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Transition Zone in Bearing Capacity Problem from Plasticity Method,
Discrete Element Method and Laboratory Tests
Li N.1 , Cheng Y. M.1 and Ivan W.H. Fung2
1 Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hong Kong
2 Department of Architecture and Civil Engineering, City University of Hong Kong

Abstract: In this paper, the classical bearing capacity problem and the logspiral transition zone are re-considered from a
continuum plasticity approach as well as discrete element approach. In the discrete element approach, the bearing
capacity problem is considered from the elastic stage, plastic stage to the final rupture stage. It is found that there are
noticeable differences in the failure mechanism between the continuum and discontinuum analyses, and the well-known
logspiral transition zone is also not apparent in both the discrete element approach, plasticity approach as well as the
laboratory tests. With the increase in the friction angle of soil, the transition zone is becoming more like a wedge zone
than a logspiral zone as found from the present study.
Keywords: bearing capacity; slip-line; discrete element; logspiral zone; failure mechanism

1. Introduction
1.1 Test

Bearing capacity problem is always a main concern to the geotechnical engineers, and a shallow foundation needs
to satisfy both the settlement and bearing capacity criteria. The ultimate bearing capacity for shallow foundations with
simple geometry has been solved by many investigators. The methods of analysis can be classified into the following
four categories: (1) the limit equilibrium method [50,36,37]; (2) the method of characteristics [44,47,21,1,6,11]; (3) the
upper/lower-bound plastic limit analysis [45,46,75,16,38,39,40,48,22,26,27,28,51,30,31,29]; and (4) numerical methods based on either
the finite-element technique (FEM) or finite-difference method [20,33,17]. For the first three groups of methods, only the
ultimate condition is considered, and a simple perfectly plastic soil model is commonly assumed. The results from the
first three groups of methods are also usually the same or very close to each other. For the numerical finite element
method which can consider both the elastic and plastic stage, usually a simple constitutive model is assumed. With the
same plastic soil model, the ultimate bearing capacity from FEM are also usually close to those from the first three
groups of methods.

The failure mechanism and post-failure development are also important after the determination of the collapse load
of foundations, and the particle-based method provides an alternative to the aforementioned issue. The distinct element
method (DEM) initiated from Cundall and Strack [14] has the advantage in modeling the development and propagation of
failure after the initiation of the failure. For problem where the displacement is very significant, the use of DEM will be
more appropriate than the classical continuum based method. It should also be noted that there are very limited
applications of the DEM for bearing capacity problem, especially about the progressive failure mechanism of shallow
founda-
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tions.
The objective of this paper is to re-consider the bearing capacity problem by DEM, plasticity method and

laboratory tests. The large scale failure mechanism and movement of soil for the bearing capacity of a strip footing is
further investigated, and the influence of the micro-parameters on the bearing capacity of soil is also observed. The
numerical solution is established using a distinct-element-based procedure of the software PFC2D (particle flow code in
two dimension). The numerical results obtained are then compared with the classical result from Prandtl [44] as well as
the slip-line method and laboratory tests. One of the important study in the present work is about the classical logspiral
transition zone in the ultimate failure mechanism, and the transition zone is found to be only an approximation solution
under all different types of numerical analysis as well as the in-house laboratory tests, when the self-weight of soil is
dominant in the problem.
Basic Bearing capacity theory

Figure 1. Prandtl’s Mechanism

Bearing capacity problem is a classical problem which has been studied by various researchers [44,47,6,12] and many
others using plasticity theory, limit analysis and slip line method. Prandtl [44] has solved the slip line equation and
obtained the failure mechanism as shown in Fig.1. The two-dimensional strip footing’s ultimate bearing capacity qu for a
frictional-cohesive material loaded by a uniformly distributed surcharge pressure q can be expressed as:

qu= cNc+ qNq (1)
where c and q are the cohesive strength and surcharge term respectively. Nc and Nq are actually exactly the same

among the methods by Vesic [52], Hansen [21] and Meyerhof [36]. For these two bearing capacity factors, the famous
logspiral transition zone appears in the corresponding failure mechanism which are well demonstrated by Sokolovskii
[47] and Cheng et al. [11]. For the effect of the self-weight  of soil N(, different values and failure mechanisms have been
obtained by different researchers based on different methods of analysis, and Cheng and Li [12] have given a detailed
study about the failure mechanism based on the slip-line method, and Cheng and Li [12] have also demonstrated a
complete equivalence between the lateral earth pressure, bearing capacity and slope stability problems at the ultimate
condition. Typical slip line fields for the case of Nc and N( as obtained by the authors are shown in Fig.2, and such slip
line fields also comply precisely with the results by Martin [34, 35]. It should be noted that in Fig.2a for which the
self-weight of soil is neglected, the typical wedge-logspiral-wedge is different from that in Fig.2b where the self-weight
of soil is important. In Fig.2b, the zone directly underneath the footing is not really a wedge while the transition zone is
also not a true logspiral zone. A wedge is however still found outside the transition zone in Fig.2b. It should be
mentioned that some authors adopt the failure mechanism as shown in Fig.2a for the N( analysis by the limit analysis
method, and the authors have found that the results using this approach are still close to that by the method of
characteristics in most cases. Anyway, it is generally accepted that the transition zone takes a logspiral shape (or close to
logspiral), and there are also limited experimental tests to support this belief Yamamoto et al. [54].

