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Since the advent of “high-entropy” alloys, the simple ideal mixing rule has been commonly used to

calculate the configurational entropy of mixing for these multicomponent alloys. However, there

have been increasing experimental evidence reported recently showing that the ideal mixing rule

tends to overestimate the configurational entropy of mixing in the multicomponent alloys, particu-

larly at a low temperature. In contrast to the ideal mixing rule, here we provide a formula to assess

the configurational entropy of mixing in random solid-solution multicomponent alloys by consider-

ing the possible correlations among the constituent elements due to various factors, such as atomic

size misfit and chemic bond misfit, which may disturb the potential energy of the system and thus

reduce the configurational entropy of mixing. With our entropy formulation, the correlation is

explored between the configuration entropy of mixing of different alloys and the general character

of the phases formed, such as single- or multiple-phased crystalline phase versus amorphous phase.

Being in good agreement with the simulation and experimental results, our work provides an ana-

lytical framework that could be further used to explore phase stability in complex multicomponent

alloys. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4965701]

I. INTRODUCTION

Different from the traditional alloying strategy based

on one or two principal elements, a novel alloy design para-

digm, termed as “high entropy alloys,” (HEAs)1 was pro-

posed recently, which encompasses the mixing of more

than five principal elements. According to Yeh et al.,1 a

high entropy effect could arise in these alloys if the constit-

uent elements are mixed in an equal molar fraction. This

idea is rooted in the formulation of the configurational

entropy of mixing for an ideal solution, according to which

the configurational entropy of mixing Smix of a solid solu-

tion reaches its maximum Rln(n) in an equiatomic composi-

tion, where R is the gas constant and n is the number of

elements. Therefore, it was expected that the formation of a

random solid solution phase should be favored over others

in HEAs, such as intermetallic compounds due to the effect

of entropic stabilization.1–3 Over the past years, several

empirical and semi-empirical rules have been proposed to

predict the formation of random solid solution phases.4–6

This stimulated tremendous research interest in physical

metallurgy since 2004.3,7–16 Conceptually, this new alloy

design strategy opens a space with nearly infinite alloy

compositions,1,12,15,17 which has led to many discoveries of

interesting HEAs with superb properties, such as high hard-

ness,18–23 outstanding thermal stability,24 excellent wear

resistance,24,25 good fatigue resistance,26 excellent high-

temperature strength,27,28 and superb cryogenic tough-

ness.29 Despite these exciting discoveries, one fundamental

issue still remains,7,30 that is, whether the configurational

entropy of mixing in HEAs is as high as predicted by the

ideal mixing rule.

In theory, as a high configurational entropy of mixing

stabilizes a random solid solution phase,2 the formation of

random solid-solution was thought to be the consequence

and manifestation of the entropic stabilization effect unique

to HEAs.1–3,14 However, according to the recent experi-

ments,18,31–33 many other phases could also be detected in a

variety of HEA compositions. Only a few as cast HEA sys-

tems, such as CoCrFeMnNi23,34–37 and MoNbTaVW28,38

appear to be a single phased random solid solution. Recent

experiments showed that the single-phased CoCrFeMnNi

face-centered cubic (FCC) alloy remained stable after

annealing at 900 �C for 500 days; nevertheless, it became

unstable and decomposed into a few other phases after

annealing at 700 �C and 500 �C for 500 days.33 A similar

phenomenon was also reported for the Al0.5CoCrCuFeNi

alloy.39–45 On the other hand, according to the recent work

of Tasan et al.,46,47 the equimolar quaternary CoCrFeMn

alloy shows a multiphase microstructure while the non-

equimolar alloy Co10Cr10Fe40Mn40 exhibits a homogeneous

FCC single phase. These experimental findings are impor-

tant, which delivers a strong message that the configurational

entropy of mixing in many equiatomic multicomponent

alloys might be overestimated with the simple ideal mixing

rule, and even the random solid solution structure reported

previously in some single-phased HEAs might be metastable

in nature.

