1 becomes a single-objective path planning problem, namely,
min Φ (γ, a(·), u(·)) =
0

∫

a(·),u(·)

l(γ)

f (γ(s), a(s), u(s))ds,

0

(Problem 2)

s.t. γ(0) = A, γ(l(γ)) = B,
where f (γ(s), a(s), u(s)) = h(γ(s), a(s), u(s)) + c · g(γ(s), u(s)) and c ∈ R1+ ∪ {0}. The assumptions of continuity and non-negativity made for h and g render the weighted cost function
f (γ(s), a(s), u(s)) continuous and non-negative. Since M × A × U is a compact set, there exists
0 < Fmin, Fmax < ∞
Fmin < fmin (x) ≤ f (x, a, u) ≤ fmax (x) < Fmax,
(7)
for every (x, a, u) ∈ M × A × U, where
fmin (x) = min

a∈A,u ∈U

f (x, a, u), fmax (x) = max f (x, a, u).
a∈A,u ∈U

As in [24, 29], Theorem 1 below provides a set of Pareto optimal solutions to Problem 1 as the
solutions of Problem 2.
Theorem 1 An optimal solution, (γ ∗, a∗ (·), u∗ (·)), for Problem 2 is Pareto optimal for the dual
objectives of the laying cost H and the expected number of potential cable repairs G.
For any point x ∈ M, controls a(·) ∈ A and u(·) ∈ U, we define the cost function ϕ :
M × A × U → R+ that encapsulates the cumulative weighted cable cost from x to End Point B
of cable β as
∫ l(β)
ϕ(β, a(·), u(·)) =
f (β(s), a(s), u(s))ds,
(8)
0

where β ∈ Lip([0, +∞); M) is a Lipschitz continuous curve and parameterized by its length,
k β 0(s)k = k dβ(s)
ds k = 1, β(0) = x, and β(l(β)) = B.
Given the definition of the cost function ϕ, the value function φ(x) : M → R+ which is the
minimal cumulative weighted cable cost from the point x to End Point B is
φ(x) = min ϕ(β, a(·), u(·)) = ϕ(β∗, a∗ (·), u∗ (·)),
a(·),u(·)

(9)

where β∗ ∈ M, a∗ (·) ∈ A and u∗ (·) ∈ U are optimal solutions for minimising ϕ(β, a(·), u(·)).
Evidently, φ(B) = 0.
Regarded as the function that achieves the lowest cost for x ∈ M to reach End Point B, the
value function φ satisfies the following continuous Dynamic Programming Principle (DPP).
Theorem 2 For every s > 0, t ≥ 0, such that 0 ≤ s + t ≤ l(β∗ ),
∫ s+t

φ(β(s)) = min
f (β(τ), a(τ), u(τ))dτ + φ(β(s + t)) .
a(·),u(·)

(10)

s

That is, controls a∗ (·) and u∗ (·) are optimal between two points if and only if the same controls
are optimal over all intermediate points along the curve.
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Next, we explain how to derive a partial differential equation, namely the Hamilton–Jacobi–
Bellman (HJB) equation, from Eq. (10) by applying DPP. Let the controls a∗ (·), u∗ (·) and the
curve γ ∗ be optimal for Problem 2. From Theorem 2, we have
∫ s+t
φ(γ ∗ (s)) =
f (γ ∗ (τ), a∗ (τ), u∗ (τ))dτ + φ(γ ∗ (s + t)).
(11)
s

Dividing Eq. (11) by t and rearranging, with t tending to 0, gives
f (γ ∗ (s), a∗ (s), u∗ (s)) +

φ(γ ∗ (s + t)) − φ(γ ∗ (s))
≈ 0.
t

(12)

Letting t → 0, we obtain the following static HJB equation,
min {(∇φ(x) · a) + f (x, a, u)} = 0, x ∈ M,

a∈A;u ∈U

φ(B) = 0,

(13)

where · in the above equation denotes the dot product in R3 . Once deriving the value function φ,
the optimal controls a∗ and u∗ can be calculated by
(a∗, u∗ ) = arg mina∈A,u ∈M {∇φ(γ(s)) · a + f (γ(s), a, u)} ,
γ(0) = A.