a
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Effect of c or q (b) Effect of unit-weight of soil
Figure 2. Typical slip line solutions for bearing capacity problem by Cheng and Au [6]

Distinct element modelling of bearing capacity problem (elastic stage)

Figure 3. PFC Model for the simulation

The authors have also tried to study this classical problem using the distinct element approach and laboratory tests.
The reasons for using the DEM approach are: the complicated soil behavior (particularly the post-failure condition) is
difficult to be modelled by simple elastic-perfectly plastic model or other simple constitutive models; (2) the higher
order effect due to the geometric distortion at the collapse stage; (3) a more detailed investigation about the post-failure
mechanism for bearing capacity problem.

In the present DEM analysis, the width B of the rigid footing on ground surface is set as 400mm as shown in Fig.3.
Since the problem is symmetric, only half of the problem domain is considered, so that the footing width in the
numerical model is 200mm. The half-domain has a depth of 3000mm and extends 5800mm beyond the edge of the
footing, which is large enough to eliminate the “boundary influence” on the estimation of the collapse load as well as

200mm

6000mm

30
00

m
m

v=0.01mm/s
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for the prediction of the failure mechanism. Two different loading patterns on the shallow foundation have been carried
out in the numerical simulation: a prescribed velocity or a force on a horizontal footing, representing strain controlled
test and stress controlled test respectively. Since there are no major difference in the results between the two loading
patterns (similar to the results for the loaded slope by Li and Cheng [31]), the loading pattern of the strain
control/velocity control will be presented in the following sections. The uniform loading was simulated by applying a
vertical velocity of 0.01mm/s on the footing.

The micro-properties of the sandy soil as shown in Table 1 are determined by varying the micro-properties until the
macro-properties obtained numerically match with the experimental results (angle of repose and stress-strain relation),
which is the approach as adopted by Cheng et al. [9, 10].
Microscopic Parameters Value (units)

Density (kg/m3) 2650

Normal and shear stiffness (N/m2) 1 x 107

Frictional coefficient of particle 0, 0.577; 0.700 ; 0.839

Diameter of particle (mm) 0.02; 0.06; 0.1

Contact Bond - Normal Strength (N) 0; 1000; 5000; 10000

Contact Bond - Shear Strength (N) 0; 1000; 5000; 10000

Table 1. Microscopic parameters of the sands for particle flow analysis
The values of the vertical stress σyy for first 60mm settlement are recorded in the DEM simulation in order to

investigate the elastic stage of loading. If the stress is small with no yielding, the load/settlement relation should be a
linear relation which is also predicted by the use of distinct element analysis as shown in Fig.4. The frictional
coefficient of the particle has no practically effect on the result until a settlement of about 20mm, after which the effect
of the frictional coefficient will affect the stress/settlement relation. The results in Fig.4 are in general compliance with
the load-displacement relations from laboratory and field tests. It is also noticed from Fig.4 soil with higher friction
coefficient will have higher elastic limit. From the slope of the initial linear portion, Young’s modulus of the dense soil
can be estimated to be 10600 kPa from elasticity theory, which is similar to the Young’s modulus of the typical
compacted fill in Hong Kong. The choice of the micro-parameters as adopted in Table 1 are hence reasonable for the
further analysis in this paper.

Figure 4. Variation of vertical stress with different settlement for dense sand (for initial 60mm vertical deformation)
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Slip line method for the ultimate bearing capacity
When the deformation of soil is large enough to reach the plastic state, nonlinear stress/deformation behavior

will be obtained which is clearly indicated in Fig.5. The bearing capacity or the ultimate limit state of a simple footing
is governed by the plasticity slip line equations (2) and (3) under the Mohr-Coulomb yield criterion, and analytical and
numerical solutions to these equations have been developed by Sokolovskii [47], Booker and Zheng [2], Cheng and Au [6],
Cheng et al. [7], Cheng and Li [12] and many others. The classical slip line equations are governed by the following two α
and β characteristics equations as follows:

 : sin 2 2 (sin( 2 ) cos( 2 ) ) 0p y xcharacteristics R
S S S S   

       
        
    (2)

 : sin 2 2 (sin( 2 ) cos( 2 ) ) 0p y xcharacteristics R
S S S S   

       
       

