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Cohesion (c) and friction angle (f) of rock are important parameters required for reliability analysis of
rock slope stability. There is correlation between c and f which affects results of reliability analysis of
rock slope stability. However, the characterization of joint probability distribution of c and f through
which their correlation can be estimated requires a large amount of rock property data, which are often
not available for most rock engineering projects. As a result, the correlation between c and f is often
ignored or simply assumed during reliability studies, which may lead to bias estimation of failure
probability. In probabilistic rock slope stability analysis, the influence of ignoring or simply assuming the
correlation of the rock strength parameters (i.e., c and f) on the reliability of rock slopes has not been
fully investigated. In this study, a Bayesian approach is developed to characterize the correlation between
c and f, and an expanded reliability-based design (RBD) approach is developed to assess the influence of
correlation between c and f on reliability of a rock slope. The Bayesian approach characterizes the site-
specific joint probability distribution of c and f, and quantifies the correlation between c and f using
available limited data pairs of c and f from a rock project. The expanded RBD approach uses the joint
probability distribution of c and f obtained through the Bayesian approach as inputs, to determine the
reliability of a rock slope. The approach gives insight into the propagation of the correlation between c
and f through their joint probability into the reliability analysis, and their influence on the calculated
reliability of the rock slope. The approaches may be applied in practice with little additional effort from a
conventional analysis. The proposed approaches are illustrated using real c and f data pairs obtained
from laboratory tests of fractured rock at Forsmark, Sweden.

� 2017, China University of Geosciences (Beijing) and Peking University. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

In rock engineering, the emergence of simplified reliability
methods and Monte Carlo simulation has allowed rock engineers
and practitioners to improve geotechnical analyses by the calcula-
tion of the probability of failure (Pf) in addition to the factor of
safety requirements (e.g., Tamimi et al., 1989; Jimenez-Rodriguez
et al., 2006). The calculations of Pf incorporate the inherent vari-
ability in geotechnical parameters into evaluation of stability of
geotechnical structures (e.g., Phoon, 2017). In reliability analysis of
rock slopes, parameters of shear strength of discontinuities (i.e.,
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cohesion (c) and friction angle (f)) are required (e.g., Jimenez-
Rodriguez et al., 2006; Jimenez-Rodriguez and Sitar, 2007; Low,
2007; Li et al., 2011). During reliability analysis of rock slopes, c and
f are often treated as random variables, and it has been widely
reported that there is site-specific correlation between c and f (e.g.,
Fenton and Griffiths, 2003; Wu, 2013; Wang and Akeju, 2016). Site-
specific correlation between two rock parameters (e.g., c and f) in
this study refers to a relationship between the rock parameters at a
site, such that a variation in the values of one parameter (e.g., c)
leads to variation in the values of the other parameter (e.g., f).
Evaluation of the exact reliability of rock slopes, therefore requires
that the joint probability density function (PDF) of correlated rock
parameters (i.e., c and f) is known, which is needed to quantify the
correlation between them (i.e., c and f).

However, in most geotechnical engineering projects, the joint
PDF is often unknown because of limited data from field and lab-
oratory tests (e.g., Li et al., 2012; Wang and Akeju, 2016). As a result
of limited data, c and f are often modelled in reliability analysis
ction and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-
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using only their means and standard deviations without consid-
ering the correlation between them through their joint PDF, or at
best, the correlation between c and f is simply assumed (e.g.,
Jimenez-Rodriguez et al., 2006; Wang et al., 2013). Ignoring or
simply assuming the correlation between c and f in a reliability
analysis may lead to underestimation or overestimation of Pf (e.g.,
Baecher and Christian, 2003; Low, 2007; Tang et al., 2013; Wu,
2013). For example, Wang and Aladejare (2016a) noted that if the
correlation between random variables is not properly modelled in
reliability analysis, the failure probability obtained from there
reliability analysismight differ by orders of magnitude.Whilemany
investigators have contributed to the subject of reliability or failure
probability of rock slopes (e.g., Park and West, 2001; Duzgun et al.,
2003; Hoek, 2007; Low, 2007; Duzgun and Bhasin, 2009; Li et al.,
2011; Lee et al., 2012), effort has not been directed towards quan-
tification of the site-specific correlation between c and f, or their
influence on reliability analysis process. Hence, it is of practical
interest to develop approaches to quantify site-specific correlation
between c and f, and to assess their influence on reliability analysis
of rock slopes.

This study addresses these challenges through development of a
Bayesian approach for rock property characterization and an
expanded reliability-based design (RBD) approach for probabilistic
analysis of rock slope stability, with a view to assessing the influ-
ence of correlation between c and f on reliability of rock slopes. The
Bayesian approach involves modelling of variability in c and f,
followed by the development of the joint PDF of c and f using a
Bayesian framework. The derived joint PDF of c and f is then
incorporated into Markov chain Monte Carlo (MCMC) simulation to
generate a large number of sample pairs of c and f. The large
number of sample pairs generated usingMCMC represents the site-
specific joint distribution of c and f fromwhich joint and marginal
probability distributions as well as the correlation between c and f

can be evaluated. The sample pairs of c and f are used as input in
expanded RBD of rock slopes, that formulates the design process as
an expanded reliability problem in which Monte Carlo simulations
(MCS) are used in the design. For illustration purpose, the proposed
approaches are applied to quantify the joint distribution and cor-
relation of c and f, and to perform reliability analysis of rock slope
to assess the influence of correlation during the determination of
the maximum rock slope height for safe excavation at Forsmark,
Sweden.

