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ABSTRACT

Topological phononic crystals and acoustic metamaterials have attracted enormous research attention in recent years due to the presence of
robust and disorder-immune wave propagation. In this study, a sinusoidal lightweight elastic topological insulator with protected interface
modes is investigated at a subwavelength frequency region. By a wave dispersion study, the dual Dirac cones are observed at a subwavelength
frequency region due to the employment of two distinct cylinders connected with sinusoidal ligaments. Both cylindrical masses and
sinusoidal ligaments are found responsible for opening low-frequency bandgaps that manipulate elastic wave wavelengths almost 30 times
larger than the lattice size. Consequently, the subwavelength bandgap closing-and-reopening phenomenon with phase transitions is further
captured and opposite signs of the valley Chern numbers are obtained for different structural parameters. A supercell structure is
constructed based on the phase transition, and dual topologically protected interface modes (TPIMs) are captured with different quality
factors. The comparison of topologically protected interface modes shows that TPIM I is in a higher and wider frequency range, while
TPIM II is positioned in a comparatively narrow and extremely low-frequency range. Finally, the robust elastic wave propagation along
various designated paths is demonstrated. The proposed lightweight topologically protected phononic lattice may spark future investigation
of topological edge states in metadevices at a subwavelength frequency region.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0050963

I. INTRODUCTION

Wave propagation in periodic acoustic structures has been an
intensive research subject for the last several decades due to its
peculiar dynamic characteristics and fantastic wave dispersion
properties that are inconceivable from naturally occurring materi-
als. The idea of phononic crystals and acoustic metamaterials
derived from photonic counterparts1 is now mature enough with
prominent engineering applications for vibration and noise control.

Among various wave phenomena revealed from these syn-
thetic structures, topological insulators (TIs) have received more
research attention in the recent past with analogous wave phenom-
ena based on the concept of the quantum Hall effect (QHE). TIs
spark enormous efforts in recent years to control wave propagation
robustly. Generally, the quantum trio, i.e., the QHE,2 the quantum
spin Hall effect (QSHE),3 and the quantum valley Hall effect

(QVHE),4 are utilized to characterize topological properties in 2D
systems. Discovered in the 1980s, QHE5 occurs in a 2D electron
gas at helium temperatures in a strong magnetic field. In this
system, the time-reversal symmetry can be easily broken with
induction of airflow or modulating photonic/acoustic properties in
time,6 leading to the occurrence of several interesting phenomena
such as nonreciprocal sound propagation.7

To present the topological quantum number in a QHE system,
an integer topological invariant known as the Chern number8 C is
determined from a mathematical point of view. However, unlike
electrons or gases, the classical solid structures or phonons do not
feel the changes of a magnetic field. Thus, breaking time-reversal
symmetry is difficult to be achieved for elastic or acoustic metamate-
rials. Instead, breaking spatial symmetry is always possible.9,10

Energy distribution of acoustic field or elastic deflection in TIs can
be easily captured to indicate polarization of the system. Because
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time-reversal symmetry remains in phonons, the Chern number
through whole bands is zero, leading to the invalidation of the
description of topological properties. Therefore, another two invari-
ants spin Chern number11 Cs and valley Chern number12 Cv are
used to determine QSHE and QVHE by breaking the inversion sym-
metry in phononic crystals with C6v and C3v symmetries, respec-
tively. One of the distinctive properties of a system with QSHE and
QVHE is the robustness of the wave propagation at the interface
between trivial and nontrivial regions of the structure.

