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Abstract 

In this paper, free vibration analysis of functionally graded circular plates in thermal environments is conducted with a 
local Kriging meshless method. Kriging technique is employed to construct meshless shape functions which possess the 
Kronecker delta and partition of unity properties. First-order shear deformation plate theory is used to account for the 
transverse shear strains. The material properties are assumed to be temperature-dependent and vary continuously along 
thickness direction of the circular plate in accordance with a power-law distribution of the volume fractions of their 
constituents. The temperature filed grades in the same way as the material properties of FGP. Isotropic circular plate 
and functionally graded square plates subjected to thermal loading are used to demonstrate the effectiveness and 
accuracy of the proposed meshless method. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Kunming 
University of Science and Technology 
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1. Introduction 

Functionally graded plates (FGPs), as a class of advanced composite structures, are receiving 
considerable attention especially when served in severe environments, such as high-temperature and large 
temperature gradient environments. The vibration and dynamic characteristics of FGPs in thermal 
environments need to be fully investigated for better applications as well as safety purposes. However, most 
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of related researches are conducted towards functionally graded rectangular or quadrilateral plates under 
thermal environments by analytical or numerical methods [1-4]. A semi-analytical approach was proposed 
for nonlinear vibration analysis and pertinent thermal effects of thin circular FGPs based on the classical 
plate theory, but only temperature-independent material properties were considered [5]. Normally, the 
properties of constituents of functionally graded materials are both position and temperature dependent, 
which make it impossible to obtain dynamic responses of FGPs with complicated geometric shapes, 
boundary conditions or material properties without the aid of numerical techniques. 

In the last two decades, a promising type of numerical method, meshless method, has been successfully 
applied to a variety of engineering analyses [6]. The applications of meshless methods for the analyses of 
laminated and functionally graded plates and shells were summarized in a review article published by Liew 
et al [7]. 

The objective of this paper is to develop a local meshless method with Kriging interpolation technique 
for free vibration analysis of circular FGPs subjected to thermal loading based on the first order shear 
deformation theory. Von Karman strains are adopted to involve temperature effects on natural frequencies 
of circular FGPs. Numerical examples are provided to show the effectiveness of the present meshless 
method. 

2. Formulation 

2.1. Kriging interpolation 

Kriging technique was applied to free vibration analysis of functionally graded quadrilateral plates [8], 
in which the numerical examples showed superiority in accuracy of results and convenience of enforcing 
essential boundary conditions over other approximation or interpolation methods for constructing shape 
functions. Hence, Kriging technique is adopted in the present study and the constructed shape functions can 
be expressed as  

T T,J I J I J I IJx x p x A x r x B x                                                                             (1) 
The most attractive and desirable characteristic of Kriging-based shape function is the Kronecker delta 
property. 

2.2. Material properties of functionally graded plates 

Here we consider a single layered functionally graded circular plate with radius R, and thickness h, 
which is made from a mixture of ceramic and metal. A coordinate system (x, y, z) is established on the 
middle plane of the plate. The effective material properties of FGPs are both position and temperature 
dependent, such as Young's modulus E and thermal expansion coefficient , described as  

effective , 1/ 2 / n
c m mP z T P T P T z h P T                                                                     (2) 

The temperature dependent properties of constituents, Pc and Pm, can be defined as a function of 
temperature, as following [1] 

1 2 3
0 1 1 2 31P P P T PT P T PT                                                                                               (3) 

2.3. Governing equations for functionally graded circular plates 



1091Ping Zhu and K.M. Liew / Procedia Engineering 31 (2012) 1089 – 1094

First-order shear deformation plate theory (FSDT) is employed to account for the displacement field {u, 
v, w} within a plate domain according to the displacements and rotations of the mid-plane of the plate. In 
order to incorporate the temperature effects, von Karman strains need to be adopted, that is, 

22
NL 0, 0, 0, 0,1/ 2 2x y x yw w w w                                                                                           (4) 

Note that although the nonlinear strains are used, it is still a linear eigenvalue problem. 
Ignoring damping and external force, the equations of motion based on the first-order shear deformation 

plate theory involving the von Karman strains can be derived using the principle of virtual displacements 
and are expressed in tensor form for convenience of derivation. 

, 0 0 1

, 0, 0 0,

, 2 1 0

N I u I

Q N w I w

M Q I I u

u I0 1I0 10 1uu0

0w0,

I u1I u11u0u

                                                                                                               (5) 

where the subscripts  and  are defined for , =1, 2 to represent quantities along x or y directions. The 
boundary conditions are defined as following,  

0 0s su w  (Simply supported boundaries) 

0 0n s n su u w  (Clamped boundaries) 
For plates subjected to thermal loading, the temperature is assumed to change along the thickness 

direction only and to be constant over any plane parallel to the mid-plane. The temperature distribution 
along the thickness direction is obtained by solving a steady-state heat conduction equation 

0d dTz
dz dz

                                                                                                                          (6) 

Note that the thermal conductivity  is assumed to be temperature-independent. The thermal boundary 
conditions are T=Ttop at z=h/2, and T=Tbot at z=-h/2. Fig.1 shows the temperature variation with various 
volume fraction exponents for an Al/ZrO2 plate with Ttop=300 °C and Tbot=20 °C. 