2. Bayesian approach for rock property characterization

Bayesian framework for rock property characterization can be
used to obtain the joint PDF of c and f for quantifying the correlation
between them, evenwhen only limited site observation data pairs of
c and f are available. Bayesian framework provides a logical vehicle
to systematically integrate information from different sources, such
as observation data and knowledge available prior to collection of
site-specific observation data (i.e., prior knowledge) (e.g., Ang and
Tang, 2007; Aladejare, 2016; Wang et al., 2016). The Bayesian
framework formulates the characterization of joint PDF of c and f as
an inverse analysis problem, inwhich the observation data pairs of c
and f are used as inputs for an inverse analysis model to infer the
joint distribution of c and f of rock as the model output. In the next
subsections, the formulation of joint PDF of c and f and probabilistic
characterization of the joint PDF formulated are presented.

2.1. Joint probability distribution of c and f

Geotechnical materials like rocks are natural materials whose
properties are affected by various factors during their formation
process (e.g., Baecher and Christian, 2003; Sari, 2009; Wang and
Aladejare, 2016b). Rock properties therefore vary spatially, and
there may be correlation between a pair of properties at the
same location, especially when they are obtained together
through the same process as in the case of c and f. The concept
of modelling the uncertainty in a rock property as a random
variable with a probability distribution (e.g., normal or log-
normal) has been previously extended to two correlated rock
properties (e.g., Wang and Aladejare, 2016a). Previous studies
have modelled c and f as normal random variables (e.g., Low,
2007; Wang and Akeju, 2016), therefore, in this study, c and f

are modelled as normal random variables with means mc and mf,
respectively; and standard deviations sc and sf, respectively. The
correlation between c and f is quantified by coefficient of cor-
relation, r, which is also treated as a random variable in the
Bayesian approach.

The site-specific joint probability distribution of c and f can
be obtained using the concept of mixture model, which con-
siders the site-specific joint probability distribution as a
weighted summation of various component density functions
with different distribution parameters (e.g., Wang et al., 2015). A
bivariate normal distribution is used to model the site-specific
joint probability distribution of c and f from available site
observation data. In the concept of the mixture model, a
bivariate normal distribution function is the component density
function used in this study for constructing the site-specific
joint probability distribution of c and f from limited site-
specific data. As the site-specific joint probability distribution
is a weighted summation of various bivariate normal distribu-
tions (i.e., the component density function) with different
combinations of parameters (i.e., means and standard de-
viations of c and f as well as correlation coefficient), it is not
necessarily a bivariate normal distribution (e.g., Wang et al.,
2015). Distribution parameters of a bivariate normal distribu-
tion include mc, mf, sc, sf and r, which are needed to completely
depict the joint distribution of correlated c and f at a site. Both
site-specific observation data and knowledge or information
available prior to collection of site-specific observation data (i.e.,
prior knowledge) are used to estimate the distribution param-
eters mc, mf, sc, sf and r. The prior knowledge used in this study
are the typical ranges of mc, mf, sc, sf and r available in
geotechnical literature. For a given set of prior knowledge and
site observation data pair of c and f, there are many possible
combinations of mc, mf, sc, sf and r values. Each possible com-
bination of mc, mf, sc, sf and r has its corresponding occurrence
probability, which is defined by a joint conditional PDF
P(mc, mf, sc, sf, r j Data, Prior). The Data denotes the site-specific
observation data pairs of c and f obtained during field and/or
laboratory tests, while Prior denotes prior knowledge. Using the
theorem of total probability (e.g., Ang and Tang, 2007), the joint
PDF of c and f for a given set of prior knowledge and site
observation data is expressed as:

Pðc;f j Data; PriorÞ ¼
Z
mc; mf; sc; sf; r

P
�
c; f jmc; mf; sc; sf; r

�
�P
�
mc; mf; sc; sf; r jData; Prior

�
dmc

dmf
dsc dsf

dr

(1)

where P(c,f jmc, mf, sc, sf, r) is the joint conditional PDF of c and f for
a given set of mc, mf, sc, sf and r. Since the joint distribution of c and
f is modelled using a bivariate normal distribution, the joint con-
ditional PDF P(c,f jmc, mf, sc, sf, r) is expressed as:



P
�
c; f jmc; mf; sc; sf; r

� ¼ 1

2p scsf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

p � exp
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:� 1

2
�
1� r2

�
2
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P(mc, mf, sc, sf, r j Data,Prior) in Eq. (1) reflects the integrated
knowledge on mc, mf, sc, sf and r based on prior knowledge and site
observation data pairs of c and f. In the next subsection, a Bayesian
approach is developed to obtain P(mc, mf, sc, sf, r jData,Prior) using
information available from prior knowledge and site observation
data.

