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g r a p h i c a l a b s t r a c t
� Three typical failure modes of the
CCS observed in both experiments
and simulations are controlled by the
configuration.

� CCS shows a transition from the
compression-dominated to the
bending-dominated in deformation
mechanisms as q increases.

� CCS shows absorption efficiency of
about 50%, which is higher than most
previously reported cellular
materials.

� Based on large deformation theory,
the theoretical model could present
more accurate predictions of plastic
yield stress.
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Auxetic material is a metamaterial engineered to achieve negative Poisson's ratios through special design
of microstructure. As a typical 3D auxetic material, 3D cross-chiral structures (CCS) possesses significant
auxetic behavior and the mechanical properties can be tuned over a wide range. In this paper, mechanical
responses of CCS are systematically investigated by experiments, numerical simulations and theoretical
analysis. Three typical failure modes are observed during the compression process. As the tilt angle of
struts increases, the CCS shows a transition from the compression-dominated to the bending-dominated
deformation mechanism. The Young's modulus of the CCS can be enhanced 8.5 times, simply by changing
the angle of the strut by 20�. The CCS can also show a higher energy absorption capacity with absorption
efficiency of about 50%, which is higher than most previously reported cellular materials. Additionally, a
new theoretical model based on large deformation theory is established to predict the plastic yield stress,
and good agreement is obtained with the numerical simulations and experiments, which indicates that
the present model can significantly improve the accuracy of the estimation. The results of this paper may
be helpful for designing of energy absorbing devices and personal protection with 3D auxetic materials.
© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Mechanical metamaterials are typical structured materials,
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designed structures, mechanical metamaterials could possess
tailored, extreme, or even counterintuitive mechanical properties
[1]. Auxetic materials were early example of mechanical meta-
materials and illustrate well how micro-structure controls the
behavior of metamaterials, which becomes broader when stretched
and thinner when compressed [2]. Auxetic materials were of in-
terest due to their innovative mechanical properties [3,4] and
tremendous promising applications, such as bumper system [5,6],
protective device [7], aerospace applications [8], garment applica-
tions [9,10] and biomedical implants [11].

As one of themost representative and popular auxetic materials,
2D re-entrant honeycombs were firstly proposed by Gibson et al.
[12]. Attributed to the flexure of the struts, the honeycombs could
exhibit significant auxetic behavior [13,14]. Subsequently, several
3D auxetic lattice structures based on similar auxetic mechanisms
have been proposed, such as re-entrant lattice structure [15,16],
chiral metamaterials [17], double arrowhead structure [18] and
cross-chiral structure (CCS) [19]. This kind of auxetic micro-lattice
is the combination of traditional lattice and auxetic materials,
owning both of their excellent characteristics at the same time,
such as ultra-light weight, low-density and negative Poisson's ratio
[18,20]. Lattice materials were usually used as loading bearing or
energy absorption, so the mechanical responses under large
deformation should be considered significantly during the process
of actual application, such as deformation mechanisms, failure
modes and energy absorption capacity [20]. However, due the
complex micro-structures, it was difficult to fabricate lattice ma-
terials by traditional preparation. Fortunately, the development of
modern additive manufacturing techniques, such as electron beam
melting (EBM) [15,21] and selective laser sintering (SLS) [22],
provided a lot of possibilities. Complex 3D auxetic micro-lattices
could be realized by 3D printing techniques [23,24].

When thematerials were able to be fabricated successfully, their
mechanical responses in the case of large deformation could be
explored directly through corresponding experiments. Yang et al.
[25] successfully fabricated 3D re-entrant micro-lattices via EBM
and revealed that the materials were subjected to elastic buckling
or plastic failure. They also found this auxetic structures could have
a much higher specific strength than other regular foam structures,
as well as a moderate specific stiffness. Warmuth et al. [21] carried
out a series of compression experiments on 3D chiral structure,
where the influence of the strut thickness and the amplitude of the
strut on themechanical properties and the deformation behavior of
cellular structures were studied. Yang et al. [18] presented novel 3D
double-U hierarchical structures (DUHs) based on double-V hier-
archical structures (DVHs), and they found the curved configura-
tions of DUHs could enhance auxetic behavior and increase static
collapse stress under crushing. Lai and Daraio [20] found themicro-
lattices could have excellent impact absorption efficiencies, which
were 2e120 times better than carbon nanotube foams, poly-
carbonate and silicone rubber. They also revealed that the higher
absorption efficiency was largely due to the sideways buckling
during the crushing stage. Wang et al. [5,6] explored a novel
bumper system, where the beam and absorber were made by
auxetic materials. They found the new system performed excellent
performances in both pedestrian protection and vehicle
crashworthiness.