    (3)
where = (/4-/2),  is the unit weight of soil,  is the direction of the major principal stress to y axis and  is the

angle between the body force and y-axis; and

1 3 1 3   ,   sin cos
2 2

p R p c      
   

(4)
where  1 and  3 are the major and minor principal stresses respectively, c and  are the cohesive strength and

friction angle of soil. The angle ε is generally 0 for geotechnical problems, as gravity acts downward.
From the results of program SLIP developed by Cheng and Au [6], the slip line fields for N( (weight of soil is

considered) are shown in Fig.6 with =10 , 20 , 30 , 40 and c=0, where the pressure on the ground surface at the
left-hand side is determined from a slip line analysis. Similar results are also given by Davis and Selvadurai [15]. It is
noticed that the active zones are actually curved, while the intermediate radial shear zone deviates from the classical
logspiral zone (still curved) with an inscribed angle less than 90, following by the passive wedge zone at the right-hand
sides of the problem domain, where the principal stresses are the vertical and horizontal stresses in the passive wedge.
In Fig.5a where =10 , the radial shear zone is very small and the active zone will dominate the problem. When  is
further increased to 20, 30 and 40, the radial transition zone as well as the passive zone grow longer and larger and
the slip line field spreads widely to a larger disturbed area. The extent of the failure zone in Figs. 5a to 5d is smaller
than the classical Prandtl’s mechanism for all cases. There are two major factors affecting the slip line profile: unit
weight of soil  and friction angle  , among which  is the most influential factor as shown in Figs. 5a to 5d. The
corresponding results from Li [30] using adaptive finite element limit analysis as shown in Fig. 5e is however basically
similar to the classical failure mechanism as shown in Fig.1, and this will be discussed in more details later.

The active and passive Rankine zone angles a and p
are calculated from the slip line analysis and compared with

classical theory. The results are listed in Table 2, and the angles obtained from these two theories are very close to each

other. So that the equations of Rankine zone angle obtained from slip-line method can be expressed as a =45.9+0.5

and p
=45.9-0.5, which will tends to the classical solution if the mesh is fine enough during the calculation. The

small differences between the results from SLIP and the classical theory is possibly due to the mesh size and the number

of iteration adopted in the analysis (Cheng [5]). It should also be pointed that the angle a from slip line analysis is the
initial angle along the ground surface only, as this angle will be changing at different locations below the ground surface
when the self-weight of soil is not negligible, while it will be constant in the classical limit equilibrium or limit analysis
approach. Using the adaptive finite element limit analysis for the same problem, Li [30] has also obtained a minor
curvature to the inclined side of the wedge directly underneath the foundation, which is basically similar to that by the
slip line method. The amount of the curvature of the wedge side from adaptive finite element limit analysis is however
much less than that by the slip line method. Even though there are great differences between the failure mechanism as
shown in Figs. 5, the bearing capacity N( from the two analyses are however similar with a maximum difference of
about 2% only. The differences between the slip line method and the adaptive finite element limit analysis is possibly
due to the difference in the distribution of the vertical pressure underneath the foundation. A uniform pressure
underneath the footing is applied as the boundary condition in the finite element limit analysis while the pressure
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underneath the footing is back-computed from the slip line equations in the slip line method.
From Fig.5, it is noticed that the transition zone from slip line/plasticity formulation does not look like the classical

logspiral zone, and the shape is actually close to that of a triangular zone for the effect of N( . However, the transition
zone is a nice logspiral curve for all cases (Fig.2a), as long as the unit weight of soil is zero. The actual failure profile
will be the one of the main area of study in this paper, and both the plasticity method as well as laboratory and distinct
element analysis will also be employed to study this problem.

(a) Slip line field for =10 (b) Slip line field for =20

Slip line field for =30

Slip line field for =40

Effect of c (=40)
Figure 5. Failure mechanism for case of N( when =10, 20, 30 and 40 by slip line analysis and adaptive finite element limit

analysis (5a to 5d are results from slip line analysis and 5e and 5f are results from adaptive finite element limit analysis )
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ϕ
SLIP Prandtl [44]

a p a p
10° 50.88°(50.13) 40.88°(40.13) 50° 40°

20° 55.89°(55.15) 35.89°(35.17) 55° 35°

30° 60.87°(60.2) 30.88°(30.2) 60° 30°

35° 63.35°(62.7) 29.88°(27.69) 62.5° 27.5°

40° 65.9°(65.25) 25.89°(25.22) 65° 25°

Table 2. Comparison of active and passive Rankine zone angles between program SLIP (one iteration) and Prandtl
theory (values in brackets are the refined values after two iterations of analysis, and results will be very close to the

classical results by Prandtl after 4 iterations)
DEM analysis of General shear failure mechanism in densely packed soil
If the soil is densely packed, the failure mechanism from DEM will be similar to the classical general shear failure.