2.2. Probabilistic characterization of joint distribution of c and f

Using the conventional notation of Bayesian framework,
P(mc, mf, sc, sf, r jData, Prior) is simplified as P(mc, mf, sc, sf, r jData),
and it is expressed as (e.g.,Wang andAkeju, 2016;Wanget al., 2016):

P
�
mc; mf; sc; sf; r jData

� ¼ K P
�
Data jmc; mf; sc; sf; r

�
P
�
mc; mf; sc; sf; r

� (3)

where K ¼ ½Rmc;mf; sc ; sf; r
PðData jmc; mf; sc; sf; rÞPðmc; mf; sc; sf; rÞ

dmc
dmf

dsc dsf
dr��1 is a normalizing constant; Data¼{(ci,fi),

i¼1,2,3,.,nk} is a set of data pairs of c and f obtained through field
and/or laboratory tests of rock samples from a project site;
P(Data jmc,mf, sc,sf, r) is called the likelihood function, which re-
flects the fit of the joint distribution parameters with Data; and
P(mc,mf, sc, sf, r) is the prior distribution of mc, mf, sc, sf and r that
reflects the prior knowledge on mc, mf, sc, sf and r in the absence of
Data. The likelihood function P(Data jmc,mf, sc, sf, r) and prior dis-
tribution P(mc,mf, sc, sf, r) are expressed in Eqs. (4) and (5),
respectively as:
P
�
Data

��mc; mf; sc; sf; r�¼Ynk

i¼1

1

2pscsf
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�r2

p �exp
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4 ðmcmax
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� mfmin
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3
5�1

0
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;mcmax

�;
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i
;
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h
sfmin

; sfmax

i
and r ˛½rmin; rmax�

others

(5)
Only the typical ranges of the joint distribution parameters are
required to completely define the prior distribution given in Eq. (5).
These typical ranges are readily available in geotechnical
literatures (e.g. Kulhawy, 1975; Aladejare and Wang, 2017a).

Using the updated knowledge of the joint distribution param-
eters given by Eq. (3), the joint PDF of c and f given site observation
data pairs of c and f and a set of prior knowledge given in Eq. (1)
can be expressed as:

Pðc; f j Data; PriorÞ ¼ K
Z
mc;mf;sc;sf;r

Pðc; f jmc; mf; sc; sf; rÞ�P

�
Data

��mc; mf; sc; sf; r�P�mc; mf; sc; sf; r�
dmc

dmf
dsc dsf

dr

(6)
MCMC simulation is used to generate a sequence of sample pairs
of c and f from the joint PDF presented in Eq. (6). MCMC simulation
is a numerical process that simulates a sequence of samples of
randomvariables (e.g., c and f) as aMarkov chainwith the joint PDF
of the random variables (e.g., Eq. (6) for c and f) as the Markov
chain’s limiting stationary distribution (e.g., Wang and Cao, 2013).
The simulation in the Markov chain starts with an arbitrary initial
state of c and f. The initial state of c and f is taken as the average of
the range of mean values of c and f from prior information used in
this study. MetropoliseHastings algorithm is used in the MCMC to
generate candidate sample pairs of c and f for the subsequent
states of the Markov chain. Each candidate sample pairs of c and f

are either accepted or rejected. This leads to a Markov chain that is
comprised of a large sample pairs of c and f. The states of the
Markov chain after it reaches stationary condition are then used as
sample pairs of the random variables c and f with the target joint
PDF. Recent use of MCMC in geotechnical engineering includes
characterization of model uncertainty (e.g., Yan and Yuen, 2015;
Wang and Aladejare, 2016b), evaluation of the reliability of the
soil-water characteristic curve (e.g., Chiu et al., 2012) and charac-
terization of geotechnical properties (e.g., Wang and Cao, 2013;
Wang and Aladejare, 2015).
3. Expanded reliability-based analysis of rock slope

Determination of safe slope height (H) for a rock slope can be
formulated as an expanded reliability-based design (RBD) problem,
which uses Monte Carlo simulations (MCS) to perform the design
analysis (e.g., Wang, 2011; Wang et al., 2011; Aladejare and Wang,
2017b). The design objective is to find the maximum value of H
that satisfies the factor of safety (FS) requirement and achieves the
target probability of failure PTor target reliability index bT. Failure in
this context refers toa conditionwhere the ratio of the resisting force
to driving force of a slope is less than one (i.e., FS < 1.0). In the
expanded RBD, the design parameterH is treated as an independent
discrete random variable with a uniformly distributed probability
mass function P(H). Then, the reliability analysis process is treated as
a process of finding failure probabilities corresponding to designs
with various values of H (i.e. conditional probability P(FailurejH))
and comparing them with PT. Feasible designs are identified when
the failure probability corresponding to various values of H, P(Fail-
urejH) �PT. Uniform probability mass function P(H) is used in this
study to produce enough variation of H needed in the reliability



Figure 1. Illustration of different rock slope conditions (modified after Hoek, 2007). (a)
A rock slope with dry tension crack; (b) a rock slope with dry tension crack but sub-
jected to gravitational acceleration.
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analysis for calculating P(FailurejH). Using Bayes’ theorem, P(Fail-
urejH) is expressed as (e.g., Ang and Tang, 2007; Wang, 2011):

PðFailure j HÞ ¼ PðH j FailureÞPðFailureÞ
PðHÞ (7)

where P(HjFailure) is the conditional probability of H provided that
failure occurs, P(Failure) is the probability of occurrence of failure over
total trials or simulation samples.Asuniformprobabilitymass function
is used to simulate different values ofH, P(H) in Eq. (8) is expressed as:

PðHÞ ¼ 1
nH

(8)

where nH in Eq. (8) is the number of possible discrete values for H.
The values of P(Failure) and P(Hj Failure) in Eq. (7) are estimated
through MCS.