(14)

Note that if f (x, a, u) = f (x), the weighted cost function f is isotropic and the cable is
homogeneous. The optimal control a∗ is the direction of steepest descent of φ, given by
a∗ (x) = −

∇φ(x)
.
k∇φ(x)k

(15)

As a result, the HJB Eq. (13) simplifies to the following well known Eikonal equation.
k∇φ(x)k = f (x), φ(B) = 0.

(16)

In this case, the cable path planning Problem 1 has been described as a multi-objective variational
optimization problem and solved by FMM in [22].
If f (x, a, u) = f (x, u); that is, the weighted cost function is isotropic but the cable is
nonhomogeneous, the optimal control a∗ is still the direction of steepest descent of φ and the
HJB Eq. (13) is reduced to the following extended Eikonal equation.
k∇φ(x)k = min f (x, u), φ(B) = 0.
u

(17)

In this case, the cable path planning Problem 1 has been solved by an FMM-based method in [24].
On the one hand, the classical solution of Eq. (13) that is continuous and differentiable (i.e.,
C 1 ) everywhere in the entire domain M may not exist even when the weighted cost function f
is smooth. On the other hand, weak solutions of Eq. (13), which satisfy Eq. (13) except for a
finite number of points in M, are known to be non-unique in most cases. Viscosity solutions,
that intuitively are almost classical solutions whenever they are regular enough, are defined as
weak solutions for which the maximum principle holds when they are compared with smooth
functions. Classical solutions are always viscosity solutions. As a natural solution concept to use
for many HJB equations representing physical problems, viscosity solutions always exist and are
unique and stable. Accordingly, the viscosity solution of Eq. (13) is precisely the value function
of Eq. (10). For details on viscosity solutions, see [30, 31]. Generally, the analytic viscosity
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solution of the HJB Eq. (13) is difficult to obtain, so a numerical method has to be sought to
compute an approximate solution.
In this paper, we adopt the OUM of [26, 32] to solve the HJB Eq. (13); that is, to obtain an
approximation φ̄ of φ on the vertices of M. Recall that we use a two-dimensional triangulated
piecewise-linear manifold M, consisting of faces, edges, and vertices, in R3 to approximate the
Earth’s surface. We also assume completeness of the triangulated manifold model [22].
As for FMM, the solution based on OUM is built outwards from B with φ̄(B) = 0. The
following definitions are adopted from [32]. The vertices on M are classified into three categories,
“Far, Considered, and Accepted”. In the procedure of OUM, the status of vertices can only change
from Far to Considered or from Considered to Accepted. In addition, we define AcceptedFront
to be the set of frontier Accepted vertices that neighbor some Considered vertices. For each
pair of neighboring vertices x j and xk on the AcceptedFront, if there is a Considered vertex xi
neighboring both x j and xk , then the line segment x j xk belongs to the set called AF. The near
front (NF) with respect to each Considered vertex x is defined by [32] as
NF(x) = {x j xk ∈ AF | ∃x̃ on x j xk s.t. k x̃ − xk ≤ νΥ},

(18)

where ν is the diameter of the triangulated mesh (i.e., if the vertices x j and xk are adjacent, then
f (x,a,u)
kx j − xk k ≤ ν), and Υ = max
min f (x,a,u) .
The OUM uses a semi-Lagrangian scheme where the control is assumed to be held constant
within each triangle. Assume that we aim to update the value function φ̄ of the considered point x.
Let x j , xk ∈ NF(x) be two adjacent vertices whose value functions φ̄(x j ), φ̄(xk ) are known. The
first-order approximation of Eq. (10) yields the upwind approximation from a “virtual triangle”
x j xxk for φ(x) as

φx0 j ,xk (x) = min
τ(ζ) f (x, aζ , u) + ζ φ̄(x j ) + (1 − ζ)φ̄(xk ) ,
(19)
ζ ∈[0,1];u ∈U

where τ(ζ) = k(ζx j + (1 − ζ)xk ) − xk is the distance between vertex x and the interpolation
ζx +(1−ζ)x −x
point ζx j + (1 − ζ)xk , and the direction vector aζ = j τ(ζ) k . We can make use of Golden
Section Search [33] to solve the minimization problem in Eq. (19). The value function φ̄(x) at x
is then obtained by
φ̄(x) = min φx0 j ,xk (x).
(20)
x j x k ∈NF(x)