In principle, there are several stringent conditions to

apply the ideal mixing rule, such as all the constituent atoms

must have an identical size and the inter-atomic interactions

must be negligibly small.48 Therefore, it could be oversim-

plifying to employ the ideal mixing rule in the assessment of
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the configurational entropy of mixing for real alloy systems,

in which there is a strong misfit in atomic size and chemical

bond. Based on the work of Manssori et al.,49 Ye et al.50

recently proposed that the total configurational entropy of

mixing ST of a multicomponent alloys can be expressed as

ST ¼ SC þ SE by considering the effect of the atom size dif-

ference, where SC denotes the configurational entropy of

mixing for ideal mixing and SE is the excessive entropy of

mixing that is a function of atomic packing density and atom

size. Furthermore, Ma et al. suggested that the contributions

from the vibrational, electronic, magnetic entropy should

also be considered in addition to the configurational entropy

of mixing30 and Gao et al. calculated the vibrational entropy

of mixing and electronic entropy of mixing for FCC, BCC,

and HCP HEAs.51 Today, the issue of configurational

entropy of mixing in HEAs is openly debated,7,31,33,52,53

therefore calling for more research efforts. In this work, we

start from the fundamental statistic mechanics principle and

derive a close-form formula to assess the configurational

entropy of mixing in multicomponent alloys. Within the

framework of Gibbs entropy, we can show that the configu-

rational entropy of mixing in a multicomponent alloy is not

only a function of chemical composition, as the ideal mixing

rule suggests, but also a function of the potential energy fluc-

tuation that is directly or indirectly related to the misfit in

various attributes of the constituent elements.

II. THEORY

A. Entropy for ideal versus correlated mixing

To begin with, it would be useful to have a brief discus-

sion of ideal mixing rule and its applicability to a real alloy

system. At the present time, the formulation of ideal mixing

rule is widely used in the HEA community to quantify the

configurational entropy of mixing in HEAs, which leads to

the simple formula Sid ¼ �kB

Pn
i¼1 cilnci with ci denoting

the atomic fraction of the ith element. In principle, the above

formula stems from the ideal mixing rule being applied to

the Boltzmann entropy SB ¼ kBlnX, where X is the total

number of microstate of the system and kB the Boltzmann

constant. However, it should be emphasized that the

Boltzmann entropy is a measure of the available microstates

which correspond to the same macrostate (or the same mac-

roscopic potential energy). As such, the Boltzmann entropy

is only applicable to an isolated system or a system at a

global thermodynamic equilibrium.54 This contrasts the

recent findings that many random solid solutions previously

reported for HEAs are indeed metastable phases.7,55 On the

other hand, Gibbs entropy is defined as

SG ¼ �kB

X
i

pilnpi; (1)

where pi ¼ Z�1 exp ð�Ei=kBTÞ is the probability of micro-

state i, in which Ei is the energy of microstate i, Z ¼
P

i exp

ð�Ei=kBTÞ is the partition function defined in statistical

mechanics.54 In contrast to Boltzmann entropy, Gibbs entropy

applies to a closed system in a thermal equilibrium with its

environment, therefore suitable for either an equilibrium or

metastable phase. In general, Gibbs entropy could be con-

verted into Boltzmann entropy should all the microstates cor-

respond to the same potential energy or the same

macrostate.54,56

To demonstrate the difference between Gibbs and

Boltzmann entropy, let us perform a simple numerical

“experiment” by assuming that there are N microstates in a sys-

tem, each of which possesses a normalized configurational

potential energy x ¼ Ei=kBT. In such a case, the Boltzmann

entropy can be simply computed as kBln(N) regardless of the

energy distribution. To compute the Gibbs entropy, let us

assume a random distribution of xi. Fig. 1(a) shows the ratio of

Gibbs to Boltzmann entropy, SG/SB, computed for a variety of

xi ranges by fixing the number of the microstates sampled at

N¼ 1000. As seen in this figure, SG is identical to SB if the nor-

malized energy fluctuation is small, i.e., x is within the range

from 0 to 1. However, the ratio SG/SB decreases as the energy

fluctuation widens. We also studied the influence of the

sampling size N on the SG/SB ratio. As shown in Fig. 1(b), the

SG/SB ratio initially increases with N and gradually levels off

FIG. 1. (a) The ratio of Gibbs to Boltzmann entropy for the different energy

fluctuation range at the sampling size N¼ 1000 (b) Variation of the ratio of

Gibbs to Boltzmann entropy with the sampling size for the different energy

fluctuation range.
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to a plateau value. A similar energy fluctuation dependence

of the plateau value for the SG/SB ratio is also observed in

Fig. 1(b). Although the random distribution of the energy state

is only an assumption at the present, however, the above simple

simulation indicates that, if there was a significant energy

fluctuation in a real alloy, the corresponding configurational

entropy of mixing could be smaller than predicted by the ideal

mixing rule, which is based on the Boltzmann entropy

formulation.