3.1. Monte Carlo simulation

MCS is a numerical process of repeatedly calculating a mathe-
matical or empirical operator in which the variables within the
operator are random or contain uncertainty with prescribed
probability distributions (e.g., Ang and Tang, 2007; Aladejare and
Wang, 2017b). Large number of samples of design parameter (i.e.,
H) and geotechnical-related uncertainties (i.e., shear strength pa-
rameters of rock, c and f) are simulated and incorporated in the
expanded RBD. Samples of H are simulated using uniform proba-
bility mass function within a prescribed range, while samples of c
and f are simulated using the Bayesian approach presented in
Section 2. Using each set of random samples as input, repeated
checks of rock slope requirement for safety are performed and
judgement of whether failure occurs is made for each check.
Duncan and Sleep (2017) explained that a core principle of
geotechnical engineering practice is the need to exercise judge-
ment in evaluating site conditions and in performing analyses.
Finally, statistical analysis of the output is performed to estimate
P(Failure) and P(Hj Failure) using the following equations:

PðFailureÞ ¼ nf
nt

(9)

PðH j FailureÞ ¼ ns (10)

nf

where nt is the total number of MCS samples, nf is the number of
MCS samples where failure occurs, and ns is the number of MCS
samples where failure occurs for a specific value of H. Feasible
designs of the rock slope are then identified when the failure
probability corresponding to specific value of H, P(FailurejH) �PT.
The maximum value of H for which P(FailurejH) �PT is the
maximum slope height (Hmax), which satisfy the FS requirement,
and it indicates the height to which excavation of rock slope
benches can be performed without safety problems. In order to
improve the accuracy of the MCS results which increases as the
number of MCS samples increases, a large number of MCS samples
of 10,000,000 will be used in this study for illustration in Section 5.

3.2. Deterministic computational model

To perform expanded RBD, a deterministic model with single
failure mode presented by Hoek (2007) is employed. As shown
in Fig. 1, the model is a two-dimensional limit equilibrium model
of plane failure, in which the rock slope is assumed with a 1-m
thick slice through the slope. The factor of safety (FS) is
computed by resolving all forces acting on the slope into com-
ponents that are parallel and normal to the sliding surface. The
vector sum of the block weight acting on the plane is termed the
driving force. The product of normal forces and the tangent of
friction angle, plus the cohesion force, is the resisting force. The
FS is calculated as the ratio of the sum of resisting forces to the
sum of driving forces (Hoek and Bray, 1981; Hoek, 2007). This
study assumes that the slope is safe when the FS is greater than
one (FS > 1), and this is consistent with previous studies on
reliability of rock slopes (e.g., Jimenez-Rodriguez et al., 2006;
Johari and Lari, 2016).

This study considers two different cases in the analysis of rock
slope using the deterministic model, as follows:

Case 1: Rock slopewith dry tension crack. In this case, the factor of
safety for the rock slope is computed as follows (e.g., Hoek, 2007):

FS ¼ cAþW cosjp tan f

W sinjp
(11)

Case 2: Rock slope with dry tension crack but subjected to
gravitational acceleration induced by earthquake or large blasts. In
this case, the factor of safety for the rock slope is computed as
follows (e.g., Hoek, 2007):

FS ¼
cAþ

�
W
�
cosjp � a sinjp

	
� tan f

	
W
�
sinjp þ a cosjp

	 (12)

where FS denotes the factor of safety for rock slope against sliding
along slip surface; c is the cohesion of the rock discontinuity (or
joint surface) (MPa); A¼H/sinjp is the base area of the wedge (m2);
W¼0.5grH2(cotjp�cotjf) is theweight of rock wedge resting on the
failure surface (MN); jp is the angle of failure surface, measured
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from the horizontal plane (�); jf is the angle of slope face, measured
from horizontal (�); f is the friction angle of the joint surface (�); a
is the gravitational acceleration coefficient induced by earthquake
or large blasts; and gr is the unit weight of rock (MN/m3).
4. Implementation procedure

Fig. 2 shows a flowchart for the implementation of the proposed
approaches for characterization of correlation and rock slope sta-
bility analysis. In this study, the task of stability analysis of rock
slope is considered from rock property characterization to
expanded RBD. The implementation procedure consists of five
major steps, and they are summarized as follows:

(1) Characterize the geotechnical-related uncertainties that arise in
rock properties using the Bayesian method (i.e. Eqs. (1e6))
developed in Section 2. In this study, cohesion c and effective
friction anglef are characterised and treated as randomvariables
during the calculation of FS. Using available data of c and f

available at rock site,whichareoften in limitedquantityandprior
information available before obtaining site observation data, the
Figure 2. Flow chart for the probabilistic analysis of rock slope stability from rock
property characterization to reliability analysis.
Bayesian approach characterizes c and f, and fully depicts the
correlation between them through their joint distribution.

