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Tunneling lifetimes of electrons escaping from atoms
under a static electric field
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The tunneling lifetime of an electron escaping from an atom is calculated using a projected Green’s
function method, combining with the radial potential of the atom which is obtained from density
functional theory. Results of the calculated electron tunneling lifetimes in model systems such as a
quantum dot are shown to be comparable with other theoretical studies. For the first time, we have
obtained the tunneling lifetimes of electrons escaping from a series of atoms (He, Ne, Ar, Kr, H, Li, Na,
K) under a static electric field. Dependent on both the barrier width/height and the bound strength of
the ground state electron, the calculated tunneling lifetime under a static electric field spans from fem-
tosecond level to picosecond level, consistent with the attosecond-level results in experiments using
a time-dependent external field. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4994937]

I. INTRODUCTION

Atoms exposed to a strong laser field can lose electrons via
the process of tunneling or multiphoton ionization.1–4 With the
recent progress in attosecond technology, a detailed measure-
ment of these effects becomes feasible3 and the long-lasting
theoretical prediction and debate on electron tunneling time
now come to a new stage. The controversy5,6 appeared in
the past decades which is already known from the literature
includes how long it takes for an electron to transverse a bar-
rier. And sundry definitions for the tunneling time have been
adopted. New theoretical methods for exploring the tunnel-
ing lifetime of atomic systems under the laser field like what
we introduce in this work using the projected Green’s func-
tion (PGF) and the recursion method7,8 are urgently needed to
address the outstanding issues.

Conceptually, quantum tunneling refers to the quantum
mechanical phenomenon, where waves (light or particles) pen-
etrate potential barriers that would otherwise be insurmount-
able classically.9,10 The original definition of tunneling time
for atomic systems in varying laser fields was first introduced
by Keldysh, adopting a dynamic theory of optical field ion-
ization of atoms under a time varying laser field.11 Such a
framework suggests that the tunneling time is instantaneous
but imaginary, corresponding to the decay of the wavefunction
under the barrier, and such times are obtained using physical
considerations of what an electron actually observes in the
real time scale while it is tunneling inside the barrier.11,12 As
reminded in Landsman’s review paper,3 the main theoretical
contenders for tunneling time can be viewed as average values,
rather than deterministic quantities.13,14 In agreement with this
remark, and applying a Green’s function approach, the present
work defines the tunneling time as the decay time scale for the
initial wavefunction of an electron to relax/decay to the final

a)Author to whom correspondence should be addressed: aprqz@cityu.edu.hk

wavefunction. We aim to present numerical decay time results
for practical systems, which can be taken as a standard of com-
parison for further theoretical explorations, either qualitative
or quantitative.

II. THE PROJECTED GREEN’S FUNCTION METHOD

Consider an electron in a static atomic potential field
which stays in its ground state described by a wavefunc-
tion Ψ(~r, t = 0). When the external field is switched on, the
ground state becomes a resonant (or quasi-bound) state and
the electron gradually tunnels out from the initial region, until
it reaches a stable state described by Ψ(~r, t).

The radial part of the spherical Schrödinger equation
reads

[
−
~2

2m
d2

dr2
+
~2

2m
l(l + 1)

r2
+ V (r)

]
φn(r) = Enφn(r), (1)

in which φn(r)= rRn(r) and Rn(r) corresponds to the radial part
of the wavefunction and the total wavefunction is ψn(r, θ, ϕ)
=Rn(r)Ylm(θ, ϕ), l = 0, 1, 2, . . .. The time evolution of the
localized wavefunction can be expressed as a linear combi-
nation of ψn(r), and the radial part is

Ψ(r, t) = θ(t)
∑

n

cnψn(r) exp(−iEnt/~), (2)

where θ(t) is the Heaviside step function ensuring the electron
to emerge at t = 0.

When studying the tunneling process, the time depen-
dence of the wave amplitude of the original localized wave-
function Ψ (r, t = 0) is given by〈
Ψ(r, t = 0)��Ψ(r, t)

〉
= θ(t)

∑
n

c∗ncn exp(−iEnt/~). (3)

The key point of the PGF method is to obtain the tunnel-
ing lifetime by performing a Fourier transform for the above
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expression first

1
√

2π

∫ +∞

−∞

〈
Ψ
∗(r, t = 0)��Ψ(r, t)

〉
exp(iEt/~)dt

=
i~
√

2π

∑
n

c∗ncn
1

E + iδ − En
, (4)

where δ is an imaginary part added to the energy to ensure the
convergence of the integral when t → + ∝. This expression
is related to the Green’s function7,15 of the radial Schrödinger
equation (1) by