However, to date, investigations of such auxetic micro-lattices
have mainly been focused on lightweight, load bearing applica-
tions and failure modes, while their potential for energy absorbing
applications is still remain largely unexplored [15,20,26]. Moreover,
the relationship of deformation mechanisms and mechanical re-
sponses of these auxetic micro-lattices, including elastic properties,
strength and energy absorbing capacity, still needs further in-
vestigations with combination of finite element method (FEM)
simulations [27,28]. Nevertheless, due to the complexity of full-
scale 3D auxetic cellular structures, it is still a challenge for simu-
lating the collapse process and densification.

In addition to experiments and FEM simulations, theoretical
investigations have also been adopted by many researchers to
provide guidance for the structural design and optimization.
Several studies have been reported on the elastic properties and
strength under small deformation [26]. However, in the real engi-
neering applications, large deformation often occurs, and non-
linear deformation should be considered in the prediction of the
overall mechanical behavior, which suggests that a large defor-
mation model should be considered. Based on the Bernoulli-Euler
theorem, Wan et al. [29] calculated the deformed shapes of the
inclined member of the re-entrant cell and found the negative
Poisson's ratios are no longer a constant at large deformation,
varying significantly with the strain. Hu et al. [30] revealed the
negative Poisson's ratio of the anti-trichiral honeycomb was first
magnified and then was weaken as the global strain increased.
Moreover, the Young's modulus [15] and shear modulus [31] based
on the large deformation mode were also discussed. However, the
theoretical analysis of the yield stress for auxetic cellular structures
is usually based on the small deformation hypothesis at present
[15,32], with the nonlinear effects ignored. In particularly, struts'
deformation cannot be neglected before failure especially for
polymer materials with the ability of large elastic deformation. In
consequence, a more accurate theoretical model considering large
deformation is needed to predict yield stress of auxetic cellular
structures.

As one of typical 3D auxetic micro-lattice materials, the CCS
shows significant auxetic behavior, ultra-light weight and accept-
able elastic modulus, suggesting the potential to be a core material
for sandwich panels. In this paper, the mechanical responses of the
CCS under uniaxial compression are analyzed in detail with com-
bination of experiments, numerical simulations and theoretical
analysis. Different geometrical configurations for CCS are designed
and fabricated successfully via SLS technique. FEM simulations are
employed to predict the basic mechanical properties and to un-
derstand the deformation mechanisms. According to the results
observed from experiments and numerical simulations, the defor-
mation mechanisms and failure modes are discussed in detail. In
addition, the energy absorption efficiency at different velocities is
also discussed quantitively. With comparing to other cellular
structures, higher energy absorption capacity of CCS is demon-
strated. Moreover, an analytical model, based on the large defor-
mation theory, is established for prediction of the yield stress, and
the theory is verified by experiments and FEM simulations.

2. Design and materials preparation

2.1. Structure design

The cross chiral auxetic structure has a symmetrical geometry,
as shown in Fig. 1a. After rotation in the out-of-plane direction, this
2D structure can be readily patterned into a 3D structure, CCS, as
shown in Fig. 1b. The representative unit of CCS is determined by
four primary geometrical parameters: length of the strut l, the tilt
angle of the strut q, strut's cross-section in-plane thickness t and
thickness b, as shown in Fig. 1c. In this study, it is supposed that the
cross-sectional shape of struts in CCS is square, so it can be assumed
that b¼ t.

Three configurations are designed for the following compres-
sion experiments in the z direction. For each design, the cubic unit
cells are arranged periodically to form 3D lattice samples with
3� 3� 3 unit cells. Table 1 shows the detail geometrical parame-
ters for each model, where L, M and H represent the length, width
and height of the samples, respectively. The tilt angle q of the strut
varies from 10� to 30� with the size of unit cell constant. Themodels



Fig. 1. Schematic diagram of (a) 2D cross chiral honeycomb structure, (b) unit cell of CCS, (c) geometrical parameters of representative unit of CCS.

Table 1
Geometrical parameters for CCS specimens.

q t (mm) l (mm) L�W�H (mm3) rr (%)

Model-1 10� 1 10.15 50.5� 50.5� 49.5 5.43
Model-2 20� 1 10.64 50.5� 50.5� 49.5 5.71
Model-3 30� 1 11.55 50.5� 50.5� 49.5 6.22
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described above are chosen because the geometry of CCS can be
varied systematically using a single parameter, q, which facilitates
the analysis of the deformation mechanisms of the auxetic mate-
rials. Meanwhile, the size of each model needs to meet the re-
quirements for fabrication and experiments. The relative densities
of the three models are calculated as [19].

rr
ð4l cos q� 2t cos q� tÞt2

l3 cos4 q
(1)

2.2. Sample fabrication

Five samples of each model with different q are printed along
the z direction by using a 3D printer based on the SLS method. The
material adopted for 3D printing is white spherical polyamide 12
(PA12) powder with particle size ranging from 20 to 40 mm. The
melting point of powder is 170 �C. The layer thickness is set to
100 mm, and the printing speed of the machine is 20mm/h. The
laser scanning speed is about 7.6m/s and laser power is about 20W.