The densely packed model is considered in a DEM analysis, and the progressive failure mechanism is illustrated in Figs.
6 and 7. Two typical types of contact bond strength 0 and 5kN with ϕ =35o are considered to assess the general failure
mode of densely compacted soil with no cohesive strength and with cohesive strength. It should be pointed out that the
contact bond strength in distinct element analysis is not exactly equal to the cohesive strength in classical soil
mechanics, but it can reflect the influence of the cohesive strength qualitatively.

For the soil with zero contact bond strength, the corresponding classical mechanism is the N( case, and the
progressive failure is illustrated in Fig.6. Firstly, there is a small disturbed area underneath the footing, then the affected
area is extended. Two zones can be clearly seen in this process. The formation of a clear boundary for Zone I: Active
Rankine Zone is noticed in Fig.6b. Soil particles underneath the foundation move further to the bottom right and
develop Zone II: Transition Zone, and upheaval at ground surface further develops away from the edge of the footing.
When settlement has achieved 70mm, Plastic Zone II is formed, and gradually becomes clear under 200mm movement
of the footing. Soil particles move further to the upper right but unit weight of soils and bonding force chain between
soil particles resist the shear slipping, and Zone III is then developed: Passive Rankine Zone which is noticed in Fig.6c.
Traditionally, three zones are generated during the settlement of footing. However, there are additional shear band
appearing in Fig.6c when the settlement is large enough, which may be due to the lack of soil contact bonding strength
in this case (contact bond=0), and the slipping resistance is not sufficient to avoid development of shear cracking inside
the soil mass. This phenomenon differs from the other cases with contact bond strength (>0) which is shown in Fig.7. It
is noticed in Figures 6c-6e that plastic zone I becomes smaller and smaller and its height grows shorter and shorter.
Furthermore, a secondary shear failure surface is formed in Fig.6d and further upheaval occurs on soil particles above it
due to the excessive settlement. Multiple failure zones are viewed as water ripples in Fig.6d, which represents the
transformation of plastic zones from disturbance area to the surroundings. Eventually, the displacement vectors form an
anti-clockwise circular loop at the edge of footing resulting with multiple shear failure surfaces in the disturbance area
in Fig.6e.

(a) Settlement=5mm (b) Settlement=70mm
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(Formation of Zone I & II)

(c) Settlement=200mm (d) Settlement=300mm
(Formation of Zone III-Rankine’s Passive Zone) (Formation of Secondary Plastic Failure Zones)

(e) Settlement=650mm (Eventual failure)
Figure 6. Failure progress of densely packed soil foundation (contact bond=0, ϕ =35o)

For the soil with contact bond strength of 5kN, the loading footing induces a downward movement of underlying
soil particles. Soil particles go further downward with an increasing influenced area in Fig.7a. A clear boundary for
Zone I: Active Rankine Zone is generated in Fig.7b, and soil particles underneath move further to the bottom right and
Zone II: Prandtl Zone is developed. Upheaval further develops away from the edge of footing. Soil particles move
further to the upper right but unit weight of soils resists the shear slipping. Next, Plastic Zone III: Rankine’s Passive
Zone is formed in Fig.7c. Soil within the Passive Rankine Zone is pushed by the soil from Zone II and starts to move
upward causing upheaval. The shear band boundary of Zone II is then produced, and the primary shear failure surface
penetrated through the plastic zone when the settlement reaches 100mm as shown in Fig.7d. Soil particles far away
from the footing are affected by the shear slipping, and the primary plastic failure zones further develop. Gradually, a
secondary shear failure surface is formed and upheaval continues to grow, and a typical view of the failure zones with
shear failure surface is given in Fig.7e. Further upheaval and deep disturbance to the soil occur due to excessive
settlement. At this stage, the foundation is no longer a shallow foundation problem as the depth of footing is equal to the
width of footing, and the problem approaches that of a deep foundation problem. Furthermore, the displacement vectors
form an anti-clockwise circular loop, and eventually 650mm settlement is generated after 65000 time-steps have been
executed with a secondary plastic failure zones formed in Fig.7f.

I
III

II
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(a) Settlement=5mm (b) Settlement=10mm
(Formation of Zone I-Active Rankine Zone)

(c) Settlement=70mm (d) Settlement=100mm
(Formation of Zone III-Rankine’s Passive Zone) (Formation of Zone II: Prandtl Zone)

(e) Settlement=200mm (f) Settlement=650mm
(Formation of Secondary Plastic Failure Zones) (Eventual failure)

Figure 7. Failure progress of densely packed soil foundation for a 0.2m width foundation (contact bond=5kN, ϕ =35o)

From the results as shown, the failure mechanisms from DEM basically match with that by Prandtl [44] in Fig.1.
Among all, the failure pattern of the active and transition zones are similar to that by plasticity theory, and soil particles
with higher friction angle has larger passive zone. The major difference between the present result and that by the
classical plasticity theory is the transition zone.