Before conquering topological properties of elastic media into
reality, the first step is the exhaustive understanding of bandgap
(BG) properties,13,14 which prohibit waves from traveling through
periodic structures. Two common mechanisms, i.e., Bragg scatter-
ing9,15,16 and local resonance,17,18 account for the occurrence of
BGs. When the Bragg condition a ¼ nλ/2 (where a is the lattice
constant and λ is the propagating wavelength) is satisfied, the BG is
induced in a periodic system due to the Bragg effect. Thus, Bragg
scattering BG depends closely on the size of scatters, i.e., lattice
constant, and periodicity condition. For photonic crystals or pho-
nonic crystals at microscale, the working frequency ranges from
kilohertz to megahertz or even terahertz.19 However, for elastic
analogies of TIs, methods to control waves in low-frequency ranges
are in great demand. To this end, a unit cell with a larger size is
always designed for low-frequency applications, which is impracti-
cal for real-life engineering applications. Since the early work by
Liu et al.20 on locally resonant sonic crystals, the local resonance
mechanism with BG property at subwavelength scale was
reported.20 In such a composite system, the reported BGs can be at
frequencies several orders smaller than those with a similar lattice
size. The BG generation is also independent of the system periodic-
ity and aperiodic arrangements can lead to broader BGs due to the
involvement of spectral range of resonance frequencies. In general,
several reports concerning the local resonance system simplify the
real model into pillared metaplate,21 soft membrane-type metama-
terial with heavy silicon,22 a nonlinear chain with multiple local
resonators,23 and mass-in-mass spring system.24

Despite the low-frequency range, a wider BG is of great
demand in manipulating waves with a passive metamaterial
system. In 2020, Muhammad et al.25 proposed a novel architected
lattice phononic crystal where periodic cylinders are arrayed with
sinusoidal-shaped ligaments. An enhancement of the Bragg scat-
tering effect caused by an increasing number of sinusoidal-shaped
ligaments was reported.25 Although this work primarily focused
on broadband and multiband BGs property for wave attenuation,
the topological properties by such lightweight structures pose an
additional unexplored feature of interest. Motivated by the work,
a topological elastic metamaterial for manipulating elastic wave
propagation at low-frequency ranges controlled by locally reso-
nant modes of the proposed lattice structure is proposed here.
Several basic equations for solving the wave dispersion relation for
this hexagonal lattice are provided. Dual Dirac cones are observed
in the band structure of a unit cell, both of which are in a low-
frequency range, as opposed to other structures with a similar
lattice constant. Additionally, the effect of different geometric
parameters on the band behaviors is analyzed. Phase transitions
are observed at both higher and lower BGs, and the valley Chern
number is calculated by analyzing the vibration modes in these
two states. Based on the wave dispersion and geometric phase
analyses, the dispersion relation of a supercell is further presented.
The presence of dual topologically protected interface modes
(TPIMs) at first and second BGs is demonstrated in the unit cell
band structures. Finally, robust elastic wave propagation at the
interface mode frequencies against any disorders along various
designated paths is clearly observed in this lightweight sinusoidal
lattice system.

The paper is organized as follows. Section I is the introduc-
tion. The governing equations with a basic design framework are
given in Sec. II. The band structure with geometric phases and
band inversion is analyzed in Sec. III. The supercell structure and
TPIM quality factor are discussed in Sec. IV. The waveguiding
capability is demonstrated in Sec. V. Finally, the conclusion is given
in Sec. VI.

FIG. 1. A lightweight phononic crystal
lattice with sinusoidal-shaped liga-
ments. (a) The generic portion of the
whole structure with a rhombic unit cell
highlighted with a red dashed frame.
(b) Notations of a unit cell in both XOZ
coordinate and XOY coordinate. (c)
Geometric properties of sinusoidal liga-
ments. (d) Out-of-plane deflection
analysis.
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II. STRUCTURAL DESIGN AND BASIC EQUATIONS

To elucidate the wave dispersive properties and the topologi-
cally protected phase transition in a lattice system, a 2D view in
XOY plane is illustrated in Fig. 1(a). The elastic honeycomb lattice
constructed from a network of cylinders coupled via sinusoidal lig-
aments is periodically arranged with a rhombic unit cell high-
lighted in a red dashed frame. Assuming a side length of a
parallelogram as a, the basic vectors in this periodic system are
a1 ¼ a/2