Fig. 2a shows the samples of CCS produced by SLS. Table 2 shows
the geometrical dimensions of the samples. The mass is divided by
the product of volume of lattice and the intrinsic density of con-
stituent material to get the relative density, rr. As for the thickness t
of the strut, it can be measured with Vernier calipers directly or
calculated by Eq. (1). From the results in Table 2, it is found the
values of t measured directly are larger than those by calculation.
Due to the stair stepping effect and resolution of the SLS process,
the surfaces of struts are not smooth enough (Fig. 2b), which finally
results in the manufacture deviation and reduction in the effective
size of cross-section [33]. Another possible reason is expected to be
related to the internal defects, which is discussed in the section S1
of Supplemental Information. Therefore, in order to get closer to the
real situation, the thickness t calculated by Eq. (1) will be used in
the subsequent simulations and theoretical analysis.

3. Methodology

3.1. Experimental procedure

The compressive responses of these fabricated samples are
tested using an electronic universal testing machine (Instron 5565)
with a 5 kN load cell. The measurements are performed under
displacement control with a speed of 2mm/min (strain
rate¼ 0.067/s). The Young's modulus Ez is determined by the slope
of the linear stages, and the yield stress sz of CCS in this paper is the
value of the stress by the end point of linear-elastic stage where the
plastic yield begins to occur. In addition, in order to confirm the
mechanical properties of the constituent material fabricated by 3D
printer, tensile and compression experiments are also carried out
on the constituent material, respectively (Fig. S2). It is found there
is an obvious tension-compression asymmetry [34,35].

The Poisson's ratio of CCS is obtained with the help of Digital
Image Correlation Method (DICM). In order to mitigate the effect of
boundary, the middle unit cell (the yellow dashed frame in Fig. 2c)
is selected to calculate the Poisson's ratio. Due to the spatial nature
of the structure, struts are distributed in a three-dimensional space.
Four representative regions (marked by 1e4 in Fig. 2c) with black
speckles in a same plane are selected to measure the vertical
deformation and lateral deformation of the middle unit cell,
respectively. The deformation information of samples, especially
the displacements of four regions, is recorded by a camera at a
resolution of 6010 pixels� 4016 pixels during the experimental
process. The displacements of all the points in the four regions are
tracked using the Commercial Software VIC-2D™ System by
comparing the grey values of an initial image with subsequent
images. Then the Poisson's ratio can be calculated by

nzx ¼ðDx3 � Dx4Þ
ðDz2 � Dz1Þ

(2)

where Dxi (Dzi) is the average relative displacement in the x (z)
direction of all the points in region i. The final mechanical prop-
erties of the structures are determined by themean values of all the
samples.
3.2. Numerical simulations

FEM is employed to simulate the compressive process with the
Commercial Software ABAQUS 2016. The FEM models are con-
structed containing the same number of unit cells as the specimens
for experiments. The average calculated dimensions (Table 2) of
fabricated samples are used during simulations to improve the
simulation accuracy. Fig. 3a shows the boundary conditions for the
simulation, where the structure is located between two rigid plates.
A general contact interaction is defined between the rigid plates
and the element-based surfaces of the structure, and self-contact is
defined between the element-based surfaces of the structure. The
contact interaction property is defined in two aspects, where
“Hard” contact is defined for all the normal behavior and a friction
coefficient for tangential behavior of about 0.1 is used for the
contact between the plates and the structure, and a value of 0.3 is
used for the self-contact [28,36].

As for the tension-compression asymmetry of constituent ma-
terial, an equivalent stress-strain relationship (Supplemental



Fig. 2. (a) Samples of CCS produced with PA12 via SLS. (b) Close-up view of the sample. (c) The cell in the yellow dashed frame is marked for data collection of DICM.

Table 2
Geometrical dimensions of samples for CCS.

q t (mm) L�W�H (mm3) Mass (g) rr (%)

Measured Calculated

Model-1 10� 1.06± 0.04 0.94± 0.01 50.73� 50.89� 49.57 5.83± 0.16 4.86± 0.13
Model-2 20� 1.03± 0.05 0.91± 0.03 50.79� 50.67� 49.64 5.70± 0.44 4.76± 0.36
Model-3 30� 1.04± 0.02 0.92± 0.02 50.32� 50.68� 49.69 6.38± 0.21 5.32± 0.17
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Information S3.1) is adopted in this study, where Young's modulus
Es is 850MPa and yield stress sys is 30MPa, as shown in Fig. 3b.
Plastic model is used to define the yield stress and the linear
hardening process. A ductile damage model is used to define the
initiation of damage in which damage evolution occurs once the
damage initiation criteria is satisfied. Plastic displacement-based
linear damage evolution law is used. Once the maximum degra-
dation has occurred, the elements are removed from the mesh,
simulating progressive failure of structures [37,38].