∑
n

c∗ncn
1

E + iδ − En
=

∫ ∫
Ψ
∗(r)G(r, r ′, E + iδ)Ψ(r ′)drdr ′

= 〈Ψ|G|Ψ〉 , (5)

since the Green’s function has the form of

G(r, r ′, E + iδ) =
∑

n

ψ∗n(r)ψn(r ′)
E + iδ − En

. (6)

Expression 〈Ψ|G|Ψ〉 is the so-called projected Green’s
function and can be calculated using the recursion
method (see Sec. III for details) as

〈Ψ|G|Ψ〉 =
1

E + iδ − a0 −
b2

1

E + iδ − a1 −
b2

2

. . .

E + iδ − an−1 −
b2

n

E + iδ − an

=
1

E + iδ − a0 − b2
1G1

, (7)

with coefficients ai and bi defined by applying the follow-
ing equations recursively to a set of wavefunctions Φi(i
= 0, 1, 2, 3, . . .), where Φ0 ≡ Ψ is the initial wavefunction
and Φ−1 = 0,

_

H |Φi〉 = ai |Φi〉 + bi |Φi−1〉 + bi+1 |Φi+1〉 ,

i = 0, 1, 2, . . . , n − 1.
(8)

When G1 in Eq. (7) is not strongly dependent on E, the
PGF has the form of a Lorentzian peak as follows:

〈Ψ|G|Ψ〉 =
1

E − Ereal + i ~2τt

, (9)

where Ereal = Re[a0 + b2
1G1] denotes the real part of a0 + b2

1G1

in Eq. (7). The Fourier transform of the expression (9) finds that
the PGF has the time dependence of exp[−(iErealt)/~−t/(2τt)],
and τt here is the total lifetime of the electron, which is given
by

1
τt
=

2(δ − b2
1 Im[G1])

~
=

1
τs

+
1
τ

, (10)

τs =
~

2δ
, τ =

~

−2b2
1 Im[G1]

. (11)

It was shown in a previous work that when dealing with
the electron tunneling effect in 1D quantum well systems,
while τ represents the tunneling lifetime, τs accounts for the
electron’s scattering effect from impurities or phonons.16 For
atomic systems, this argument may have an extended interpre-
tation, which suggests that τs here corresponds to the lifetime
taken for the electron being reflected by the potential barrier,
and δ is introduced as an imaginary potential.17 Sokolovski

and Baskin also pointed out that in one-dimensional tunnel-
ing there exist two parts, representing the mean time spent in
the barrier region by the reflected and transmitted particles,
respectively.18

III. NUMERICAL CALCULATIONS
A. The finite difference method for solving
Schrödinger equation

The one dimensional Schrödinger equation

Ĥφn(x) =
−~2

2m
∂2

∂x2
φn(x) + V (xi)φn(xi) = Enφn(x) (12)

can be expressed by the finite difference method as

Ĥφn(xi) =
−~2

2m

[
φn(xi+1) − 2φn(xi) + φn(xi−1)

∆2

]
+ V (xi)φn(xi)

(13)

=
∑

k

Hikφn(xk) = Enφn(xi). (14)

In applications, we approximate the wavefunction φn with
discrete values at positions xk(k = 1, 2, 3, . . . , N), viz., using
the numerical basis χn(xk) = δnk to expand the wavefunction,

φn(x) =
N∑

k=1

Ckn χn(xk). (15)

Then a matrix equation can be derived,

N∑
k=1

Ckn〈χn(xi)|Ĥ | χn(xk)〉 =
N∑

k=1

CknEn 〈χn(xi)| χn(xk)〉.

(16)
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From Eq. (14), we learn that the Hamiltonian matrix
H = 〈χn(xj)|Ĥ | χn(xk)〉 has the following tridiagonal
form:

~2

2m
·

1

∆2
·



2 −1 0 0 · · · 0
−1 2 −1 0 · · · 0
0 −1 2 −1 · · · 0

0 0 −1 2 · · ·
...

...
...

...
...

. . . −1
0 0 0 · · · −1 2



+



V (x1) 0 0 0 · · · 0
0 V (x2) 0 0 · · · 0
0 0 V (x3) 0 · · · 0
0 0 0 V (x4) · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · V (xN )



,

while the overlap matrix S = 〈χn(xj)| χn(xk)〉 is an identity
matrix. Then the problem of solving the eigenvalue of such a
matrix equation can be tackled using the dsyev function of the
LAPACK lib code.