ffiffiffi
3

p
a/2

� �T
and a2 ¼ a 0ð ÞT, where the superscript T

denotes the transpose of a vector. Thus, the central spatial position
of any other cell can be expressed as xA ¼ ma1 þ na2, with m and
n being arbitrary integers. From the side view of the unit cell
depicted in Fig. 1(b), it is demonstrated that the heights of the
sinusoidal ligaments and the cylinders are hl and hc, respectively.
Besides, the radii of two cylinders forming a unit cell are r1 and r2,
hence the masses of these two cylinders are m1 ¼ πr21hcρc and
m2 ¼ πr22hcρc. The distance between these two cylinders lc is one-
third of the longer diagonal line in the rhombus, expressed as
lc ¼

ffiffiffi
3

p
a/3. The geometric configuration and the construction of a

sinusoidal ligament are depicted in Fig. 1(c). From a mathematical
point of view, a sinusoidal curve can be expressed as25

y ¼ An sin
2π
λs

x

� �
, (1)

where An is the amplitude of the sinusoidal function and λs ¼ lc/n
is the period of a single sinusoidal wave with n being the number
of sinusoidal waves in one piece of ligament.

The out-of-plane displacements of the two cylinders forming
a unit cell as u1 and u2 are demonstrated in Fig. 1(d). The differ-
ence ξ between u1 and u2 is expressed as ξ ¼ ju2 � u1j. Compared
to lc, ξ can be treated as infinitesimally small, resulting in the rela-
tion of sin θ � tan θ. As the restoring force from each sinusoidal
ligament is a function of its equivalent stiffness and the relative

displacement of the two cylinders, assuming a constant tension
T of the sinusoidal ligament leads to the equivalent spring constant
K and an out-of-plane force fz expressed as K ¼ T/[lc(1/cos θ � 1)]
and fz ¼ T sin θ � T tan θ, respectively.19 Additionally, the geomet-
ric relation follows the relation tanα ¼ ju2 � u1j/lc ¼ ξ/lc, resulting
in fz ¼ Kξ(1/cos θ � 1).

The geometric parameters in Fig. 1 are set as hl ¼ 0:001m,
An ¼ 0:001m, lc ¼ 0:035m, the lattice constant a ¼ ffiffiffi

3
p

lc ¼ 0:061m,
r1 ¼ r2 ¼ 0:006m, and hc ¼ 0:005m. The materials for the sinus-
oidal ligaments and the cylinders are the same, where the material
properties are E ¼ 2:5GPa, mass density ρ ¼ 1174 kg/m3, and
Poisson’s ratio υ ¼ 0:33. The geometric parameters adopted in this
structure indicate that the sinusoidal ligaments supporting the cyl-
inders are quite thin, resulting in a light weight of this system.
Moreover, compared to the gross area of a unit cell, the net area
covered by the lattice and finite periodic system is small, which can
be observed from the larger voids in the lattice and periodic assem-
bly as well, as shown in Figs. 1(a) and 8–9.

In this work, we employ the finite element method (FEM) to
capture the band behaviors and the mode shapes numerically.
Generally, the governing equations of bulk elastic waves propagat-
ing in phononic crystals are expressed as26

ρ(r)€u ¼ ∇{[λ(r)þ 2μ(r)](∇ � u)}� ∇� [μ(r)∇� u], (2)

where λ and μ are the Lamé constants, u ¼ ux uy uz
� �T

is the
displacement vector, the “over-double dot” notion, i.e., €u, stands
for the second derivative of u with respect to time, and r(x, y)
is the position vector. Generally, the Lamé constants are
λ ¼ Eυ/[(1þ υ)(1� 2υ)] and μ ¼ E/2(1þ υ).

Subsequently, based on FEM and the Bloch–Floquet wave
theory,25,27 the dispersion relation of the out-of-plane displacement
in this system with honeycomb lattice and cylindrical masses can

FIG. 2. (a) Morphological evolution
of sinusoidal-shaped ligaments by
varying amplitudes An and number of
sine waves n of the sinusoidal liga-
ments, (b) the Brillouin zone and the
wave dispersion diagrams of a unit
cell with (c)An ¼ 0:001 m and n ¼ 1,
(d) An ¼ 0:001 m and n ¼ 5, and
(e) An ¼ 0:002 m and n ¼ 5.
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be solved as an eigenvalue problem, expressed as

[K� ω2M]u ¼ 0, (3)

where K is a stiffness matrix that is a function of wavenumber and
M is the global mass matrix, respectively.