The FEMmodels are meshed with using C3D8R elements. Based
on FEM simulations, size effect of CCS is also discussed in the sec-
tion S3.2 of Supplemental Information, and when the number of
repetitions is equal to or higher than 3, the size effect on the
Fig. 3. (a) The numerical model and boundary conditions for CC
samples could be reasonably neglected. Explicit module is adopted
to simulate the continuous compression process. Considering of
calculation time and efficiency, the velocity is set to be about
0.05m/s (strain rate¼ 1.01/s) for the simulations of quasi-static
compression (Supplemental Information S3.3).
4. Results and discussions

4.1. Compressive responses for CCS

Five samples for each model are prepared for the compression
experiments, and finally 3e4 sets of valid experimental data for
each model are obtained. Numerical simulations are also carried
S. (b) The constitutive model for the constituent material.



Fig. 4. (a) Stress-strain curves for the Model-1 with q¼ 10� . (b) Sequence of deformed configurations during deformation and failure of the samples obtained from experiments and
FEM simulations, corresponding to the square and circular points in the stress-strain curves, respectively.
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out for the compression of the specimens. Compressive stress-
strain curves and the typical deformation process are shown and
discussed in this section. When the samples are compressed elas-
tically in the z direction, bending of the struts contributes to the
linear-elastic deformation of the CCS samples. Once the structure
reaches a critical limit of stress, it starts to collapse by elastic
buckling, plastic yielding or brittle fracture, which depends upon
the mechanical property of constituent material, geometrical pa-
rameters and relative density of the structures [20,21,28].

As for the Model-1, stress-strain curves and deformations are
shown in Fig. 4. Three typical failure stages, including Stage A, Stage
B and Stage C, are observed in the whole compressive process in
detail, as shown in Fig. 5.

Stage A: It can be clearly seen that there is a linear stage in
stress-strain curves in the beginning where the CCS deforms elas-
tically and uniformly. The uniaxial load generates a bending
moment on the cross structure, causing the struts to bend and the
cross structures to rotate. These pull the cross structures closer
together and shorten the overall width of the CCS, resulting in a
negative Poisson's ratio or auxetic behavior. With the strain
increasing, the struts at the top or bottom layer of the CCS plasti-
cally yield firstly. Subsequently, snap-through fracture of struts
takes place and the entire layer collapses (Figs. 4b and 5), which
results in a sudden drop in stress (Fig. 4a). The reason why the first
collapse takes place at the boundary is the weak constraint on the
edge, where the ends of the struts in contact with the hard striker
are almost free in the x-y plane.
Stage B: After the stress value drops to nearly zero, it increases
again because of the densification of the collapsed layer. The stress
values on the rest structure continue to increase until reaching the
critical overall buckling stress value for the structure, which results
in lateral deformation of the structure and causes the stress value to
stop growing. As the structure continues to buckle further, plastic
yielding and snap-through fracture of the struts at one layer take
place (Fig. 4b, Ⅴ and Ⅵ), and significant drop in stress values is
observed in Fig. 4a at the same time.

Stage C: Once the struts get close and start to contact with each
other, previous collapse ends and a new cycle begins. However, the
elastic buckling failure disappears in the following deformation
process. Because the previous collapsed layer involves lateral de-
flections, the remaining structure occurs horizontal displacement.
When the compressive loading continues, the residual collapse
layers causes the uneven loading on the structure, further leading
to an additional bending moment. This bending moment would
cause premature buckling. Stress values would continue to rise
until struts in a layer yield plastically and fracture subsequently
(Figs. 4b and 5). All the layers collapses sequentially until only the
horizontal struts of the original structure are left, Additionally, the
stress-strain plots exhibit consistent cyclic behavior where stress
values rise and drop steeply, which can be further confirmed by
noting that the number of stress humps in stress-strain curves
matches the number of layers, containing two boundary layers, as
shown in Fig. 4.

After all the layers collapsed, further compression is equivalent



Fig. 5. The typical failure process of the CCS with q¼ 10� .
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to compress the compacted polyamide from which the structures
are made. Since the constituent material has a much higher stiff-
ness than the lattice structure, the values of stress rise rapidly
(Fig. 4a).

As for the Model-2, the stress-strain curves and typical
compression behavior are shown in Fig. S8. Three typical failure
stages are also observed in the whole compression process.
Compared to the Model-1, there is a slightly difference in
compression behavior, mainly for the deformation of top and bot-
tom layers. The structure is compressed elastically until the struts
at top or bottom layer yield plastically and fail eventually, as same
as the Model-1. However, compared to the Model-1, the elastic
strain of the Model-2 in Stage A is larger, which causes the process
of this layer from collapse to densification is shorter. Therefore, the
first stress valley of the Model-2 is not as obvious as the Model-1.
Expect for the top and bottom layers, the main deformations,
bending induced by buckling and the addition bending moment,
are accordance with the Model-1.