Note that the definition of φx j ,xk (x) remains valid even when x j and xk are not adjacent to x. The
OUM-based algorithm for Problem 2 is summarized as Algorithm 1. As we discussed above,
by setting different c values in Problem 2, we obtain a range of Pareto optimal solutions for the
laying cost and the expected number of potential cable repairs. An approximate Pareto front can
be generated from the set of obtained Pareto optimal solutions.
The solution φ̄, produced by the above OUM-based algorithm, converges to the viscosity
solution φ of the HJB Eq. (13) as the step size of the grid tends to zero given the assumption
of continuity of the laying cost function h and the cable repair rate function g [26]. Note that,
as pointed out by Sethian and Vladimirsky [26], when the laying cost function h and the cable
repair rate function g are not continuous (for example, the design level u is a discrete variable),
no proof of convergence currently exists. Nonetheless, OUM still appears to work correctly in
examples in [26] and apparently also in our result.
To obtain an approximate optimal path, the optimization problem (14) is solved for a∗ and u∗
(replacing φ with φ̄ computed by the OUM) each time the path exits a triangle and enters a new
triangle. It is important to note that the path is not restricted to the mesh edges. It is commenced
from γ(0) = A and is completed
when End Point B is reached. The computational complexity of

Fmax
OUM is O Fmin N log N , N being the number of vertices in the mesh M. For a detailed analysis
of OUM, see [26].
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Algorithm 1 – Path planning algorithm for the region of interest D.
Input: Region D (modeled as M), laying cost model h and repair rate model g on D, with start
Point A and end Point B, weighting c, step size τ and mesh size ∆x, ∆y ,;
Output: Minimum weighted cost path γ;
1: Discretize D rectangularly with ∆ x in x and ∆y in y, and denote the set of points on the grid
by Γ;
2: Based on Γ, create faces and edges to achieve a complete triangulation (i.e., M) of D;
3: Initialize the labels of all the vertices in Γ except Start Point A as Far. Label Start Point A as
Accepted;
4: Label all the vertices x ∈ Γ adjacent to Start Point A as Considered and update their values
by Eq. (20); Let x̄ = arg minx∈Γ,x is Considered φ̄(x).
5: Label x̄ as Accepted and update the AcceptedFront.
6: Label the Far vertices neighbouring to x̄ as Considered and update their values by Eq. (20).
7: For each other Considered x such that x̄ ∈ NF(x), update its value by


φ̄(x) , min φ̄(x), min φ̄x̄,xi (x) .
(21)
x̄xi ∈NF(x)

15:

If there is Considered vertex, then go to Step 5.
Let γ(0) = B and k = 0.
while ||γ(k) − A|| 2 > ε do
Apply finite-differences from the obtained value function φ̄ to compute ∇φ(γ(k)):
Compute the optimal controls a∗ and u∗ by solving Eq. (14);
Compute γ(k + 1) = γ(k) − τ∇φ(γ(k)), where γ(k) is an approximation of γ(t) at time
t = kτ.
end while
return γ.

4.

Applications and numerical results

8:
9:
10:
11:
12:
13:
14:

In this section, we apply the OUM-based algorithm to two 3D realistic scenarios. To explicitly
show how the instability risk affects the path of a cable, in the first scenario, we only consider
the minimization of laying cost when we design the path of the cable between two nodes. We
assume that there is only one design level in the first scenario. Additionally, we compare the
resulted path of the OUM-based algorithm with that of the FMM-based algorithm of [24]. In the
second scenario, we minimize both the expected number of potential cable repairs and the laying
cost taking into account instability risk. We consider two design levels in this scenario: Level 1 –
without any protection, and Level 2 – with protection by cable shielding. In the second scenario,
the Pareto optimal solutions expressing the trade-off between the expected number of potential
cable repairs and the laying cost, are obtained, thereby generating an approximation to the Pareto
front.
4.1.