Consecutively, as reported by Chen et al.,28 no BG exists in a
lattice metamaterial with straight ligaments in the absence of cylin-
ders. With the presence of cylinders as masses, different frequency
BGs occur by tuning the radii of cylinders.25 Furthermore, the
effect of geometric properties on the DC properties of the system is
also demonstrated. In Fig. 2(a), the schematic diagram for different
An and n is presented with three specific cases highlighted in green
dashed frames. Figure 2(b) shows the first Brillouin zone for the
rhombus lattice and the triangular irreducible Brillouin zone with
three vertices Γ, M, and K. Utilizing the symmetric properties of
the reciprocal space, the whole band behavior can be obtained by
sweeping wavenumbers along the sides of the irreducible Brillouin
zone. Thus, the band behaviors of the three specific cases are then
plotted in Figs. 2(c)–2(e).

Specifically, the elastic waves comprise out-of-plane and
in-plane waves that propagate through the periodic solid structures.
To distinguish them, a projection P ¼ Ð

V juzj2d3r/
Ð
V jutotalj2d3r is

defined,29 where juzj is the absolute displacement in the
Z-direction, jutotalj is the absolute total displacement field, and V is
the volume of the periodic cell. Initially, this projection was pro-
posed to identify the antisymmetric (A0) Lamb mode from sym-
metric (S0) Lamb mode for elastic waves propagating through the
thin plate.29 It is validated that this parameter is also efficient in
capturing the out-of-plane mode from in-plane mode in this lattice
structure.

From Figs. 2(c)–2(e), it is detected that the changes in geomet-
ric parameters An and n do not influence the occurrence of two
DCs and the shape of curves, rather they tune the frequency ranges
of DCs. Therefore, it can be observed that in structures with
An ¼ 0:001m and n ¼ 5, illustrated in Fig. 2(d), as compared to

that with An ¼ 0:001m and n ¼ 1 shown in Fig. 2(c), the fre-
quency ranges for both higher and lower DCs are all dropped to
lower ranges. A similar phenomenon can be observed in the com-
parison of Figs. 2(d) and 2(e). As a result, it is noticeable that
increasing An and n of elastic sinusoidal ligaments connected with
cylindrical masses leads to a larger internal inertia of the system.
Therefore, the frequency ranges of the DCs are tuned to much
lower frequency ranges.

III. UNIT CELL ANALYSIS AND PHASE INVERSION

For membrane-type topological acoustic metamaterials based
on QVHE, degeneracies at DCs can be easily lifted by tuning radii
of the tungsten scatters.30 Motivated by this approach, radii of two
cylinders r1 and r2 forming a unit cell are, respectively, expressed
with a reference radius r0, i.e., r1 ¼ 2r0 � ξrr0 and r2 ¼ ξrr0 where
ξr is a structural parameter for tuning radii of cylinders. From
Figs. 3(a), two new local resonance induced BGs occur with a
higher BG I and a lower BG II. The edges of BG I (II) for ξr ¼ 0:8
are indicated, respectively, C1 and A1 (A2 and C2) with colors rep-
resenting the phase states, where A1,2 indicate anticlockwise phase
states and C1,2 are clockwise phase states. Correspondingly, the
notations of BG I for ξr ¼ 1:2 are A0

1 and C0
1 and those of BG II

are C0
2 and A0

2. The width of BG I is 185.55 Hz, which is several
orders greater than that of BG II (8.88 Hz). However, the width of
the topologically protected BGs is not the foremost concern for the
occurrence of topologically protected behaviors. Instead, the topo-
logical phase transition is the primary reason.

Another essential band property of the elastic topological
metamaterial is the band inversion or phase transition phenome-
non by comparing the mode shapes in these corresponding
states. Mode shapes of the unit cell at valley Γ point are shown in
Figs. 3(c)–3(f ), and the color legend represents the phase of the
displacement in the Z-direction, ranging from �π to π.
For ξr ¼ 0:8, the clockwise phase occurs in the upper edge C1 of
BG I and the phase for lower edge A1 is anticlockwise.