B. The recursion method

As mentioned in the theory part, the recursion coefficients
ai and bi can be defined by applying the following equations
recursively:

_

H |Φi〉 = ai |Φi〉 + bi |Φi−1〉 + bi+1 |Φi+1〉

≡ |Wi〉 (i = 0, 1, 2, . . . , N − 1). (17)

According to such relation, we get

ai = 〈Φi |Ĥ |Φi〉, (18)

b2
i+1 =

∫ L

0

���Ĥ |Φi
〉
−ai |Φi〉 −bi |Φi−1〉

���
2
dx, (19)

|Φi+1
〉
=

1
bi+1

[
Ĥ |Φi

〉
−ai |Φi〉 −bi |Φi−1〉

]
,

i = 0, 1, 2, . . . , N − 1,
(20)

where b0 = 0 and |Φ−1〉 = 0. Φ0 = |Ψ〉 is the initial
wavefunction, corresponding to the initial state of the
electron.

In the implementation of the code, we divide the length L
(or R for atomic radial problems) of the system into N pieces,
with the length of each piece to be ∆ = L

N . Therefore,

Wi(xk) = −
~2

2m∆2
[Φi(xk+1) − 2Φi(xk) + Φi(xk−1)]

+ V (xk)Φi(xk), (21)

ai =
∑

k

Φi(xk)Wi(xk)∆, (22)

b2
i+1 =

∑
k

��Wi
(
xk − aiΦi(xk) − biΦi−1(xk)��2∆, (23)

Φi+1(xk) =
1

bi+1
[Wi(xk) − aiΦi(xk) − biΦi−1(xk)] . (24)

After N steps, we are able to get all the coefficients ai and bi

and thus obtain the projected Green’s function in Eq. (9).

IV. RESULTS AND DISCUSSION

The validity of the PGF method for 1D quantum well
systems without an external field has been tested and verified
in previous studies.16,19 For atomic systems under an external
field, we combine the ~

2

2m
l(l+1)

r2 term in Eq. (1) with the potential
V(r) and have successfully applied it to several model atomic
systems shown in the present work.

Before applying it to atoms, we first performed the cal-
culation for a 1D quantum dot (QD) system studied by
McDonald.20 The potential of such a QD system is defined
as

V (x) =




1
2
α2x2 − β, for |x | <

√
2β/α

0, otherwise
, (25)

with α = 1/2 and β = 3/4. We adopted the same static
electric field with the strength of F, and the Hamiltonian is
given by

H =

{
H0, for t ≤ 0
H0 − Fx, for t > 0

, (26)

where H0 = T + V with T being the kinetic energy and V
being the potential. The tunneling lifetime for the electron to
escape from its ground state (�0.5 a.u.) is plotted in Fig. 1,
with the curve of the environmental potential shown in the
inset. The choice of δ does not affect the final results consid-
erably. The potential barrier is set as the red line (in the inset
of Fig. 1) shows: at the right side, it is as deep as the QD
well, and at the left side, it is generally two times the depth
of the QD well. A larger width (and correspondingly a larger
depth) does not significantly influence the tunneling lifetime:
the electron is not expected (with very low probability, approxi-
mately zero) to escape from the left side due to the much higher
potential barrier; as for the right side, a potential value lower
than the deepest value of the QD well is meaningless. Thus,
we set the potential to be zero once it reaches approximately
0.75 a.u—the value equaling to that of the bottom of the QD
well.

FIG. 1. Calculated tunneling lifetimes of the electron in the quantum dot
potential with applied external fields of different strengths. The red line in
the inset denotes the affected potential, with the field strength F = 0.08 a.u.,
for example. The barrier width is set as the red line shows, approximately
9 a.u.
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It is expected that the observed tunneling lifetime becomes
shorter as the field strength increases. The tunneling lifetime
under a stronger field strength calculated by PGF is compa-
rable with McDonald’s results, showing an identity in strong
field approximation (SFA).11,21 However, the calculated life-
time under a weak field strength is much larger than his. A
basic rule for testing the validity of the theory, in correspon-
dence with one’s intuition, is that the lifetime for an electron
to escape from its stable bound state without external pertur-
bation should tend to infinity: a most preliminary estimation
of the tunneling lifetime for the electron to escape from an
unperturbed hydrogen atom (in which the electron is bounded
to the ground state with the energy level of ∼0.5 a.u., equaling
to that of the present QD system) is approximately 30 000 yr,
as evaluated using PGF. From this aspect, the results of PGF
under a weak field strength show a better trend than McDon-
ald’s. The mismatch mainly comes from the difference in the
definition of the tunneling time, a long-lasting issue still under
debate.