As for the Model-3, the stress-strain curves and typical
compression behavior are shown in Fig. 6. The stress-strain curves
of the CCS with q¼ 30� is strongly different from those of other
models, where there is no significant drop in stress values but a
large plateau region. The Stage A for previous two models can also
be observed during the beginning of the compression process, in
which the structure is compressed elastically until the struts in top
or bottom layer yield plastically. However, after plastic yielding,
these struts do not break and there is no sharp drop in stress values.
With strain further increasing, these struts begin to contact with
each other. This contact between the struts creates new path for the
force transferring, resulting in a nonlinear-hardening like region in
stress values. After that, more and more contact among struts oc-
curs to prevent the fracture of struts, leading to a plateau region in
the stress-strain curves with a minor fluctuation, as shown in
Fig. 6a. As soon as the strain reaches about 0.75, densification is
reached.

Comparisons among three models are illustrated in Fig. 7. It can
be clearly seen from the stress-strain curves that stress humps
become less sharp and stress valleys become more complanate
when the title angle q increases. The main reasons are struts self-
contact occurring inside the structures and the change of
deformation modes. When q is small, the main failure modes are
plastic yielding and fracture of struts combining with lateral
deformation of the structure, induced by buckling and the addition
bending moment, as shown in Fig. 7a and b. As q increases, the
minimum distance among the struts inside structures becomes
shorter, which means struts are more likely to contact with each
other before they fail, as shown in Fig. 7c. Contact among the struts
contributes to holding the load for structures, which prevents the
significant drop in stress values.

Additionally, the main deformation mode of struts is bending.
For q¼ 0�, the CCS is essentially a simple cubic structure, and its
uniaxial deformation is compression-dominated. For q> 0�, the
uniaxial load generates an additional bending moment on the cross
structure, causing the struts to bend and resulting in the auxetic
behavior, as shown in Fig. 7a. With q increasing, the bending
moment for a given load increases, leading to a transition from the
compression-dominated to the bending-dominated in the defor-
mation mechanisms. As a result, structures could undergo greater
elastic deformation and exhibit more obvious auxetic behavior, as
shown in Fig. 7b and c. This is why CCS with small q is rather stiff
and brittle while CCS with large q is more soft and tough in the case
of the same constituent material. Furthermore, this also causes the
values of stress peaks decrease as q increase. The stress peak values
of the Model-1, 0.136 ± 0.013MPa, are obviously larger than those
of the Model-2, 0.073± 0.013MPa. But for the Model-3, in spite of
the main deformation mode is bending of struts, the average value
of plateau stress is about 0.145± 0.03MPa, even larger than the
stress peaks’ values of other models, which is caused by the
occurring of the self-contact inside the structure. In addition, with
the increasing of q, the elastic region is much wider and densifi-
cation happens earlier for the CCS.

The results from FEM show the same deformation and failure
modes for all the models as those observed in experiments, and the
stress-strain curves produced from FEM simulations agree well
with experimental data, which help to verify the validity of FEM.
Compared to experiments, FEM simulations can not only reproduce
the deformation process but also exhibit the stress or strain dis-
tribution of CCS during compression, as shown in Figs. 4e7. It can
be clearly seen that there is larger and more uniform stress distri-
bution in the Model-3 than other models, which is related to the



Fig. 6. (a) Stress-strain curves for the Model-3 with q¼ 30� . (b) Sequence of deformed configurations during deformation and failure of the samples obtained from experiments and
FEM simulations, corresponding to the square and circular points in the stress-strain curves, respectively.
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self-contact, while there is significant stress concentration at the
collapsing layers in the Model-1 and the Model-2. Meanwhile, this
indicates that the Model-3 has better energy absorption capacity.
4.2. Modulus and Poisson's ratio

Fig. 8a shows the normalized effective Young's modulus of the
CCS versus q and rr, in which the CCS exhibits a strong ability to
regulate its Young's modulus through the tilt angle of struts. The
experimental data confirms that the modulus of the Model-1 with
relative density 4.86± 0.13% is almost 8.5 times larger than that of
the Model-3 with relative density 5.32± 0.17%. It indicates that the
modulus of the CCS can be regulated over a quite wide range. In
addition, theoretical results reveal that the Young's modulus of the
CCS scales with relative density as Ez=Es � r2r , which agrees with
bending-dominated materials [39].