(2) Characterize design parameter of the rock slope. In this study,
the only design parameter of interest is H, which can be
specified freely within a range. This study uses geometry
design concept, in which the slope height are varied and
evaluated for every variation. Hoek (2007) explained that sta-
bilizing rock slopes by means of geometry design is generally
cost-efficient and less tedious. The typical ranges for slope
height H that are suitable for the particular design situation at
hand are specified. For construction practicality, H is modelled
as discrete variable in the design space.

(3) Establish the deterministic computational model for calculating
the resisting and driving forces of rock slopes, for the check of FS
requirement. The proposed reliability method can be used with
different computational models. The key advantage of the
reliability approach developed in this study is that it gives
design engineers and practitioners the flexibility to make
design assumptions deemed appropriate or to use design
computational models that best suit the design situation in
hand. The computational models used can vary from simple
empirical models with laboratory and in situ test data to so-
phisticated models with strong theoretical bases. The flexibility
of using different computational models in the approach is
illustrated in this study in Section 5 by considering different
conditions of the rock slope during rock slope stability analysis.
As explained in Section 3.2, the limit equilibrium model for
single block analysis proposed by Hoek (2007) for the analysis
of Sau Mau Ping slope in Hong Kong is adopted in this study as
the deterministic computational model for illustration purpose.

(4) Perform MCS using the random samples of c and f and simu-
lated samples of H as inputs in the deterministic computational
models. Using different set of random samples as input every
time, repetitively perform deterministic calculations for the
check of FS requirement and judgement of whether failure
occurs. Then, perform statistical analysis of the simulation re-
sults to estimate P(Failure), P(Hj Failure) and P(FailurejH) using
Eqs. (7e10).

(5) Determine a pool of feasible designs by comparing P(FailurejH)
with a PT of interest. Subsequently, select the maximum H
which satisfies the FS requirement and target failure proba-
bility as the final slope height H.

The approaches presented in this study (Bayesian approach and
expanded RBD approach) and their five basic implementation steps
are programmed in MATLAB, and are illustrated using site obser-
vation data and a rock slope design example in the next section.

5. Illustrative example

The approaches developed in this paper are applied for char-
acterization of joint distribution of c and f, and expanded RBD of
rock slope to assess the influence of correlation on reliability
analysis of rock slope. The approaches are illustrated using data
pairs of c and f obtained from fractured rock surface at Forsmark,
Sweden (Lanaro and Fredriksson, 2005). Table 1 presents the 27
data pairs of c and f from the laboratory tests performed in this site.
From the table, the respective means and standard deviations of c
and f are 0.58 MPa and 0.28 MPa, and 34.0� and 2.8�, respectively,
while the correlation coefficient between c and f is estimated as
�0.18. Note that such numbers of data pairs are not often available
in small to medium-sized rock engineering projects, and the
Bayesian approach only requires a limited number of site-specific
data pairs. Therefore, only some of the 27 data pairs are used as
input in this illustrative example. The use of limited input data in



Table 1
Laboratory results performed on samples of fractured rock at Forsmark, Sweden
(from Lanaro and Fredriksson, 2005).

Sample No c (MPa) f (�)

1 0.22 32.5
2 0.20 37.9
3 0.55 33.7
4 1.01 32.3
5 0.00 36.2
6 0.37 33.0
7 0.72 32.1
8 0.95 30.5
9 0.26 32.8
10 0.94 27.3
11 0.54 31.9
12 0.84 38.0
13 0.58 33.9
14 0.27 36.7
15 0.64 35.4
16 0.53 35.1
17 0.40 36.1
18 0.75 36.9
19 0.92 33.6
20 0.40 32.8
21 0.39 35.4
22 0.76 34.5
23 0.78 32.6
24 0.33 30.5
25 0.58 30.4
26 0.53 39.1
27 1.11 37.6
Mean 0.58 34.0
Standard deviation 0.28 2.8
Correlation L0.18
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the Bayesian approach is an appealing feature, especially in rock
engineering where observation data obtained from a project are
often limited. The results from the proposed approach (i.e., using
the limited data) are then compared with the 27 data pairs for
validation purpose. Previous experience showed that the Bayesian
approach is able to provide reasonable results when the typical
ranges of geotechnical properties are used as prior knowledge and
integrated with about 10 data points (e.g., Wang and Cao, 2013;
Wang and Akeju, 2016; Wang and Aladejare, 2016b). Based on
this, only 10 randomly selected data pairs out of the 27 data pairs
are used as input data in this illustrative example. The 10 randomly
selected data pairs of c and f include: 0.58 MPa and 33.9�, 0.84 MPa
and 38.0�, 0.54 MPa and 31.9�, 0.58 MPa and 30.4�, 0.37 MPa and
33.0�, 1.11 MPa and 37.6�, 0.33 MPa and 30.5�, 0.78 MPa and 32.6�,
0.20 MPa and 37.9�, and 0.40 MPa and 32.8�, respectively. The 10
randomly selected data pairs of c and f are combined with typical
ranges of distribution parameters of c and f ([0.1 MPa, 1.3 MPa] for
mc, [0 MPa, 0.4 MPa] for sc, [16�, 40�] for mf, [0�, 4�] for sf and [�1,
0.1] for r) (e.g., Aydan and Ulusay, 2003; Yang et al., 2007; Aksoy
et al., 2011) in the Bayesian approach to characterize the joint
distribution of c and f. The results obtained from the Bayesian
approach are presented and compared with the 27 site-specific
data pairs in the next subsection. The results of the characteriza-
tion of joint distribution of c and f are used as inputs in expanded
RBD of rock slope, to assess the influence of correlation on reli-
ability analysis of rock slope.