FIG. 3. Dispersion relation for (a)
ξr ¼ 0:8, (b) ξr ¼ 1:2, phase modes
for (c) C1 and A1, (d) A2 and C2, (e)
A01 and C

0
1, and (f ) C

0
2 and A

0
2.
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Comparatively, for ξr ¼ 1:2, the anticlockwise phase occurs in
the upper edge A0

1 of BG I and the phase for lower edge C0
1 is

clockwise. Therefore, the phase is observed for the system state
that varies from ξr ¼ 0:8 to ξr ¼ 1:2. A similar phase transition
process can be captured for the lower BG II.

The nature of low-frequency BGs in the proposed lightweight
lattice structure is solely due to cylindrical masses that are con-
nected with sinusoidal ligaments. At the opening bounding edge of
the BGs, the vibrational energy is concentrated in a larger cylindri-
cal mass. This is due to the increased moment of inertia that places
the eigenmode at a relatively lower frequency, as presented in
Fig. 3. In contrast, the vibrational energy concentration is observed
in a smaller cylindrical mass that is associated with closing bound-
ing edge of the BGs. It is reasonable as the moment of inertia
of the smaller cylindrical mass is comparatively smaller than that of
the larger cylindrical mass. Analogous phenomena of BG genera-
tion based on the principle of mode separation are recently studied
by Muhammad and Lim.31,32 In both resonant modes at the
opening and closing bounding edges of the BGs, a rotational vibra-
tion is observed in cylindrical mass while flexural deformation of
sinusoidal ligaments is witnessed. Such findings are consistent with
those reported in Muhammad et al.25 Furthermore, it is interesting
to note that the sinusoidal ligaments have quite a robust effect in
shifting the BG to a low-frequency region. This is possible when
the flexural motion by such ligaments gets coupled with the rota-
tional resonant mode of the cylindrical masses. As demonstrated in
Fig. 2, with an increasing n, the eigenmodes of the structure with
BGs move to a lower frequency region. Therefore, together with the
cylindrical masses, the sinusoidal ligaments have significant effect
in generating subwavelength BGs.

One may question the presence of subwavelength BGs with
TPIMs reported in this work as achieving low-frequency TPIMs is
both fascinating and challenging. This can be explained by compar-
ing the lattice constant a ¼ 61mm considered in this study with
the reported BG frequencies. The low-frequency BGs are positioned
around 403 Hz (BG I) and 42 Hz (BG II). The wave velocity is
c ¼ ffiffiffiffiffiffiffi

E/ρ
p ¼ 1459m/s, and the comparison of lattice constant

with frequency BG wavelengths shows that the unit cell structure is
tackling elastic waves with wavelength more than 30 times the
lattice size which is remarkable for subwavelength elastic wave
manipulation.

In Fig. 4, a parametric sweep of the structural parameter ξr is
presented. The red and green solid lines represent the clockwise
phase state (C-state) and the anticlockwise phase state (A-state),
respectively. The colors are consistent with the solid circles shown
in Figs. 3(a) and 3(b). A similar phase transition is captured by
tuning ξr from 0.8 to 1.2. This result indicates that when the
structural parameters are tuned from 0.8 to 1.2, the system proper-
ties are reversed even though they share similar band structures
and BG widths. Consecutively, a berry connection An(k) is con-
structed in the crystal momentum (k) space expressed as
An(k) ¼ i unkj∇kjunkh i, where n indicates the nth band. The Berry
curvature can, therefore, be expressed as Ωn(k) ¼ ∇k � An(k).
Furthermore, the valley Chern number can be obtained via the
integration of the Berry curvature throughout the first Brillouin
zone, expressed as Cv ¼ 1

2π

Ð
Ωn(k)d2k, with the integral boundary

defined by a local area around the valleys (K and K 0 points).33

Thus, the valley Chern number can be further expressed as
Cv ¼ sgn(Δ)