The shear strength of soil particles prevents the collapse of soil and helps to support the shallow foundation.
Following Coulomb, the soil strength is composed of two elements: cohesion and friction. Since we are dealing with
sand, the cohesion will be zero and the frictional strength is therefore given by the product of the average effective
normal stress acting on the surface multiplied by the coefficient of friction for the soil. Failure occurs when shear stress
exceeds the shear strength, then shear failure surface will appear and a shear band will be formed. The mass of soil
above the shear band is sliding uphill in relation to the stationary mass of soil below. In dense sands, there is a

I II
I

II

Zone I: Active Rankine Zone

Zone II: Transition Zone

Zone III: Passive Rankine Zone
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considerable degree of interlocking between particles. When interlocking is progressively overcome by the action of
external loading, the stresses acting on the soil particles decreases with increasing strain. The reduction in the degree of
interlocking produces an increase in the volume of the specimen (dilatancy) during shearing, so that there will be
volume change resulting with shear cracking as well as upheaval in soil mass.

Consider the soil underneath footing in the microscopic view. The shear band has a thickness of h which is equal to
sum of several particle diameters in size, and the localized deformation occurs within the shear band. As shown in Fig.8,
particles are in loose arrangement with visible void within the shear band if we view the particles carefully in
microscopic scale as Fig.8b. The average values of the shear and normal stress required for equilibrium can be found by
the particles within the shear band with an extremely complex system of inter-particle contact forces. It is apparent that
large shearing deformation will occur within the shear band, and some particles must either fracture conveniently on
surfaces parallel to the direction of slip or else move out of the way so that other particles may slide past. Some
fracturing will occur as the average shear stress grows, but it will most probably involve the breaking off of asperities
from the particle surfaces rather than a major fracture along the slip direction. In this DEM simulation, circular particle
is used to simplify the soil mass model so as to capture these phenomenon, and crushable soil or so called
fracture/breakage mechanism which is a more complicated phenomenon is not studied here.

The soil mass above the shear surface moves with a displacement which has components both parallel and normal
to the shear surface. The direction of the motion will lie at an angle ψ, called the angle of dilatancy, above the shear
surface. In general, the angle of dilatancy will be smaller than the angle of internal friction � as shown in Fig.8. If we
recall that the soil shear strength is given by the product of the angle of internal friction and the normal effective stress
on the slip surface, we can now see that the friction angle actually represents two sources of strength. One is the
frictional resistance caused by particles grinding past one another and the second is interlocking. Interlocking of
particles causes dilation and may contribute significantly to the overall soil strength.

(a) Displacement vector (b) Enlarged soil particle model
Figure 8. Shear band within a typical shear failure surface

Influence of friction angle
Four values of friction angles, 0o, 30o, 35o, 40o are considered for soil with contact bond strength = 5 kN, for the study
on the influence of friction angle on the failure mechanism. The shear failure modes for each friction angle under the
same settlement are represented in displacement vector figures in Fig.9. It is found that the shape of the failure depends

mostly on the friction angle. The angle of Zone I a differs from Figs.9a to 9d, and the area of Zone I grow larger
with steeper triangle following with growing disturbance area (plastic failure zone), so that failure patterns among these
four cases are different. Thus, friction angle influences the shear failure mechanism more than the bond strength.
Meanwhile, the disturbed area is enlarged with the increasing soil friction angle from Fig.9 which is consistent with the
classical theory.
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(a) Friction Angle ϕ = 0o(b) Friction Angle ϕ = 30o

(c) Friction Angle ϕ = 35o (d) Friction Angle ϕ = 40o

Figure 9. Shear failure mode of a strip foundation under ultimate bearing capacity with different friction angles of sandy soil

(unit weight of soil≠0, contact bond strength = 5 kN)

Influence of unit weight of soil
To assess the equivalent Nc analysis, the unit weight of soil is set to be negligible in this section. Classically, many

researchers still adopt the logspiral zone in the failure mechanism even though the results from plasticity analysis in
Fig.5 do not support the logspiral failure zone. From our DEM analysis in Fig.10, such a distinct logspiral transition
zone is not obtained even when the unit weight of soil is negligible, which is different from the classical solutions. If the
unit weight of soil is considered which is shown in Fig.11, it appears that the failure zone will be reduced with the
self-weight of soil. The local failure beneath the footing is also less prominent in Fig.11, as compared with that in
Fig.10 (bearing in mind that the ultimate settlement of the footing is extremely large).