Fig. 8b illustrates the Poisson's ratios as functions of strain under
the large deformation. Due to the layer-by-layer collapse, the
Model-1 and the Model-2 only show auxetic behavior in a small
range of strain. Nevertheless, based on different failure modes,
auxetic behavior could be observed until the strain approaches
about 0.5. In addition, when the values of strain are less than 0.08
and 0.15, the values of Poisson's ratio are nearly constants for the
Model-2 and the Model-3, respectively. This feature would be
conducive to the real-time detection of deformation during the
application process.
4.3. Compressive yield stress

4.3.1. Theoretical analysis
In the previous discussion, the typical failure modes of the CCS

during the compression are: plastic yielding (Stage A), elastic
buckling (Stage B) and plastic yielding (Stage C). However, as title
angle q increases, only Stage A is still observed in all models while
Stage B and Stage C disappear in the Model-3 due to the self-
connect and they are replaced by a plateau region. Therefore, it is
valuable and feasible to give the theoretical predictions of the yield
stress sz in Stage A. The force analysis of the representative unit at
the top or bottom layers is shown in Fig. 9a. The end-point A is the
free end, which is only contacted with the hard striker. But, due to
the symmetry of the structure, constraints at the end-points B, C
and D aremuch stronger because of the rigid connectionwith other
units. As a result, the main deformation occurs in strut-OA while
slight deformation is observed in other struts. Therefore, the
deformation of the struts-OB, OC and OD can be neglected, and
strut-OA is simplified to a cantilever beam where the origin O is
fixed in this paper, and as shown in Fig. 9b.

Based on the failure modes observed in experiments and nu-
merical simulations, the strut-OA experiences significant bending
stress and deformation. For this bending-dominated cell structures,
yield stress is obtained by setting the moment equal to the collapse
moment in the critical struts. The fully plastic moment for a
perfectly plastic beam under combined bending moment and
extensional stress is modified by the shift of the neutral axis due to



Fig. 7. Comparisons of the stress-strain curves and the typical deformation modes among (a) Model-1, (b) Model-2 and (c) Model-3.

Fig. 8. Comparison of the theoretical [19], numerical and experimental results. (a) Normalized effective Young's modulus versus q and rr. (b) Poisson's ratio as a function of strain.
(Shaded areas represent theoretical error bars for t¼ 0.925 ± 0.015mm).

Fig. 9. (a) Force analysis of the representative unit at the top or bottom layers. (b) The
large deflection model of the strut-OA.
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axial stress sa [32,40].

Mp ¼1
4
syst3

�
1�

�
sa
sys

�2�
(5)

As for strut-OA, it is obvious that the most dangerous location is
origin O, where the bending moment is largest.

On the one hand, if based on the small deformation hypothesis,
which ignores the deformation of the strut-OA [15], the bending
moment and axial stress at origin O can be expressed as

Mp ¼ Pl sin q

2
(6)

sa ¼ P cos q
t2

(7)

The compressive yield stress sz in Stage A of CCS in the z di-
rection can be determined by
sz ¼ 2P
l2 cos2 q

(8)
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Ultimately, combining Eqs. (5)e(8), a theoretical model based
on the small deformation hypothesis for compressive yield stress is
established

sz ¼
2tsys

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl sin qÞ2 þ ðt cos qÞ2

q
� l sin q

�
l2 cos4 q

(9)

On the other hand, considering the ability of polymer materials
to have large elastic deformation, a large deformation theory is
adopted for the theoretical analysis [29,41,42]. Before reaching the
plastic yield stress, the strut is subjected to large deflection upon
loading, which could affect the stress distribution, as shown in
Fig. 9b. The model regarding to large deflection takes nonlinear
dimensional change into consideration and it is expected to be
more accurate in calculating the value of stress in typical position.
Additionally, the perfectly plastic beam is also used and several
assumptions are adopted for theoretical analysis: the large defor-
mation is analyzed in the elastic section of the material and the
process will not be considered that the failure occurs at the surface
first and then extends across the entire section when the strut
starts to yield.

In Fig. 9b, a curvilinear coordinate S, with origin O, is used to
define position in the bending member. Neglecting the change in
length of OA due to axial compression, i.e.

R
sds ¼ 1

2. According to the
Euler-Bernoulli theorem for beam bending, the differential equa-
tion of the deflection curve is

da
ds

¼MðxÞ
EsI

¼
P
�

l
2 sin qþ Dx� x

�
EsI

(10)

where I is second moment inertia of the cross-section and I¼ bt3/
12, a is bending angle of a general point along a deformed member
between the tangent of the shape of the inclined member and the
loading direction, Dx is the maximum lateral displacement before
the strut fails, s and x is distance of a general point along the
curvilinear coordinate and along the horizontal direction from
origin O, respectively.

Considering the relationship between the O-xy and O-s coordi-
nate systems, the following geometrical relationships could be
readily obtained

8>><
>>:

dx
ds

¼ sin a

dy
ds

¼ cos a

(11)

Differentiating Eq. (10) with respect to s and combining Eq. (11),
we obtain

d2a
ds2

¼ � P
EsI

,
dx
ds

¼ � P
EsI

,sin a (12)

Further manipulation with Eq. (12) yields

 
d2a
ds2

!
,
da
ds

¼ � P
EsI

, sin a,
da
ds

(13)

Eq. (13) can be integrated once to yield

1
2

�
da
ds

�2

¼ P
EsI

cos aþ C (14)

where C is the constant of integration. Considering the boundary
conditions
8>>><
>>>:

ajs¼l=2 ¼ al=2;
da
ds

����
s¼l=2

¼ 0

ajs¼0 ¼ a0 ¼ q;
da
ds

����
s¼0

¼ Mjx¼0
EsI

(15)

where a0 (i.e. q) and al=2 are bending angles between the tangent of
the shape of the inclined member and the loading direction at
origin O and end A, respectively.