B. Gibbs entropy formulation for correlated mixing

Now let us turn to the basic statistic mechanics princi-

ples to formulate the configurational entropy of mixing in

really alloys. For a real alloy system, the partition function

Z can be expressed as Z ¼
Pk

a¼1 Xa exp ð�Ea=kBTÞ, where

Xa is the number of the microstates that correspond to

the same macrostate a, Ea is the energy of macrostate a,

and k is the number of possible macrostates of the system.

Obviously, the total number of microstates X can be

expressed as X ¼
Pk

a¼1 Xa. For a solid system, the Gibbs

free energy G is approximately equal to the Helmholtz free

energy A, which can be related to the partition function as

G � A ¼ �kBTlnZ. To facilitate derivation, we rewrite the

energy state Ea as Ea ¼ U þ ea for a solid solution, where

U is defined as the reference potential energy while ea as the

excess energy of macrostate a due to mixing. As such, the

configurational entropy of mixing Scorr for a solid solution

under the condition of correlated mixing can be derived as

(see Appendix A):

Scorr ¼ Sid þ SE; (2)

where the first term on the right hand side is the configura-

tional entropy of mixing for an ideal solution Sid ¼ kB ln X
while the second term is here defined as the excess entropy

SE ¼ � em��e
T in which

em ¼ �kBT ln

Xk

a¼1

Xa exp �ea=kBTð Þ

Xk

a¼1

Xa

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
; (3a)

�e ¼

Xk

a¼1

Xa exp �ea=kBTð Þea

Xk

a¼1

Xa exp �ea=kBTð Þ
: (3b)

To check the validity of the above formulation, we first con-

sider the following limiting cases. For an ideal mixing, there is

no energy fluctuation in the potential energy of the solid solu-

tion, as illustrated in Fig. 2; therefore ea¼ 0 and consequently,

em ¼ �e ¼ 0 and Scorr¼ Sid. On the other hand, for an equilib-

rium solid solution phase, there is a dominant macrostate

a with Xa far exceeding others, which leads to em � �e � ea.

As a result, we also obtain SE� 0 and Scorr� Sid.

In this work, our interest is to assess the configurational

entropy of mixing of a solid solution system if it is not an

equilibrium phase but a metastable phase instead. In such a

case, one can envision that the mixing of different types of

elements could disturb the potential energy of the system, as

illustrated in Fig. 2, and therefore changes the configura-

tional entropy of mixing. As such, the configurational

entropy of mixing could be lower than predicted by the ideal

mixing rule (Boltzmann entropy) according to our previous

analysis [Figs. 1(a) and 1(b)]. For the case of small perturba-

tion, we consider a scenario that there are no dominant mac-

rostates and, therefore, the number of the microstates for

each macrostate remains on the same order of magnitude.

For the sake of simplicity, let us take Xi � Xj � X=k. In that

case, Eq. (3) can be rewritten as (see Appendix A)

em ¼ kBTln
De
kBT
� kBTln exp � emin

kBT

� �
� exp � emax

kBT

� �� �
;

(4a)

�e ¼ ea þ kBT � De
2
�
1þ exp � De

kBT

� �

1� exp � De
kBT

� � ; (4b)

where ea ¼ emaxþemin

2
and De ¼ emax � emin is the range of

energy fluctuation. Combining Eqs. (2) and (4) then gives

Scorr ¼ Sid þ kB 1þ x

2
� ln xð Þ þ ln 1� e�xð Þ � x

2
� 1þ e�x

1� e�x

� �
;

(5)

where x ¼ De
kBT is the normalized energy fluctuation. Eq. (5) is

very important, which provides an alternative assessment of

the configurational entropy of mixing in a random solid solu-

tion phase other than the ideal mixing rules. Fig. 3 shows the

variation of Scorr with x in comparison with Sid. Within our

expectation, Scorr� Sid for small x while declines and falls

below Sid when the fluctuation x increases. Here, it should be

stressed that Eq. (5) is only valid for small perturbations. As

the temperature T approaches zero leading to a large energy

fluctuation x, the Boltzmann distribution of the energy state

FIG. 2. The schematic illustration of the configurational potential energy

landscape of an ideal mixing versus non-ideal or correlated mixing for a

solid solution system.
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becomes invalid and the quantum mechanical effect should

be considered.54,57

C. Energy fluctuation

Next, let us derive close-form formulas for the term of

energy fluctuation x. In principle, there could be different

types of inter-atomic interactions, bearing either an elec-

tronic, magnetic, mechanical, or chemical origin, which

could contribute to the energy fluctuation in a real alloy.