To perform expanded RBD of rock slope, this study adopts an
example case based on the simple but commonly-used plane fail-
ure model presented in Section 3.2. In this illustrative study, the
overall slope geometry is assumed to be deterministic with the
slope height H being the only random variable within a specified
range. Different slope heights, H, are considered, with H ranging
from a minimum of 10 m to a maximum of 80 mwith an increment
of 5 m (i.e., nH ¼ 15). Adopting the slope parameters from Hoek
(2007), the potential failure plane is inclined at 35� (jp ¼ 35�),
the angle of the slope cut is 50� (jf ¼ 50�), the gravitational ac-
celeration coefficient, which is defined by the ratio of horizontal to
gravitational acceleration is 0.08 (i.e, a ¼ 0.08), the unit weight of
rock is 0.026 MN/m3 (i.e., gr ¼ 0.026 MN/m3), and they are all
assumed to be fixed values. Cohesion (c) and friction angle (f) along
the failure surface are assumed to be random, and obtained from
the results of probabilistic characterization of joint distribution of c
and f. A total of 10,000,000 sample pairs of c and f are simulated
from their joint distribution using the Bayesian approach presented
in Section 2. These samples pairs are used in the expanded RBD of
the rock slope, considering two cases highlighted in Section 3.1 (i.e.
Case 1: rock slope with dry tension crack; and Case 2: rock slope
with dry tension crack but subjected to gravitational acceleration).
The results of the analysis of the rock slope for the two cases
considered are presented in Section 5.2.

5.1. Joint probability distribution of c and f

Using the 10 randomly selected data pairs of c and f out of the
27 data pairs of c and f presented in Table 1 and prior knowledge on
c and f (mentioned in Section 5) in the Bayesian approach pre-
sented in Section 2, 10,000,000 sample pairs of c and f (i.e,
Nss ¼ 10,000,000) are simulated from their joint distribution. Fig. 3
presents the scatter plot of the joint distribution of c and f. The
figure also includes the histogram and statistics of the c and f

samples. In addition, the figure presents the correlation coefficient
r between c and f, which is found to be e0.19. To validate the ac-
curacy of the results from the characterization of joint distribution,
comparison is made between r estimated from the generated
sample pairs and that from the 27 data pairs of c and f obtained at
the rock site. Table 2 presents the summary of r from both esti-
mations, including their absolute and relative differences. The value
of r estimated from the 27 data pairs of c and f obtained at the rock
site ise0.18. The absolute and relative differences are 0.01 and 5.6%,
respectively. The small difference in both estimations of r indicates
that the Bayesian approach provide satisfactory characterization of
joint distribution of c and f at the site. Note that in real-life engi-
neering practice, only a limited number of data is typically avail-
able, and such a direct comparison is generally not as obvious as the
situation shown in Table 2. On the other hand, the Bayesian
approach presented in this study is robust and applicable for
characterization of joint distribution of rock properties, even when
there are only a few data points. The Bayesian approach combines
the prior knowledge and site-specific data pairs of c and f and
transforms the integrated information into large sample pairs of c
and f. When the quantity of site-specific data pairs of c and f is
limited (e.g., 10 data pairs of c and f used as input in this study) and
its statistical uncertainty is substantial, the simulated sample pairs
of c and f are significantly affected by the prior knowledge,
resulting in significant improvement on the estimation of their
correlation coefficient. The prior knowledge adopted in the pro-
posed approach effectively reduces the uncertainty that arises from
using a small number of site-specific data pair of c and f to estimate
correlation coefficient. This enables a proper estimation of corre-
lation coefficient even for a small number of data pairs of c and f

(e.g., 10 data pairs of c and f used as input in this study). Therefore,
the Bayesian approach through the integration of information from
additional sources, in addition to the limited sample pairs available
from the site, helps to achieve reasonable results.

Considering the marginal samples of c and f, Table 3 shows that
the estimates of the mean, m*c and standard deviation, s*c of c ob-
tained from Bayesian approach are 0.57 MPa and 0.29 MPa,
respectively. Table 3 also includes the values of the mean and
standard deviation of the laboratory measurements of c as



Figure 3. Scatter plot of the sample pairs of c and f with their marginal histograms.

Table 3
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0.58 MPa and 0.28 MPa, respectively. The absolute and relative
differences between the mean from the two approaches are
0.01 MPa and 1.7%, respectively, while the absolute and relative
differences between the standard deviation from the two ap-
proaches are 0.01 MPa and 3.6%, respectively. Also, Table 4 shows
that the estimates of the mean, m*f and standard deviation, s*f of f
obtained from Bayesian approach are 33.9� and 2.9�, respectively.
Table 4 also includes the values of the mean and standard deviation
of the laboratory measurements of f as 34.0� and 2.8�, respectively.
The absolute and relative differences between the mean from the
two approaches are 0.1� and 0.3%, respectively, while the absolute
and relative differences between the standard deviation from the
two approaches are 0.1� and 3.6%, respectively. The small relative
differences in the mean and standard deviation values for both c
and f show that the estimates of the marginal distributions of c and
f are consistent with the laboratory measurements.