Substituting the boundary conditions, Eq. (15), into Eq. (14), we
obtain

C¼ � P
EsI

cosal=2 (16)

Mjx¼0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2PEsI

�
cosa0 � cosal=2

�r
(17)

It can be seen from Fig. 9b that da
ds is always positive, solving for

ds by Eqs (14) and (16) gives

ds¼
ffiffiffiffiffiffi
EsI
2P

r
,

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos a� cosal=2

p da (18)

Performing one more integration of Eq. (18) yields

l
2
¼

ffiffiffiffiffiffi
EsI
2P

r ðal=2

a0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos a� cosal=2

p da (19)

In order to evaluate this elliptic integral, define a notation k and
introducing a new variable 4 as

8>>>><
>>>>:

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cosal=2

2

s

sin 4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos a
1� cosal=2

s (20)

Then, Eq. (19) could be rewritten as

l
2
¼

ffiffiffiffiffiffi
EsI
P

r ðp=2
41

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin 4

p d4¼
ffiffiffiffiffiffi
EsI
P

r
,½FðkÞ� Fðk;41Þ� (21)

where 41 ¼ arcsin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�cosa0
1�cosal=2

q
according to the Eq. (20), and F( ) is an

elliptic integral of the first kind.
The force P can be expressed as

P¼4EsI½FðkÞ � Fðk;41Þ�2
l2

(22)

Its value depends on the inclinations al=2. Further, the variables
M

0
p can be obtained as

M
0
p ¼Mjx¼0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2PEsI

�
cos q� cosal=2

�r
(23)

Finally, applying Eqs. (7), (22) and (23) into (5), the unique value
al=2 could be determined with the help of Commercial Software
MATLAB. The yield stress of CCS can be obtained as

sz ¼
2P
�
al=2

�
l2 cos2 q

(24)

Moreover, according to Eq. (11), the horizontal projected



Fig. 10. (a) The comparison of yield stress sz obtained from experiments, FEM simulations and theoretical analysis, respectively (Shaded areas represent theoretical error bars for
t¼ 0.925 ± 0.015mm). (b) Deformed shapes (solid lines) of the strut-OA calculated by Eq. (24) under z-direction loading compared with original shapes (dashed lines).
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distance xðaÞ of a general point (x, y) on the strut-OA along x-axis
and the vertical projected distance yðaÞ of the general point (x, y)
along y-axis (Fig. 9b) are

8>>><
>>>:

xðaÞ ¼
ffiffiffiffiffiffiffiffiffi
2EsI
P

r
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos q� cos a

p

yðaÞ ¼
ffiffiffiffiffiffi
EsI
P

r
f2½Eðk;42Þ� � ½Fðk;42Þ � Fðk;41Þ�g

(25)

where 42 ¼ arcsin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�cosa0
1�cosal=2

q
and q � a � al=2, E( ) is an elliptic in-

tegral of the second kind. When a ¼ al=2, the total projected length
of the member OA along x-axis and y-axis are

8>>><
>>>:

x
�
al=2

�
¼

ffiffiffiffiffiffiffiffiffi
2EsI
P

r
,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos q� cosal=2

q

y
�
al=2

�
¼

ffiffiffiffiffiffi
EsI
P

r
f2½EðkÞ � Eðk;41Þ� � ½FðkÞ � Fðk;41Þ�g

(26)
4.3.2. Discussion
A comparison of the compressive yield stress sz obtained by

numerical simulations, experiments and theoretical analysis is
shown in Fig. 10a. The good agreement is observed between the
results of the FEM simulations and experiments, which verify the
validity of the numerical simulations. As for the theoretical results,
the predictions calculated by Eq. (24) agree well with the experi-
mental results, while the predictions calculated by Eq. (9) are
significantly larger. The reason for this deviation is that the yield
strain of the constituent material is 3.5%, obviously larger than
many common metal materials. In this case, the deformation of the
strut cannot be neglected before failure. Fig. 10b depicts the
deformed shapes of strut-OA calculated by Eq. (25), compared with
the original shapes. It is found that the large deflection of the strut
changes the position of the load P, which further increases the
moment of load P with Dx. As a result, the real bending moment
M0

Pat the origin is larger than Mp based on small deformation hy-
pothesis in the case of same load. The deviation between them can
be defined as

dM ¼

���M0
p �Mp

���
M0

p
¼ Dx

l
2 sin q

(27)

It can be seen from Eq. (27) that dM has positive correlationwith
Dx and is negative correlation with q (0�<q< 45�). As Dx is the
maximum lateral displacement before the strut fails, it is mainly
determined by the yield strain of materials. Consequently, dM is
positively related to the yield strain of materials. Furthermore, the
imprecise values of Mp ultimately leads to the deviation of the
theoretical predictions, which can be clearly seen from Eq. (5).