2 ,34,35 where Δ ¼ (ωC � ωA)/2υD with υD being the Dirac
velocity, ωC being the frequency at point C, and ωA being the
frequency at point A. For BG I with ξr ¼ 0:8, ωC . ωA leads to
Cv, 1 ¼ 1

2. However, for BG I with ξr ¼ 1:2, ωC , ωA leads to
C0
v, 1 ¼ � 1

2. Thus, the upper BGs in these two states, i.e., ξr ¼ 0:8
and ξr ¼ 1:2, carry valley Chern numbers of opposite signs.
Similarly, for BG II, it is obvious that Cv, 2 ¼ � 1

2 and C0
v, 2 ¼ 1

2.
Conclusively, for both BGs I and II, the valley Chern numbers of
states ξr ¼ 0:8 and ξr ¼ 1:2 are of opposite signs.

IV. SUPERCELL ANALYSIS AND QUALITY FACTOR

A. Band structure of the supercell

To investigate the bulk and interface properties of the elastic
system, a supercell system with two opposite orientations, i.e.,
ξr ¼ 0:8 and ξr ¼ 1:2, is constructed. This supercell consists of
eight cells with ξr ¼ 0:8 and eight cells with ξr ¼ 1:2. It is noticeable
that topologically protected interface modes exist at the interface of
these two orientations. Thus, the eigenvalue problem of a supercell is
further analyzed by setting the Bloch periodic conditions on the two
long sides of the supercell and with two free short sides.

In Fig. 5(a), the band structure of supercell along ΓK and ΓK0

directions is presented. The orange and green solid lines are the
TPIM states corresponding to BG I and BG II, named as TPIM I
and TPIM II. The light gray hollow circles are the bulk states.
In the absence of TPIMs I and II, it is found that two BGs exist in
this band structure. Comparing the BG widths of supercell with
those of unit cell structure, it is found that these BG widths overlap
correspondingly. It is easily understood because the unit cells
forming a supercell share the same BG region. Elastic waves for fre-
quency in the BG regions cannot propagate through this supercell
due to the properties of its substructures. Nonetheless, due to the
existence of band inversion and phase transition of these two unit
cells, two passbands occur in the two BG regions of the supercell,
which are called TPIM states. They allow elastic waves with specific

FIG. 4. Closing-and-reopening phenomenon of BGs I and II with topological
phase transition.
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frequencies to propagate in this well-constructed supercell along
designated paths. Distinct to other modes, such as bulk modes,
TPIM only allows elastic waves to propagate through the interface
of two orientations, i.e., most of the deflection or energy concentra-
tion occurs at the interface and decaying energy field is observed
away from it. Thus, to illustrate the TPIM modes, numerical
solutions of the states at valley point K for TPIMs I and II are
presented in Figs. 5(b) and 5(c). The color bar indicates the total
displacement of the cells and the deformation is in the out-of-plane
direction. Conclusively, dual TPIMs with high energy localization
occur in the common BG regions of cells with ξr ¼ 0:8 and
ξr ¼ 1:2.

From Fig. 5, the frequency range of TPIM I is from 414.6 to
481.1 Hz and it leads to the bandwidth of 66.5 Hz. Additionally,
the frequency range of TPIM II is from 43.75 to 54.93 Hz. Thus,
the bandwidth of TPIM II is 11.18 Hz. The bandwidth indicates
the frequency ranges for elastic waves that are allowed to propagate
in the TIs. Thus, comparing TPIMs I and II, the broadband effect
is more prominent in TPIM I and the frequency range is lower in
TPIM II.

B. QF and parametric study for tuning frequencies

From mode shapes of TPIMs I and II, highly localized energy
is observed at the interface between cells with two corresponding
states. However, it is evident that energy and deflection concentrate
more at the interface of TPIM I, as opposed to TPIM II. Generally,
two significant properties are always of interest for designing
systems based on TPIM, i.e., the working frequency of TPIM and

the QFs of TPIM. Having discussed the influence of two structural
parameters on the unit cell band structure in Sec. II, the effects of
several parameters (An, n, hl , and a) on the frequencies and QFs of
TPIMs are illustrated in this section.