Scenario A

For Scenario A, Fig. 1(a) shows the objective region D, which is located in central Taiwan from
northwest (23.900° N, 120.850° E) to southeast (23.500° N, 121.000° E). The Chenyoulan
Stream Watershed is displayed by the red solid lines in Fig. 1(a). We aim to plan a path for a
cable that connects Start Point (23.897° N, 120.975° E) with End Point (23.501° N, 120.851° E)
as shown in Fig. 1(a).
Elevation data of the region D were downloaded from the NASA Shuttle Radar Topographic
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Image Landsat / Copernicus
Image Landsat / Copernicus

(a)

(b)

(c)

Fig. 1. (a) Region D in Google Earth. (b) Contour map of the region D. (c) Slope map of
the region D. The curve marked by pluses represents the path obtained by the OUM-based
algorithm while the curve marked by circles represents the path obtained by the FMM-based
method.

Mission (SRTM, https://www2.jpl.nasa.gov/srtm/). The resolution of the elevation
data is 3 arc-second (approximate 90m) in both longitude and latitude. The contour map and the
slope map of the region D shown by Figs. 1(b) and 1(c), respectively, were calculated from the
elevation data.
In this scenario, we set the thresholds for the side slope and the slope perpendicular to the path
to be 6° and 15°, respectively. As mentioned above, we only minimize the laying cost of the path
and there is only one design level in this scenario. Alternatively,
g(x, u) = 0, h(x, a, u) = eq1 (x,a)−θ1 + eq2 (x,a)−θ2 + h2 (x, u),
where θ 1 = tan 6° and θ 2 = tan 15°. Without loss of generality, we set h2 (x, u) = 1.
The paths obtained by the OUM-based algorithm and the FMM-based method are represented
by the curves marked by pluses and by circles in Figs. 1(b) and 1(c), respectively. The laying
costs corresponding to the two paths are 142.569 and 150.479 while their lengths are 49.992 km
and 47.752 km, respectively. Notice that although the path obtained by OUM-based algorithm is
longer, it traverses the watershed to avoid the areas with high slope as much as possible, and
therefore it incurs lower laying cost than the path obtained by the FMM-based method.
4.2.

Scenario B

For this scenario, the blue rectangular in Fig. 2(a), shows the objective region D0 situated in
California and Nevada, from northwest (38.000° N, −119.000° E) to southeast (35.500° N,
−117.700° E). The red line in Fig. 2(a) represents the San Andreas fault line. We aim to plan a
cable path from Start Point (37.900° N, −118.900° E) to End Point (35.600° N, −117.950° E) as
shown in Fig. 1(a). In this scenario, we set θ 1 = 6° and θ 2 = 11°.
Again, the elevation data (with 3 arc-second resolution) of the region D0 were downloaded from
SRTM. The slope map of the region D0 is shown in Fig. 2(b). To evaluate the earthquake-induced
breakage risk of the cable, Peak Ground Acceleration (PGA) data of the region D0, with spatial
resolution 180 arc-second, were downloaded from the United States Geological Survey (USGS).
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Fig. 2. (a) Region D 0 in Google Earth. (b) Slope map of the region D 0 . (c) Logarithmic
PGV map of the region D 0 .

See [23] for PGA data specifications. The elevation data was downsampled and the PGA data
was interpolated to generate the same spatial resolution: 30 arc-second elevation data and PGA
data. For calculating the expected number of potential cable repairs, we make use of the equation
from [34] to convert PGA to PGV as follows,
log10 (v) = 1.0548 · log10 (PGA) − 1.5566,