 

      

Fig. 1 Variation in temperature through the plate thickness                              Fig. 2 Node distribution in a circular plate 
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2.4. Local weak forms of governing equations 

distributed nodes as shown in Fig. 2. The local weak forms of governing equations are established within a 
local quadrature domain centered at each node. For the node I, the weak forms are written as 

m b
0 1 0

T T T T

w
0 0

b m
2 1 0

Te Te
0 0

d d d

d d d d

d

d d d d

q qi qu q

q qi qu q qi qu

q

q q qi qu q

I I I I

I si I si I I

I

I I si I I I

I I

W W

I

I I

V N W nN W W u 0

V Q n Q V N n N

W u 0

V M W Q W nM W W u

w w

m bm bm bd d 0m bmd d 0 00d0d0dd 0d
q

T T TeT T TeTeT TddT T

w

q

Ww
0u 00ddu d

b mb m

q

b md d dd dddd mbd 0d0d0dd

0d0
qi qui

000d0
T Te dT Tedd T Ted T

0

                                         (7) 

where  
Te Te

Te
Te Te
xx xx

xy yy

N N
N N

N  represents in-plane thermal force resultants, which affect the natural frequencies and 

modes when thermal loadings are applied to the FGPs. 
In free vibration analysis, the functionally graded plate is assumed to undergo a harmonic motion and 

the displacements and rotations are interpolated by the shape functions constructed by Kriging technique. 
Then we have 

2
G 0K K M u                                                                                                                         (8) 

where  stands for natural frequencies and GK  is the geometric stiffness matrix indicating temperature 
effects involved. 

3. Numerical examples 

An isotropic circular plate without thermal loading and a functionally graded square plate in thermal 
environments are employed to demonstrate the effectiveness and accuracy of the proposed local meshless 
method.  

A clamped isotropic circular plate has Young's modulus E, thickness h, Poisson ratio , and radius R, 

and the non-dimensional frequency parameter is defined as 2 2( / ) 12 (1 /)f R h E . The frequency 
parameters for the plate with edge-to-thickness ratio R/h=10 are given in Table 1. Comparisons with results 
of Liew et al. [9] show well agreement. 

Table 1. Frequency parameter f for a clamped isotropic circular plate (R/h=10) 

Modes   (n=0,   s=1, 2, 3) (n=1,   s=1, 2) (n=2,   s=0, 1) (n=3,   s=0, 1) (n=4,   s=0, 1) (5, 0) 

Ref. [9] 9.931 36.665 76.531 20.194 54.257 32.353 72.669 45.827 92.267 60.660 110.68 76.534 

Present 9.958 36.288 78.483 20.200 53.476 32.348 71.629 46.276 90.518 61.781 109.88 74.822 
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     The functionally graded material, mixture of stainless steel and silicon nitride (SUS304/Si3N4), is 
considered. The thickness and width of a simply supported square SUS304/Si3N4 FGP are h=0.025 m and 
a=0.2 m. The temperature dependent material properties are available in [1]. The frequency parameter is 

defined as 2 2( / ) 12 (1 /)
f m ma h E  and the results are listed in Table 2. Two cases, temperature 

dependent and independent properties, are investigated respectively. The effectiveness of the present 
method for calculating natural frequencies in thermal environments can be demonstrated through 
comparisons with results by Huang et al [1]. 

Table 2. Frequency parameter f for a simply supported SUS304/Si3N4 square plate in thermal environments 

 Reference [1] Present 

Modes  (m, n) (1, 1) (1, 2) (2, 2) (1, 3) (2, 3) (1, 1) (1, 2) (2, 2) (1, 3) (2, 3) 

T=0                               n=0.5 8.675 20.262 30.359 36.819 45.546 8.581 20.141 30.374 36.952 45.665 

T=100 (Temp-dependent) 8.615 20.215 30.530 36.824 45.575 8.431 19.934 30.114 36.659 45.328 

T=100 (Temp-independent) 8.641 20.316 30.682 37.007 45.802 8.476 20.032 30.260 36.835 45.544 

T=300 (Temp-dependent) 8.269 19.783 29.998 36.239 44.901 8.109 19.504 29.586 36.066 44.648 

T=300 (Temp-independent) 8.425 20.099 30.458 36.781 45.572 8.260 19.811 30.031 36.600 45.301 

T=0                               n=2.0 6.777 15.809 23.806 28.687 35.466 6.786 15.900 23.938 29.091 35.911 

T=100 (Temp-dependent) 6.693 15.762 23.786 28.686 35.491 6.649 15.716 23.719 28.847 35.634 

T=100 (Temp-independent) 6.728 15.836 23.893 28.816 35.648 6.682 15.788 23.825 28.975 35.791 

T=300 (Temp-dependent) 6.398 15.384 23.327 28.185 34.918 6.346 15.325 23.245 28.319 35.033 

T=300 (Temp-independent) 6.523 15.632 23.685 28.609 35.436 6.469 15.569 23.597 28.741 35.548 

4.  Conclusions 

Functionally graded materials are position dependent as well as temperature dependent. The thermal 
effects are introduced into the stiffness matrix by adopting von Karman strains. The effectiveness and 
accuracy of the proposed meshless method have been demonstrated by the numerical examples. 
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