However, due to the limited scope of the current work, our

focus here is only on the energy fluctuation caused by the

atomic size and chemical bond misfit. First, let us consider

the energy fluctuation caused by the atom size difference.

According to Refs. 33, 50, and 58, an intrinsic residual strain

field would be induced by “squeezing” or “stretching” differ-

ent sized elements into a common lattice. In that case, the

configurational potential energy for microstate i can be writ-

ten as Ei ¼ U � eiVa where U is the reference potential

energy, ei the elastic energy density of microstate i and Va

the average volume of the system. Thus, the energy fluctua-

tion due to the atom size difference per atom can be

expressed as Dee ¼ De � �V in which De represent the fluctua-

tion range of elastic energy density and �V is the average

atomic volume. As shown in Appendix B, the fluctuation

range of the elastic energy density can be derived as De �

2eRMS ¼ 3
ffiffiffi
2
p

eRMS �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT � �K

�V

q
where eRMS is the root mean

square elastic energy density, eRMS is the root mean square

residual strain defined in Ref. 50 and �K is the average bulk

modulus which can be estimated through the simple rule of

mixture.3 In such a case, the normalized energy fluctuation

due to the atom size difference xe can be expressed as

xe ¼ 3
ffiffiffi
2
p

eRMS �

ffiffiffiffiffiffiffiffi
�K �V

kBT

s
: (6)

To consider the energy fluctuation due to chemical bond mis-

fit, the configurational potential energy for microstate i can be

expressed as Ei ¼ U � niN where ni is the average chemical

bond energy of microstate i and N is the number of chemical

bonds. In a similar fashion, we can also derive the energy fluc-

tuation term xc caused by the misfit in the chemical bond

between atomic pairs (see Appendix B), as given below

xc ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

X
j;i6¼j

cicj Hij � �H
� �2

s

kBT

vuuuut
: (7)

III. HYBRID MONTE-CARLO AND MOLECULAR
DYNAMICS SIMULATIONS

To validate our theory, we carried out the hybrid atomis-

tic Monte Carlo (MC) and molecular dynamics (MD) simula-

tions for extensive configurational sampling. For this purpose,

we chose the equiatomic CrFeNi alloy as the model system.

This choice was made mainly for two reasons. First, this ter-

nary CrFeNi system has the well-established inter-atomic

potentials, which were formulated through the embedded

atom method (EAM) and have been extensively benchmarked

and validated.59,60 Here, to be consistent with our theory, our

simulations were conducted with the available potentials with-

out considering magnetism.59,60 However, following the deri-

vations shown in Appendix B, an additional term taking into

account the magnetic effect could be readily added to the nor-

malized energy fluctuation x in future. Second, unlike other

equiatomic multicomponent alloys, the CrFeNi alloy is com-

posed of the elements quite similar in their physical/chemical

properties; therefore, it can be expected that the energy fluctu-

ation, if any, should be small in this system, which agrees

with our basic assumption for Eq. (5). To begin with, we first

constructed an 8� 8� 6 supercell with a face-centered cubic

(FCC) structure to be filled with randomly distributed Fe, Ni,

and Cr atoms. The initial structure was subsequently equili-

brated for 100 000 time steps with a 1 fs duration for each

time step. For effective configurational sampling, we per-

formed extensive MC simulations and used 3� 106 steps to

search for each possible metastable configuration at different

temperatures, which is much longer than reported in the previ-

ous works.61,62 During the MC simulations, atom swaps are

accepted according to the probability pMC¼min[1, exp(�DE/

kBT)],63 where DE is the energy difference before and after

the atom swap. For a statistical analysis, 100 ensamples were

obtained in our simulations in order to achieve a near-

maximum entropy.

Fig. 4(a) shows a representative configuration of the

modeled CrFeNi alloy. To check if there is any short-range

chemical ordering, we calculated the possibility that the first-

nearest neighboring lattice site is occupied by a given atom.

As shown in Fig. 4(b), it is evident that the possibilities of all

atomic pairs are near 33%, which is identical to the average

chemical composition of the alloy, therefore indicative of a

random solid solution structure. In order to obtain Scorr via

Eq. (1), we first constructed the potential energy landscape

of the random solid solution structure by plotting the poten-

tial energy against each configuration obtained. As clearly

seen in Fig. 5(a), the potential energies for different micro-

states do not conform to a single value but fluctuate within a

FIG. 3. The variation of the correlated entropy with the normalized energy

fluctuation x in comparison with the ideal entropy.

