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Abstract 

The continuum model and molecular dynamic (MD) simulation are effective in the modeling of mechanic behaviors 
of nano-materials. This paper presents a brief review of vibrations of single-walled carbon nanotubes (SWCNTs) 
investigated using the nonlocal beam model and nonlocal rod model and MD simulation. The nonlocal continuum 
models play an important role in studying vibration of CNTs. The applicability of the nonlocal continuum models 
based on the MD simulation results is summarized. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Kunming 
University of Science and Technology 
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1. Introduction 

Dynamic mechanical behaviors of CNTs have been studied widely in recent years. Elastic wave 
propagation in CNTs was studied through continuum models and MD simulations [1-7]. Vibrations of 
CNTs are of importance in various applications, such as sensors, high frequency oscillators and other 
nano-scale devices [8]. Vibrations of CNTs have been investigated by continuum models and molecular 
mechanics methods  [9-14]. The modeling and simulation methods of vibrating CNTs were reviewed by 
Gibson R. F. et al. [15] in 2007. The vibration of CNT has been studied further using different methods in 
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recent years. This paper gives a brief review of recent studies on continuum models and MD simulations 
of vibrations of CNTs. 

2. Continuum mechanics models 

The beam and rod models for the vibration of CNT are summarized in this section. The recent 
developments in modeling of vibrations of CNT are most about the modeling of size effect using the 
continuum models. Nonlinear free vibrations and a problem of fluid-conveying double-walled carbon 
nanotubes (DWCNTs) were studied [16-18]. A molecular based anisotropic shell model for single-
walled carbon nanotubes (SWCNTs) was used to study the mechanical property of SWCNTs [19]. 
Aydogdu et al. [20-21] studied the vibration of CNTs using nonlocal theory. Joshi et al. [22] explored the 
resonant frequency shift of SWCNTs caused by the changes in the size of CNT in terms of length as well 
as the masses using Finite Element Model. Hu et al. [23] studied the vibrations of SWCNTs by MD 
simulation and nonlocal models recently. 

In attempting to account for the small scale effect on the mechanical behavior of CNTs, the nonlocal 
beam and shell models have been employed to overcome the limitation of the applicability of the classical 
or local continuum modes with small length scales. Peddieson et al. [24] firstly developed a nonlocal 
Euler-Benoulli beam model and expected that nonlocal continuum mechanics could potentially play a 
useful role in analysis related to nanotechnology applications. In nonlocal elasticity [25], the stress at a 
reference point is considered to be a function of the strain field at every point in the body. The nonlocal 
Timoshenko model needs to be employed to account for the small scale effect and the effects of rotary 
inertia and shear deformation. The governing equations for the vibration of the nonlocal Timoshenko 
beam are as follows [11]. 
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The natural frequencies and mode shapes of the nonlocal Timoshenko beam can be calculated by the 
finite difference method. Next, the nonlocal rod theory is introduced to analyze the longitudinal and 
torsional vibrations of SWCNTs. the governing equation for the longitudinal vibration of the nonlocal rod 
is given by 
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The natural frequency of the longitudinal vibration of a cantilevered nonlocal rod is derived as   
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3. Molecular dynamics simulation 

MD simulation was applied to verify the applicability of the nonlocal beam and nonlocal rod models 
for the free transverse, longitudinal, and torsional vibrations of SWCNTs [23].  
 

           
(a)                                                                    (b) 

 
 

Figure 1. (a) Transverse vibration of a cantilevered SWCNT. (b) Transverse vibration of a clamped-
clamped SWCNT. [23] 

The atoms at the end and middle of the SWCNT move away from their equilibrium positions in the Y 
direction, as shown in Figures 1 (a) and (b), respectively. Then, the deformed SWCNT with different 
boundary conditions vibrates transversely at its natural frequency. Figures 2 shows the fundamental 
frequencies of transverse vibration of cantilevered SWCNTs with different lengths and radii. The 
fundamental frequency decreases as the length of an SWCNT increases. The Timoshenko beam model 
gives a better prediction of the fundamental frequency of shorter SWCNTs than the Euler-Bernoulli beam 
model. However, both beam models are appropriate for relatively longer SWCNTs.  
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Figure 2 Fundamental frequencies of transverse vibration of cantilevered (5,5) and (10,10) SWCNTs 

with different lengths. 
The nonlocal Euler-Bernoulli beam model fails to predict the fundamental frequency of short 

cantilevered SWCNTs because the frequency does not decrease as 0e  increases. However, the 
fundamental frequency of the clamped-clamped nonlocal Euler-Bernoulli beam decreases with the 
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parameter 0e . In this case, the parameter should be 10.5 to match the MD result for (5,5) SWCNTs 
shorter than 3.5 nm. 

Table 2. MD results of the fundamental frequencies ( 1210 Hz) of SWCNTs with different boundary conditions and the same length 

of 4.12 nm. 

SWCNT  Transverse 
(C-F) 

Transverse 
 (C-C) 

Longitudinal 
(C-F) 

Longitudinal 
(C-C) 

Torsion 
(C-F)  

Torsion 
(C-C) 

(5,5) 0.136 0.66 1.07 2.12 0.75 1.46 

(10,10) 0.22 0.82 1.07 2.05 0.68 1.42 

(15,15) 0.29 0.83 1.02 1.99 0.69 1.41 

(20,20) 0.32 0.83 1.01 1.83 0.7 1.45 

 

Table 2 shows the fundamental frequencies of SWCNTs with different boundary conditions and the 
same length of 4.12 nm. The boundary conditions have a significant effect on the fundamental frequency. 
The symbols C-F and C-C in the table represent cantilevered and clamped-clamped boundary conditions, 
respectively. 

4.  Conclusions  

The nonlocal model can predict MD results better than classical model does for short SWCNTs. But 
the scale parameter in nonlocal model should be determined carefully for different situations. The MD 
results indicated that the classical (local) beam and rob models can give good predictions of fundamental 
frequencies of long SWCNTs when the length is larger than 3.5nm.  
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