(a) 10000 steps (b) 20000 steps
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(c) 30000 steps (d) 40000 steps

(e) 50000 steps (f) 70000 steps
Figure 10. Shear failure mode of a strip foundation under ultimate bearing capacity with unit weight of soil  =0 (contact bond

strength = 5 kN, ϕ =35o)

(a) 10000 steps (b) 20000 steps

(c) 30000 steps (d) 40000 steps
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(e) 50000 steps (f) 70000 steps
Figure 11. Shear failure mode of a strip foundation under ultimate bearing capacity with self weight of soil  (contact bond

strength = 5 kN, ϕ =35o)

Discussion on the load-settlement relation from DEM
The load-settlement relations with the variation of soil friction angles obtained from DEM simulation are plotted in

Fig.12. When ϕ = 35, the ultimate bearing capacity (vertical stress σyy) is around 2400 kPa, and is equal to 3200 kPa
when the friction angle=40. The ultimate bearing capacity is highly dependent on the friction angle of soil, but not for
the initial slope of the load settlement relation. Inner-particle bonds are mobilized in the first stage of load settlement
relation until the peak resistance, beyond that some inter-particle bonds are broken with a drop of the bearing stress, but
the microstructure is still randomly oriented where most of the frictional resistance still work. The increasing
deformation gradually produces an aligned microstructure along the failure surface, and eventually a residual strength
of about 1000 kPa is obtained. The precise load deformation relation as shown in Fig.12 is highly affected by various
factors such as void ratio and angularity of particles, but qualitatively, the numerical result can describe the behaviour of
real soil. The initial interlocking effect between dense sand particles has been progressively overcome during the
compression, and the shear dilatancy effect for dense sand occurs followed with volume change and porosity increase
which are illustrated in Fig.13. It can be concluded that during the footing settlement, compression to soil particle has
overcome the interlocking effect, resulting in volume and porosity increase, followed by slipping (shear failure), further
volume expansion and upheaval on the ground surface.

Figure 12. Load-settlement curves with different friction angles for bond strength = 10kN
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(a) Dilatancy for dense sand (b) Volume expansion causes upheaving

(c) Porosity increase during footing settlement (d) Variation of volume with settlement of shear box test
Figure 13. Volume dilation for shallow foundation on dense sands

Discussion on the ultimate bearing capacity between various methods
Fig.14 shows the variation of ultimate bearing capacity with friction angle under �� case, obtained by

DEM based particle flow analysis comparing with classical Vesic Equation and slip-line method. Cohesive/ bond
strength and surcharge for soils are hence not considered here. The results by Vesic equation is higher than those by slip
line method, and this has been discussed by Cheng and Au [6]. It is observed that the results by DEM are always greater
than those by the slip line method or Vesic equation, and this phenomenon is not surprising as DEM is well known to be
more appropriate to qualitatively than quantitative analysis. In general, the results from DEM are not bad. �� is well
known to increase rapidly with the friction angle, and this phenomenon is also captured by DEM in the analysis. In this
respect, we can safely accept the qualitatively study on the failure mechanism of shallow foundation as given in
previous sections.
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Figure 14. Variation of qult with friction angle using DEM & Prandtl Mechanism (Vesic Equation) & Slip-line Method under Nr

case (width of foundation=0.2m) (results from adaptive finite element limit analysis are close to those by slip line method and are not

shown for clarity)

Discussion and Comparisons with laboratory test
In the previous studies using DEM, it is found that the classical logspiral zone is not found from the analysis.

Actually, the authors have tried to vary the micro-parameters over a wide range, but the logspiral zone is still not
obtained. With the use of finite element analysis, logspiral zones are obtained by some researchers so far (Conte et al.
[13]), but not all. Manoharan and Dasgupta [33] discovered radial shear zone and Yamamoto and Otani [55] obtained
circular surface zone by finite element analysis, while Yamamoto and Kusuda [53] applied upper bound analysis to get
circular surface transition zone. The authors have also tried several finite element programs, and logspiral failure zone
as shown in Fig.15 is obtained for the case of Nc by Plaxis. From the authors’ trial, it appears that not every finite
element program will give the logspiral transition zone even for the case of Nc, not to say for the case of N(. The
sensitivity of the N( failure mechanism has been noticed by Griffith [20], Manoharan and Dasgupta [33], Frydman and
Burd [17] and many others, and the authors have noticed that only few researchers can obtain the logspiral (or close to
logspiral zone) in the numerical analysis. Based on the X-ray CT imaging of 3-D bearing capacity test by Takano et al.
[49], it appears that the logspiral transition may not necessarily be formed. The authors have also carried out series of
three-dimensional bearing capacity laboratory tests, and three test results with no reinforcement are given in this section.
The authors have noticed that it is not easy to capture precisely the failure mechanism for many cases, and the logspiral
transitions are also not clearly reported in many previous experimental or numerical studies.
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Figure 15.Accumulated shear strain increment under the indicated uniform prescribed displacement (m) in the vertical direction
during the whole failure progress using finite element analysis by Plaxis