154902-4 He, Ye, and Yang J. Appl. Phys. 120, 154902 (2016)



certain range. As the temperature decrease, the energy fluctu-

ations increase, which are in line with our theories. With the

distribution of the obtained potential energy, we can use

Eq. (1) to directly calculate the Scorr of the modeled system

and compare it to the theoretical prediction with Eq. (5) (see

Appendix C). As seen in Fig. 5(b), our theory captures the

general trend of the simulation results very well, which

shows that Scorr is close to Sid only at a high temperature but

decreases as the temperature drops. Notably, similar findings

were also reported recently in Refs. 30, 61, 62, and 64.

IV. RESULTS AND DISCUSSION

A. Entropy for ideal versus correlated mixing

As Eq. (5) is validated with the MC-MD simulations,

it would be of interest to know how well the entropy Scorr

(Eq. (5)) compares with the entropy Sid for different types of

alloys. To this end, we calculated the correlated entropy Scorr

of a multitude of alloys, from binary to octonary, by assum-

ing that they form a metastable random solid solution struc-

ture (see Table S1 in supplementary material). For the sake

of comparison, only the alloys with an equi- or nearly equi-

molar ratio were selected. As shown in Fig. 6(a), the corre-

lated entropy Scorr of the alloys studied is approximately

equal to the entropy Sid for the binary and ternary alloys,

while the correlated entropy is slightly less than the ideal

entropy for complex multicomponent alloys at the high tem-

perature T¼ 3000 K. However, except for the simple alloys,

such as the binary and ternary alloys, it appears that the cor-

related entropy of the complex multicomponent alloys tends

to decline and deviate from the ideal entropy when the tem-

perature drops to the average melting point [Fig. 6(b)].

These results are interesting, which suggest that the ideal

mixing rule works very well for these simple systems such

as the traditional binary and ternary alloys. However, as the

compositional complexity of an alloy increases, a large dif-

ference could arise between the correlated and ideal entropy,

particularly at a lower temperature. Recently, Otto et al.55

found that the CoCrFeMnNi alloy remained to be a single

phase solid solution after homogenization at 1200 �C for

2 days and being subsequently annealed at 900 �C for

500 days. However, the same alloy became unstable and

FIG. 4. (a) A representative 3-D configuration of the CrFeNi alloy con-

structed in the MC-MD simulation and (b) possibility that the first-nearest

neighboring lattice site is occupied by a given atom (Fe, Ni, Cr in the x axis,

respectively).

FIG. 5. (a) The potential energy obtained from the MC-MD simulation at

various temperatures and (b) the comparison of Scorr/Sid from the simulation

with the theoretical prediction at different temperatures.
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formed second-phase precipitates if annealed at 500 �C and

700 �C for 500 days.55 From the perspective of nucleation

and growth, this phenomenon is somewhat unexpected since

the second phase formation is often favored at a high temper-

ature. Nevertheless, based on the current work, we can

provide an explanation from the perspective of entropic sta-

bilization1,7 to rationalize this phenomenon, that is, since the

configurational entropy of mixing in the CoCrFeMnNi alloy

becomes low at a low temperature, the random solid solution

becomes less energetically favorable, which in turn facili-

tates the formation of second phases at a low rather than

high temperature.