Two parts in the whole structure are classified to construct a
ratio that indicates the system QF. The first part is the whole struc-
ture denoted as part I, while the second part is the two unit cells
neighboring the interface, where one cell is with ξr ¼ 0:8 and
another ξr ¼ 1:2, denoted as part II. To examine the QF of TPIM
quantitatively, a QF ratio ηT is defined as

ηT ¼
ð
V2

jujdv/
ð
V1

jujdv, (4)

where V1 and V2 are, respectively, the domains of parts I and II
and u is the displacement field.

In Fig. 6, it is found that a larger An can tune the frequency
range of TPIMs dramatically. The effect for TPIM I is more signifi-
cant compared to that for TPIM II. Specifically, the frequency of
TPIM I (II) for An ¼ 0:5mm is 789.1 Hz (65.1 Hz). By varying An

from An ¼ 0:5 to 1.3 mm, the frequency of TPIM I (II) becomes
377.3 Hz (36.1 Hz), decreasing by 52.2% (44.5%). Therefore, to
obtain TPIM operating in a lower frequency range, a larger An can
be adopted. For TPIM II, the QF is then initially uplifted from
0.79 to 0.82 by varying QF from 0.5 to 0.8 mm. QF decreases
dramatically after An ¼ 0:8mm, especially from 1.1 to 1.3 mm. For
TPIM I, QF is always of a large magnitude, remaining greater than
90% for most of the states. Comparatively, QF for TPIM II is rela-
tively lower. However, the smallest QF in this system is 0.66, which
can be regarded as a relatively high QF compared to some other
engineering structures.15

For the novel sinusoidal-shaped ligaments, another important
parameter is the number of sine waves in each ligament. Different
from the parametric study in Fig. 6, a change in n leads to alter-
ations of ligament stiffness. Because such change is not gradual, it
is difficult to illustrate the trends in a smooth curve. The effects of
n on TPIM properties are illustrated in Table I. It is found that by
tuning n, the frequency range does not change significantly.

FIG. 5. (a) Bulk band structure and TPIMs for supercell structure constructed
with periodically arrayed unit cells in the topological trivial and nontrivial states,
(b) mode shapes of TPIM I, and (c) mode shapes of TPIM II.

FIG. 6. Effect of varying amplitude An on the frequency response of TPIMs and
the QF of TPIMs.
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Similarly, the QF for TPIMs also remains high and fluctuates at
around 99.7% and 81%.

It should be noted that the material used to make this struc-
ture is not rigid, which leads to the weakness of the entire structure.
Because a thicker ligament increases the flexural rigidity, a para-
metric sweep of hl is conducted, as shown in Fig. 7(a). By increas-
ing the ligament thickness, the working frequency of TPIMs can be
substantially tuned to a much higher frequency range. For example,
the frequencies of TPIMs I and II for hl ¼ 0:001m are 481.1 and
43.75 Hz, respectively. By varying hl from 0.001 to 0.005 m, these
two frequencies become, respectively, 2125 and 167.4 Hz. The QF
of TPIM I always peaks at a high value, while the QF of TPIM II
increases significantly.

In general, a larger lattice constant leads to a lower working
frequency range of TPIMs. Thus, in Fig. 7(b), a parametric study
for the lattice constant a is presented. In this topological acoustic
insulator system, two working frequencies for TPIMs I and II for
a ¼ 0:05m are 634.2 and 61.62 Hz, respectively. Furthermore, by
tuning a from 0.039 to 0.061 m, the frequency for TPIM II drops
from 951.8 to 483.8 Hz, decreasing by 49.2%. Nevertheless, the QF
is rarely affected by the changes in lattice constants. Compared to
the QF of TPIM I, that of TPIM II is more sensitive to the changes
of lattice constants. QF of TPIM II increases from 0.47 to 0.8 with
the frequency ranges decreasing by 54.8%.