To gain a better understanding about the failure mechanism, the authors construct series of model tests with a slope
in front of the footing, and the failed mass are removed for examination of the actual failure surfaces. In Fig.16, the
hydraulic jack applies a local load on top of a 0.8 m high 65 inclined slope for which the soil is highly permeable,
poorly graded river sand. The unit weight and the relative density of the river sand which is obtained in Hong Kong are
 = 15.75 kN/m3 and 0.55. The soil parameters are c’ = 7 kPa and ’ = 35. The depth, breadth and height of the tank are
1.5 m, 1.85 m and 1.2 m respectively. Five Linear Variable Differential Transducers (LVDT) are set up to measure the
displacement of soil at different locations, and the displacements at different vertical loads are monitored up to failure.
The 10mm thick steel bearing plate has a size B = 0.3 m and L = 0.644 m at 0.13 m away from the crest of the model,
and an ultimate load of 35 kN is attained at a displacement of about 6 mm as shown in Fig.17. As a result, the
ultimate bearing capacity of the slope under the current soil properties, geometrical conditions and boundary conditions
is 181.2 kPa which gives a factor safety 1.021 by the present method, and this value is very close to 1.0 which
demonstrates that the result is reasonable. For the slope surface, the corresponding displacement at the maximum
pressure is about 2 mm and 1 mm at top and bottom of the slope respectively. Beyond the peak load, the applied load
decreases with the increasing jack displacement. It is clear that the displacements of the slope are basically symmetrical.
The failure surface of the present test is shown in Figs.16a and 16b, and the sectional view at the middle of the failure
mass is shown in Fig.16c. In Fig.16a, after the maximum load is achieved, the load will decrease with increasing
displacement. At this stage, the local triangular failure zone is fully developed while the failure zones at the two ends of
the plate are not clearly formed. When the applied load has decreased down to about 25 kN, the load maintained
constant for a while and the failure zones at the two ends are becoming visually clear. When the displacements are
further increased, the applied load decreases further and the failure zone propagates towards the slope surface until the
failure surface as shown in Fig.16b is obtained. For this test, there are several interesting phenomena worth discussing.
The failure profile and cracks are firstly initiated beneath the footing as shown in Fig.16b, which is a typical bearing
capacity slope stability failure with a triangular failure zone noted clearly in Fig.16c. As the load increased, the failure
zone extended and propagated towards the toe of the slope and the final failure surface is shown in Fig.16b. It is
observed that the failure mechanism of the physical model test is hence a local triangular failure beneath the bearing
plate, and the failure surface propagates towards the slope surface until a failure mechanism is formed. The classical
failure mechanism for bearing capacity with an inclined slope based on that by Cheng and Au [6] or Sokolovskii [47]
where a transition logspiral will appear after the triangular wedge underneath the footing is however not clearly
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developed. Instead of that, the transition zone appears to be another wedge which is followed by another wedge
adjacent to the transition zone. The actual failure mode in Fig.16c appears to match better with the results by DEM
than by FEM or plasticity theory. If the position of the loading plate is varied as shown in Fig.18, then failure
mechanisms from experiments still appears to be composed of three or more wedges instead of the classical failure
mechanism. Yamamoto and Kusuda [53] have obtained transition zone which is closer to a circular arc than a logspiral
zone from the laboratory tests. In the experimental tests by Mwebesa et al. [41], it is also found that the logspiral zone is
not found in the bearing capacity test in Philippi Dune sand which has a soil parameter of ’=34and c’=6.7 kPa. The
wedge underneath the footing is however found in all the literature that the authors are aware of. Other than that, it
appears there are only limited test results where the logspiral transition is actually obtained in tests. Apparently many
researchers have jumped into the adoption of the logspiral mechanism and have overlooked that there are also many
counter-examples in literature.

(a) Bearing failure beneath bearing plate (b) Global three-dimensional failure beneath bearing plate

(c) Comparisons between the measure and the predicted failure surface profile at mid-section of failure
Figure 16. Laboratory bearing capacity test and investigation of failure surface
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Figure 17. Loading force against the displacement of slope surface

Figure 18. Failure mechanism with change of loading plate position

2. Discussion
In this study, slip-line method, adaptive finite element limit analysis and discrete element analysis are used to study

the bearing capacity problem of a shallow foundation and to investigate the shear failure development from elastic
condition to plastic condition, then extend to large displacement condition. Some interesting results are found which are
discussed.