(22)

where v [cm/s] denotes the PGV value. Fig. 2(c) is the shaded PGV map of the region D0. For
each of the two design levels, we use Eqs. (6a)-(6b) from [23] to calculate the repair rate, and Eq.
(7a)-(7b) from [23] for the unit-length laying cost.
Fig. 3 shows six optimal paths that were obtained by the OUM-based algorithm, and Table 1
provides their laying costs and expected number of potential cable repairs, where H(γ ∗, a(·), u∗ (·))
and G(γ ∗, u∗ (·)) denote the laying cost and expected number of potential cable repairs, respectively.
In Fig. 3, each subfigure is composed of two subfigures; the logarithmic PGV map is on the left
and the slope map is on the right. In Fig. 3, the magenta lines indicate cables, or segments of
cables that adopt Level 1, whereas black lines indicate cables or segments of cables adopting
Level 2. Note that the path of each cable is composed of small line segments connecting discrete
points. Sharp changes are not seen since we assume that the path is Lipschitz continuous.
We present, in Table 1, the trade-off between the two objectives, namely, the laying cost and
the expected number of potential cable repairs. By varying the weighting value of c from 0 to
900, the approximate Pareto front of the two objectives is obtained. The expected number of
potential cable repairs decreases and the laying cost increases with the increase of the weight
value c. That is, as expected, the greater the laying cost, the less the expected number of potential
cable repairs. Notice that there are two means to reduce the expected number of potential cable
repairs, either by adding segments with higher design level (more protection), as seen in Fig. 3(c)
by the black lines, or by increasing the cable length to avoid areas of high risk as observed in
Fig. 3(b). In Fig. 3(a), the weight value c = 0, so that we only consider the laying cost, and the
cable tends to avoid the high slope areas but passes through the high PGV areas. With increasing
weight value c, as shown by Figs. 3(b)–3(d), the path of the cable is designed to avoid high PGV
areas or provide segments deployed in the high PGV areas with protection to reduce the number
of potential cable repairs. In Fig. 3(e), the entire cable adopts design Level 2. To further reduce
the number of potential repairs , the cable needs to avoid high risk areas as much as possible; this
is illustrated by Fig. 3(f), which shows the cable path to be along the boundary of the region
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(a)
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(d)

(e)

(f)

Fig. 3. Six Pareto optimal paths based on Scenario B obtained by the OUM-based algorithm.
The black and magenta lines represent the path or path segments that adopt design Level 2
and design Level 1, respectively.
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Table 1. The laying cost (H(γ ∗, a(·), u∗ (·))) and the expected number of potential cable
repairs (G(γ ∗, u∗ (·))) of the six Pareto optimal paths.
c

H(γ ∗, a(·), u ∗ (·))

G(γ ∗, u ∗ (·))

a

0

772.4504

46.6757

b

3.2

806.3512

31.3214

c

11

900.1517

20.9815

d

22

1082.1358

9.3630

e

45

1146.4565

6.1245

f

570

1200.7766

5.0165

Total number of repairs

where PGV are smaller and slopes less severe.
An approximate Pareto front, shown in Fig. 4, is obtained by connecting a finite number
of computed non-dominated points. Notice that the discretization of the weights, geographic
(elevation) data, and design levels results in a non-smoothness in the approximate Pareto front.
This non-smoothness could be reduced by the use of finer resolution data. From Table 1 and
Fig. 4, we observe, as expected, that avoiding the high PGV regions and adopting a higher design
level in high PGV regions are effective in reducing the number of potential repairs.
50
40
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1100
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Fig. 4. Approximate Pareto front.

5.

Conclusion

We have addressed the problem of path and shielding level optimization for a cable joining two
points on the Earth’s surface taking account of high risk areas (including earthquake prone areas)
as well as risk of ROV instability. The ROV stability risk has been incorporated in the laying cost
to discourage the path from traversing areas with high slopes. Using the two objectives of the
expected number of potential cable repairs and the laying cost of the cable, we have formulated
the problem as a multi-objective optimal control problem over a triangulated piecewise-linear 2D
manifold as a model for the Earth’s surface. We have converted the formulated multi-objective
optimal control problem into a single objective optimal control problem by the weighted sum
method. By applying DPP, a variant of the HJB equation was derived for the single objective
optimal control problem. We have used the well-known OUM to solve the HJB equation,
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implemented the OUM-based method and produced high quality cable path solutions, and
obtained approximate Pareto front for the two objectives, the laying cost and the expected number
of potential cable repairs. These provide insight and guidance for the challenge of cable path
planning.
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