Figure 2 shows the tunneling lifetimes for electrons in a
series of noble gas atoms under an external field. We obtained
the atomic radial potential V(r) using a quantum chemistry
package BDF22–24 with the electron correlation approximated
by the PBE functional.25 The barrier width here is determined

FIG. 2. (a) Calculated tunneling lifetimes of helium, neon, argon, and krypton
atoms under external fields. (b) The corresponding barrier width. The inset
is an example of the shape of the radial potential with the field strength of
F = 0.1 a.u.

approximately by Ip/F as shown in Fig. 2(b). The observed
electrons belong to the outer shells of these atoms, viz., 1s of
helium (�0.570 a.u.), 2p of neon (�0.498 a.u.), 3p of argon
(�0.382 a.u.), and 4p of krypton (�0.346 a.u.). The calcu-
lated tunneling lifetime under different field strengths shows
a similar trend to that of the QD system, as expected. Kryp-
ton and argon show shorter tunneling lifetimes due to their
narrower barrier width and higher energy of the outer shell
electron.

Analogous calculations are extended to open shell atoms
like hydrogen, lithium, sodium, and potassium. We note that
the approach of using Ip/F as the barrier width is ineffec-
tive for such systems since the approximated widths are too
short to form a real potential barrier. Figure 3(b) shows the
radial potential curve of these atoms under an external field
(F = 0.1 a.u.). The ionization potential of H, Li, Na, and K
atoms are known as 0.500 a.u., 0.198 a.u., 0.189 a.u., and
0.160 a.u., respectively. Thus the approximated barrier widths
(using the Ip/F approach) of these alkali metals are even
shorter than 2 a.u., which can hardly lead to potential bar-
riers under an external field with ordinary strength. For the
purpose of quantitative demonstration, we fixed the barrier
width to 6 a.u. (bohrs) and present the tunneling lifetimes of

FIG. 3. (a) Calculated tunneling lifetimes of the electrons of a series of open
shell atoms (hydrogen, lithium, sodium, and potassium) under an external
field. (b) The radial potential under an external field with the strength of
F = 0.1 a.u. The barrier widths are fixed to 6 a.u. (bohrs) for all atoms. The
solid dashed line for hydrogen atom corresponds to the analytical results.
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these open shell systems in Fig. 3. The self-interaction error
of DFT can bring in errors at the current stage, especially for
the hydrogen atom which has only one electron, but this error
diminishes as the number of electrons increases.26,27 Still, we
draw the analytical result of the hydrogen atom (the radial
potential is simply 1/r) in Fig. 3 for reference (see the solid
dashed line). Potential barriers of such model systems with
field strengths larger than ∼0.04 a.u. become even lower than
the energy level of the electron, leading to the tunneling life-
time of the attosecond-femtosecond level (1 a.u. ≈ 24.2 as).
Weaker static field strengths are expected to lead to the tunnel-
ing lifetime at the picosecond level, comparable with that of the
electrons in quantum well systems,16,19 and are much longer
than the experimental results using a time-dependent external
field.3,4 According to both Figs. 2 and 3, the tunneling lifetime
should relate not only to the barrier width and barrier height
but also to the bound strength of the electron: although all the
barrier widths and barrier heights of different atoms shown in
Fig. 3 are similar, the electron of the hydrogen atom takes a
much longer time to escape, due to the more stabilized ground
state of the outermost electron (1s, with the energy level of
�0.5000 a.u.), compared to those of the alkali atoms (Li-2s:
�0.106 a.u.; Na-3s: �0.103 a.u.; K-4s: �0.089 a.u.).

V. CONCLUSION

In conclusion, we have introduced a projected Green’s
function method to evaluate the tunneling lifetimes of elec-
trons escaping from atoms under an external field. Compared
with conventional theoretical approaches for evaluating the
tunneling lifetime by examining indirect physical quantities,
the PGF method adopts a more intuitive and straightforward
scheme to evaluate the tunneling lifetime for a chosen barrier
width and can be easily implemented in the code for applica-
tion. Our calculations show that the tunneling lifetime relates
not only to the barrier width and the barrier height but also to
the bound strength of the electron. We hope such theoretical
developments and reported results can build up a milestone

and starting point of the theoretical measurement of the tun-
neling time and thus bring new insight for the exploration of
tunneling effects in both theoretical studies and experimental
designs.
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