To further validate the probability distribution of c and f sam-
ples from the Bayesian approach developed in this paper, marginal
cumulative distribution function (CDF) of c and f from the Bayesian
approach are compared with the CDF of c and f from laboratory
measurements. Fig. 4 shows the marginal CDF of c and f samples
from Bayesian approach by solid lines. The marginal CDF from the
27 data points of c and f measured by laboratory tests are repre-
sented in Fig. 4 by open circles. The marginal CDF of c and f from
both approaches plot close to each other, which indicates that they
are in reasonable agreement. This depicts that the information
contained in the c and f samples generated through the Bayesian
Table 2
Estimated correlation between c and f samples.

Statistics Laboratory
tests

Bayesian
approach

Absolute
difference

Relative
difference (%)

Correlation
coefficient, r

�0.18 �0.19 0.01 5.6
approach is consistent with the one obtained from the laboratory
measurements of c and f. In this illustrative example, the samples
of c and f generated from the Bayesian approach contain updated
information from prior knowledge and limited site-specific data
pairs of c and f. The difficulty in characterizing joint probability
distributions of c and f or estimation of their correlation from
limited site-specific c and f data is tackled through the Bayesian
approach using information provided by available data pairs of site-
specific c and f and prior knowledge.

5.2. Reliability analysis of rock slope

Reliability analysis is performed to assess the influence of cor-
relation on rock slope stability using two sets of 10,000,000 sample
pairs of c and f. That is, one set of 10,000,000 sample pairs of c and
f which has r ¼ e0.19 (previously obtained in Section 5.1) and
another set of 10,000,000 sample pairs of c and f when the cor-
relation is ignored or not considered (i.e., r ¼ 0), which are
generated through Bayesian approach developed in Section 2. Note
that there is no separate report on themean and standard deviation
of c and f generated when correlation is ignored or not considered,
because they are the same as those reported in Tables 3 and 4. The
only difference is rwhich was considered in one and ignored in the
other. In the calculation of FS for the reliability analysis of the rock
slope, this study uses Eq. (11) for the case of a rock slope with dry
Summary of the statistics of c samples.

Statistics Laboratory
tests

Bayesian
approach

Absolute
difference
(MPa)

Relative
difference (%)

Estimate of the
mean of c, m*c (MPa)

0.58 0.57 0.01 1.7

Estimate of the standard
deviation of c, s*c (MPa)

0.28 0.29 0.01 3.6



Table 4
Summary of the statistics of f samples.

Statistics Laboratory
tests

Bayesian
approach

Absolute
difference (�)

Relative
difference (%)

Estimate of the
mean of f, m*f (�)

34.0 33.9 0.1 0.3

Estimate of the standard
deviation of f, s*f (�)

2.8 2.9 0.1 3.6
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tension crack and Eq. (12) for the case of a rock slope with dry
tension crack but subjected to gravitational acceleration. Using the
two sets of 10,000,000 sample pairs of c and f leads to two sets of
10,000,000 calculations of FS for each case. This means that for each
case, there is 10,000,000 calculations of FS which was performed
using c and f having correlation, and another 10,000,000 calcula-
tions of FS which was performed using c and f obtained when the
correlation is ignored. For each set of 10,000,000 calculations of FS,
the numbers of samples (ns) where failure occurs at a specific value
of H are counted. Since failure is defined as FS < 1.0, for each rock
slope case, two sets of ns values are counted separately, one set each
for scenario when correlation was considered and when it was
ignored. Then, conditional probability P(FailurejH) for failure (i.e.,
Pf) is estimated for the set when correlation was considered and
Figure 4. Marginal cumulative distribution function (CDF) of c (a) and f (b).
when it was ignored using Eqs. (7e10) for each of the rock slope
cases.

Case 1: Rock slope with dry tension crack
Fig. 5 shows the conditional probability P(FailurejH) for failure

(i.e., Pf) when correlation between c and f is considered and when
it is ignored by open circles and triangles, respectively. For
demonstration purpose, the target failure probability, PT ¼ 0.00097
(i.e, target reliability index, bT ¼ 3.1) is used as the reliability
constraint for this rock slope case. By checking all designs that
satisfy the reliability constraint, the designwith maximum value of
H is chosen. Feasible designs are the maximum value of H (i.e.,
Hmax) that fall below the PT shown in Fig. 5. From the figure, it is
observed that the value of Pf increases as H increases. However, the
feasible designs for the rock slope is Hmax ¼ 45 mwhen correlation
between c and f is considered, whileHmax¼ 30mwhen correlation
between c and f is ignored. When the correlation is ignored, the
reliability analysis produced Hmax which is smaller, and leads to
under excavation of safe slope benches at the rock site. This is
consistent with the observation ofWang and Aladejare (2016a) that
when the correlation between rock parameters is ignored or not
properly modelled in reliability analysis, the failure probability
obtained from the reliability analysis might differ by orders of
magnitude. Hence, the feasible design of the maximum slope
height Hmax ¼ 45 m, obtained when correlation between c and f is
considered, can be taken as the final design for the rock slope.