For the initial elastic part, the general behaviors of soil particles analyzed by Discrete Element Method coincide
well with that from the theoretical elasticity method. The failure mode of bearing capacity problem under large
displacement simulation is then studied by the use of DEM. Densely packed soil foundation is considered to investigate
the general shear failure mechanism. The progressive failure progress is studied and concluded as follows: as the
uniform loading is applied to footing acting on soil, firstly there is small disturbed area under footing, then plastic area
is extended showing clear view of Plastic Zone I and Zone II, and finally Zone III appears. Next, shear failure
surface becomes continuous, following with upheaval in ground surface. As settlement keep increasing, plastic zones
extend to the surrounding area, so secondary failure surface occurs and multiple failure zones show up, the plastic
failure transfers to a larger disturbed area followed with the further upheaval.

It is found that punching shear failure will occur in fairly loose sand or soft clay (not shown in this paper, as no
transition zone is formed). This mode of failure also occurs in soil of low compressibility. From the DEM studies using
different micro-parameters, it is found that the friction angle influences more than the bond strength on the shear failure
mode of foundation. For the case of uniform loading on shallow foundation for dense sands, footing settlement takes
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place in the very beginning, inducing compression to soil particle to overcome the interlocking effect and resulting in
soil mass volume increase as well as increase in porosity (shear dilatancy effect). As the loading increases, that will be
followed by slipping (shear failure), volume expansion and upheaval on the ground surface. Above all, DEM gives a
very good visualized results, and basically coincides well with the classical understanding. It is however unable to
reproduce the well-known logspiral transition zones in all the cases over different micro-parameters (including many
other results not shown in this paper) in this study.

For the transition zone due to the self-weight of soil, a logspiral failure mechanism is obtained by the use of finite
element limit analysis in Fig.5e (also implicit assumed in limit analysis and limit equilibrium method), while a distorted
transition zone close to a wedge is obtained by slip-line method and DEM. For such discrepancy, it should be noted that
in the finite element limit analysis, a uniformly distributed pressure is assumed as the boundary condition in the analysis,
while a zero stress outside the foundation is assumed as the boundary condition in the slip-line method or constant
velocity at the foundation region in the DEM. The pressure underneath the foundation is not assumed to be constant
under the slip-line method or DEM, and the exact logspiral failure mechanism will then not be formed. It appears that
the formation of the logspiral zone depends heavily on the boundary condition. For a real foundation, a constant
pressure underneath the foundation is not likely to occur, and the classical logspiral transition zone can hence only be
viewed as an approximate solution. This result is further illustrated by the laboratory tests as shown in Fig.16 and 18.

Fu et al. (2016) has obtained near logspiral transition zone from DEM which is unable to be reproduced in the
present study. To assess the acceptability of a proper failure mechanism, particularly for the case of self-weight of soil,
several laboratory tests have been carried out. From the test results by the authors, it is found that the classical logspiral
mechanism as given by the classical plasticity based approach (for zero unit weight) is not obtained which is also
consistent with some of the previous test results. On the other hand, the failure mechanism which is comprised of three
wedges from DEM or plasticity theory as given by Fig.5a to 5d can match better with the experimental results. In this
respect, the validity of the logspiral transition zone can only be viewed as an approximate solution which may be good
enough for engineering use only.

3. Conclusion
While the concept of logspiral transition zone has been widely accepted and used for analysis, design and

stabilization, the validity of this failure mechanism should be further verified. In the present study, different numerical
methods have been used, and it is found that the classical logspiral transition zone concept is possibly an approximation
only which is heavily controlled by the boundary condition, and the suitability of the logspiral mode may decrease with
increasing friction angle. In fact, a near fan/wedge zone may be a more realistic transition zone, though the use of
logspiral zone can also give reasonable values bearing capacity factors for the effects of the self-weight of soil.

So far, there is only very limited application of the discrete element method in the bearing capacity problem. The
authors has demonstrated the suitability of using DEM for both the elastic and plastic stage bearing capacity problem,
and the failure modes as obtained are in form of wedges which are similar to the present and some previous laboratory
tests. It is true that the present DEM results cannot reproduce all the previous laboratory based failure modes, but
neither can the classical plasticity based method nor finite element method reproduces all the observed failure modes.

The authors suspect that unless an advanced soil constitutive model, discrete element model, anisotropy or other
possible factors are considered, different methods can only reproduce some of the observed failure modes. Up to the
present, there is very few application of DEM in the study of the bearing capacity problem, but the authors view that
there are some potential advantages in using DEM for qualitative study of the bearing capacity problem. In the Discrete
Element Method, the micro-parameters such as the normal and shear stiffness, granular size, particle size distribution,
porosity, interlocking effect can affect the bearing capacity which is not included in the classical Prandtl and Vesic
Equation, not to say the shear dilatancy effect. From the present study, the authors observe that DEM seems to be a
more appropriate method to analyze the behaviors of discontinuities. It can provide additional insights into many
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geotechnical problems which are not possible with other methods. However, with the advantages to analyze granular
materials and the rapid development in computer technologies, it is believed that DEM can be widely used and can
supplement the continuum method such as FEM to solve geotechnical engineering problem in the near future.
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