V. WAVEGUIDE PATH DESIGNS

Based on the TPIM analysis, several insightful waveguide
paths are designed in this section. In Fig. 8, a straight path

waveguide is illustrated. The structural parameters are set as
An ¼ 0:001m, n ¼ 5, and hl ¼ 0:001m. The source frequencies are
adopted as 481.1 and 43.75 Hz, respectively, which correspond to
the frequencies in Table I. The upper substructures above the path
are composed of cells with ξr ¼ 0:8 and those below the path are
cells with ξr ¼ 1:2. Perfect matched layers (PMLs) are assigned to
the four boundaries of the whole structure to prohibit elastic wave
reflection. It is observed that waves in both frequency ranges can
robustly propagate in straight paths. Similar to the phenomena cap-
tured in supercell analysis, a higher localization of energy is
observed for ξr ¼ 0:8 in Fig. 8(a) compared to that in Fig. 8(b).
Specifically, energy is localized in the neighboring cells around the
path in Fig. 8(a). Comparatively, energy distributes even in the
second and third unit cells in Fig. 8(b). However, it can still be
regarded as a good transmission as QF for TPIM II is about 80%.
In conclusion, wave propagating in a straight path and a higher fre-
quency range will lead to a better quality of wave propagation.

Subsequently, a zig-zag path is designed, as evident from
Fig. 9. It is observed that elastic waves can also robustly propagate
in a sharp corner without any wave reflection. High localization of
signal energy can be observed not only in the straight path but also
at the corners and oblique paths. With respect to the quality of
wave propagation, the zig-zag phenomenon is perfectly identical to
that in a straight path. In a nutshell, this novel elastic TI with
sinusoidal-shape ligaments provides insightful pathway designs
with two working frequency ranges controlled by local resonators.

TABLE I. Effect of varying numbers of sine waves n on the frequency response of
TPIMs and the QF of TPIMs.

n

TPIM I TPIM II

Frequency (Hz) QF (%) Frequency (Hz) QF (%)

1 489.45 99.74 40.368 82.16
2 479.17 99.67 40.168 81.36
3 476.8 99.63 40.972 79.87
4 474.57 99.57 42.335 79.10
5 481.1 99.56 43.75 80.20

FIG. 8. Straight path designs of elastic waveguide with external sources at fre-
quencies corresponding to (a) TPIM I and (b) TPIM II.

FIG. 7. Effect of varying (a) heights of
ligament hl and (b) the lattice constant
a on the frequency response of TPIMs
and QF of TPIMs.
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VI. CONCLUSION

In summary, this study introduces the concept of quantum
valley Hall effect into a lightweight lattice network with novel
sinusoidal structures. With periodic arrangements of solid cylinders
connected to sinusoidal-shape ligaments, robust elastic wave propa-
gation in the system based on topologically protected properties is
observed. The topologically protected properties stem from band
inversion and phase transition. With the analysis of unit cell dis-
persion relation, dual Dirac cones are observed in the subwave-
length frequency regime. By varying the number of sine waves and
the corresponding amplitude in each periodic cell, the internal
inertial of the system can be tuned, leading to the changes in the
frequency range of bandgaps and Dirac cones. The bandgap
closing-and-reopening phenomenon can be observed via a para-
metric study of the geometric parameters by changing the relation
of cylinder radii and sinusoidal ligament geometric properties,
which perform as local resonators in the system.

Based on the analysis of a unit cell, a supercell structure is
further constructed. Dual TPIMs are captured in the subwavelength
frequency region where highly localized energy is observed at the
interface of two substructures. Comparing these two topologically
protected interface modes, the bandwidth of TPIM I is considerably
greater than that of TPIM II, while the relation reverses for fre-
quency range. Additionally, the effects of geometric parameters on
the frequency range and quality factors of topologically protected
interface modes are further investigated. Based on the topological
properties, various waveguides that allow robust and disorder-
immune wave transport without wave reflection are designed. The
conclusions reported here show a high potential of expedited
research on the presence of topologically protected interface modes
in elastic systems at subwavelength frequency regime. The results
obtained in this paper are of great significance to the applications
and designs of low-frequency elastic topological metamaterials for
subwavelength elastic wave control.
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