4.4. Energy absorption capability

According to the results shown in Section 4.1, the energy could
be dissipated through struts’ elastic-plastic deformation, bending
and fracture, so it is verymeaningful to study the energy absorption
characteristics of the CCS. To elaborate the energy absorption ca-
pacity of CCS, the absorption efficiency, h, can be quantitatively
expressed as [43].

h¼

ð
εD

0
sðεÞdε

speak � 1
� 100% (28)

where speak is the peak stress, εD is the densification strain, defined
as the strain where the stress rises above speak and continues to
increase (Fig. 11a). Fig. 11b presents the absorption efficiency versus
velocity of the Model-3. Under quasi-static and medium-velocity
modes, the energy absorption efficiency is about 50%, and the
value of speak increases slightly as the velocity increases. When
velocity is larger than 25m/s, the compression process enters high-
velocity impact mode. The value of speak increases sharply and
absorption efficiency start to decline significantly.

Fig. 11c and d provide a comprehensive view of energy ab-
sorption efficiency values as a function of their respective densities
for the CCS, as well as other reported cellular materials [43e47]. For
quasi-static (or low-velocity) mode in this research (Fig. 11c), the
velocity is about 2mm/min. It can be seen that the CCS exhibits a
high energy absorption efficiency from 41.5% to 50.5%. Especially,
the absorption efficiency of the Model-2 and the Model-3 is
apparently higher than most cellular materials, as shown in Fig. 11c
and d. As for energy absorbers in direct contact with the human
body, safety standards often define limits on acceleration and ve-
locity, e.g., 150 Gs at an impact velocity of 5.2m/s for motorcycle
helmets [43]. Therefore, the velocity is about 5m/s for dynamic
mode (Fig. 11d). The absorption efficiency of the Model-2
(h¼ 46.4%) and the Model-3 (h¼ 48.3%) is still higher than most
cellular materials, and just slightly lower than Al honeycomb
(h¼ 54%) [46]. This finding confirms that the CCS with certain
modulation can present an excellent energy absorption capacity,
and indicates the potential application for energy absorbing devices
or personal protection.

5. Conclusions

In this paper, the mechanical responses of the CCS under



Fig. 11. (a) Schematic stress-strain curve of CCS (q¼ 30�), showing the peak stress, speak, and the absorbed energy, U. (b) Absorption efficiency and peak stress of CCS (q¼ 30�) versus
velocity. (c) Under quasi-static (about 2mm/min) and (d) dynamic compression (about 5m/s), absorption efficiency versus density of the CCS compared to common energy
absorbing materials.
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uniaxial compression are investigated by experiments and nu-
merical simulations, and theoretical analysis are also carried out to
reveal the deformation mechanisms, which are validated by the
experimental results. The specimens of the CCS are designed with
three different geometrical parameters, and they are fabricated
successfully with PA12 powder via SLS techniquewith 3� 3� 3 unit
cells for each sample. By studying the compression behavior of the
CCS, three typical failure modes are observed both in compressive
experiments and numerical simulations: plastic yielding for the
struts at the top and the bottom layers (Stage A), elastic buckling for
the entire structure (Stage B) and plastic yielding for the struts
caused by lateral deformation, which is induced by an additional
bending moment (Stage C). As the q increases, there is a transition
from the compression-dominated to the bending-dominated in the
deformation mechanisms. Meanwhile, due to the occurrence of
contact among struts, failure modes change from layer-by-layer
collapse to plastic yield failure, which finally results in a plateau
region in stress-strain curves for the Model-3. In addition, a new
analytical model based on the large deformation theory is estab-
lished to predict the mechanical properties of the CCS. The results
show that the presentmodel can significantly improve the accuracy
of the estimation, compared to the model based on small defor-
mation hypothesis.

The CCS shows a strong ability to regulate its mechanical
properties over a quite wide range by tuning geometrical param-
eters or relative density. In addition, the CCS could exhibit stable
auxetic behavior under large deformation, making it easy to predict
its deformation even under large deformation. Moreover, it is found
the CCS with q of 30� possesses a highest energy absorption ca-
pacity. In the case of quasi-static (or low-velocity) mode and
medium-velocity mode, the energy absorption efficiency of the
Model-3 is stable at about 50%, which is higher than most cellular
materials reported before. In particular, the Model-3 shows the
highest absorption efficiency under quasi-static mode. The nu-
merical simulation technique and theory developed in this work
are proved to be reliable and can effectively be adopted to conduct
further research on the designing and optimization of the meta-
materials through architecture engineering.
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