Case 2: Rock slope with dry tension crack but subjected to
gravitational acceleration

Fig. 6 shows Pf when correlation between c and f is considered
andwhen it is ignored by open circles and triangles, respectively. As
an illustration, PT ¼ 0.0062 (i.e, bT ¼ 2.5) as suggested by Low
(2008) is used as the reliability constraint for this rock slope case.
From the figure, the feasible designs for the rock slope is
Hmax¼ 35mwhen correlation between c and f is considered, while
Hmax ¼ 25 m when correlation between c and f is ignored. Similar
to Case 1, the reliability analysis produced Hmax which is smaller
when the correlation is not considered or ignored. Again, the
feasible design obtained when correlation between c and f is
considered (i.e., Hmax ¼ 35 m) is taken as the final design for the
rock slope.

To further explore the effect of correlation on reliability analysis
of rock slope, MCS is used to further simulate four additional sets of
10,000,000 sample pairs of c and f. The additional sets of
Figure 5. Conditional probability of failure for slope height of a rock slope with dry
tension crack.



Figure 6. Conditional probability of failure for slope height of a rock slope with dry
tension crack but subjected to gravitational acceleration.

Figure 7. Effect of correlation between c and f on rock slope stability. (a) Rock slope
with dry tension crack; (b) rock slope with dry tension crack but subjected to gravi-
tational acceleration.
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10,000,000 sample pairs of c and f are simulated using the mean
and standard deviation of the site-specific observation data pairs of
c and f given in Table 1 with r ¼ e0.3, e0.4, e0.5, and e0.6,
respectively for each of the sets. That leads to six sets of 10,000,000
sample pairs of c and f when added with the ones previously
generated. The six sets of 10,000,000 sample pairs of c and f (i.e.,
with r ¼ 0, e0.2, e0.3, e0.4, e0.5, and e0.6) are used in the reli-
ability analysis of the two rock slope cases. Fig. 7 presents the re-
sults of the reliability analysis for the rock slope with dry tension
crack, and rock slope with dry tension crack but subjected to
gravitational acceleration. In both cases, the feasible slope heights
increase as the correlation between c and f becomes stronger. Both
rock slope cases show that when the correlation between c and f is
ignored, the projected maximum slope height for safe excavation
operation is significantly smaller. This shows that when correlation
is ignored in reliability analysis, the overall productivity of rock
slopes may be reduced, as smaller slope heights are obtained which
may limit the number of benches that can be worked at rock site.
This further attests to the fact that ignoring correlation during
reliability analysis, which is often the case because of limited site
observation data, significantly affects the prediction of failure of
rock slope. When a strong correlation exists between rock param-
eters but is ignored during reliability analysis, the effect could be
more significant than those present in this study.

6. Summary and conclusions

In this paper, a Bayesian approach for rock property character-
ization and expanded reliability-based design (RBD) approach for
rock slope stability analysis are developed and illustrated, to assess
the influence of correlation on reliability analysis of rock slope.
Rather than seeking to merely assume or ignore the correlation
between shear strength parameters of the rock slope, the Bayesian
approach uses the available limited data pairs of cohesion and
friction angle together with prior knowledge to characterize their
joint probability distribution and correlation. The sample pairs of
cohesion and friction angle generated from their joint probability
distribution are used in the expanded RBD to perform reliability
analysis of rock slope stability. Two rock slope cases are used as
illustrative examples to demonstrate the impact of correlation on
failure probability of rock slope. Several conclusions can be drawn
from this study:

(1) When correlation between cohesion and friction angle of rock is
ignored or assumed out of convenience without proper vali-
dation, it may not depict the true dependence or relationship
between cohesion and friction angle at a rock site. For the
observation data pairs considered, the correlation between
cohesion and friction angle is consistent with what is obtained
using the Bayesian approach proposed in this study. In small to
medium-sized rock engineering projects, the number of
observation data pairs of cohesion and friction angle are often
limited, which may be insufficient to estimate reliable correla-
tion. Thus, it is of practical importance to characterize the joint
probability distribution between cohesion and friction angle
using Bayesian approach, when enough data are not available.

(2) The probabilities of failure for rock slopes associated with
different correlation between cohesion and friction angle or
rock can differ considerably. The probability of failure de-
creases with increasing correlation strength, leading to
increasing maximum slope height that is safe for excavation at
rock slope site. Ignoring or simply assuming correlation be-
tween rock parameters in reliability analysis might cause the
failure probability obtained from such analysis to differ by or-
ders of magnitude. For both rock slope cases considered in this
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study, ignoring the correlation between cohesion and friction
angle significantly underestimates the feasible maximum slope
height of the rock slopes. This kind of difference in the feasible
maximum slope height obtained when correlation is consid-
ered or ignored, discovered in this study have not been re-
ported in the literature. The findings in this study present
information that will be helpful in further investigations of
reliability analysis of rock slope.

The approaches proposed in this paper are not limited to the
illustrative examples used herein alone. The Bayesian approach
proposed for rock property characterization can handle limited to
large and varied data sets of rock properties to characterize their
joint probability distribution and correlation. Similarly, the
expanded RBD framework can be used to solve more complex
problems by appropriate changes in the definition of the rock slope
conditions and of the limit state functions. The expanded RBD
framework can be employed for any rock slope condition as long as
the conditions can be adequately modelled mathematically.
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