B. Entropy-phase correlation

Next, let us examine if there is any correlation between

correlated entropy and phase formation in HEAs. According

to the original proposal of Yeh,1 the configurational entropy

of mixing was thought to be a key factor to influence the

phase stability in HEAs. However, in the HEA literature,1,8

the ideal entropy Sid was usually adopted to establish the cor-

relation, if any, between the configurational entropy of mix-

ing and phase selection in HEAs. Unfortunately, according

to the prior works,7,14,65 the correlation between Sid and

phase formation in HEAs is very poor. In view of that, it is

worthwhile to study the correlation using the correlated

entropy. To this end, we selected a set of typical equiatomic

alloys for analysis. Although these alloys may share the

same ideal entropy according to the ideal mixing rule, how-

ever they exhibit a different character of phase selection in

the as-cast state. Here, we divide these alloys into three types

according to the general character of their as-cast phases,

namely, type 1 corresponds to an as-cast single phase, type 2

to an as-cast multi-phase, and type 3 to an as-cast amorphous

phase. By assuming that all these alloys form a metastable

random solid solution upon casting, we are able to calculate

the configurational entropy of mixing of the individual

composition. Within our expectation, it can be shown that,

like the ideal entropy, the correlated entropy is not capable

of distinguishing these alloys at the temperature as high as

T¼ 3000 K [Fig. 7(a)]. However, when the temperature

drops to the average melting point, we notice that the corre-

lated entropy of the alloys which forms multiple or amor-

phous phases in as cast state tend to decrease more

dramatically than those that form a single-phase solid solu-

tion, although a direct deviation between Scorr and phase

selection is still lacking[Fig. 7(b)]. Inspired by this behavior,

we use the ratio Scorr/Sid at the melting temperature to rank

different alloys [Fig. 8]. As a result, a pattern emerges that

separates the ratio Scorr/Sid obtained for different types

of alloys. As shown in Fig. 8, 0.85< Scorr/Sid< 1.0 for

an single-phased alloy (type 1), 0.7< Scorr/Sid< 0.85 for an

multi-phase alloy (type 2), and 0.4< Scorr/Sid< 0.6 for an

amorphous alloy (type 3).

To rationalize our findings of the entropy phase correla-

tion [Fig. 8], let us resort to the Hume-Rothery rules,66

according to which three major factors should be considered

for one to obtain a random solid solution structure, i.e., the

atom size difference should be less than �15%; the differ-

ence in electronegativity be small and the total number of

valence electrons be in a proper range.66 Indeed, these rules,

particularly the first two, agree very well with our correlated

entropy formulation. According to Eqs. (6) and (7), minimiz-

ing the atom size difference or chemical bond misfit is equiv-

alent to minimizing the energy fluctuation, which in turn

maximizes the correlated entropy. In other words, if one

intends to satisfy the Hume-Rothery rule, he should keep the

energy fluctuation term as low as possible. Conceptually,

this means that the alloy so obtained, when it forms a random

solid solution phase, is very close to an ideal solid solution

and thus, its ratio of Scorr/Sid should be near unity, as demon-

strated in Fig. 8. However, one should be cautious to inter-

pret the entropy-phase correlation herein discovered. In

theory, phase selection is thermodynamically governed by

the Gibbs energies of the competing phases, not by the

entropy alone. Therefore, the entropy-phase correlation as

shown in Fig. 8 may only constitute a necessary condition

for the formation of the random solid solution phase. In our

FIG. 6. Correlated entropy versus ideal entropy for a variety of alloy compo-

sitions at the temperature of (a) 3000 K and (b) the average melting

point Tm.
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opinion, a vigorous thermodynamic approach is still needed

to fully account for the phase selection in HEAs.

V. CONCLUSION

To summarize, a Gibbs entropy based formulation was

developed in this work to quantify the configurational

entropy of mixing of metastable solid solution in multicom-

ponent alloys. Based on our results, salient conclusions can

be drawn as below:

(1) The configurational entropy of mixing of a random solid

solution under the condition of correlated mixing is tem-

perature dependent and affected by the misfit in the

physical/chemical properties of the constituent elements.

(2) The difference between the correlated and ideal entropy

is negligibly small for traditional binary and ternary

alloys while increases significantly with the decreasing

temperature in multicomponent alloys.

(3) Through the correlated entropy formulation, a connection

can be made between the notion of entropic stabilization

and the Hume-Rothery rules. The entropy-phase correla-

tion herein discovered suggests that the Hume-Rothery

rule is also applicable to complex multicomponent alloys.

(4) Like the ideal entropy, the correlated entropy alone is not

capable of distinguishing multicomponent alloys in terms

of their phase; however, the ratio of the two at the melting

temperature may constitute a good indicator to distinguish

the multicomponent alloys of different phases.
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See supplementary material for Table S1.
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FIG. 7. The correlated entropy com-

puted for the typical equiatomic alloys

at the temperature of (a) 3000 K and

(b) the average melting point Tm.

FIG. 8. Comparison of the ratio of the correlated to ideal entropy Scorr/Sid

obtained for a variety of alloy compositions at their melting temperature.
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APPENDIX A: DERIVATION OF CORRELATED ENTROPY

For macrostate a, which has Xa microstates, we can rewrite

Xa as Xa ¼ gaX, in which 0 � ga � 1. Since X ¼
Pk

a¼1 Xa, it

is obvious that
Pk

a¼1 ga ¼ 1. In that case, the partition function

Z can be expressed as

Z ¼ X exp � U

kBT

� �
�
Xk

a¼1

ga exp � ea

kBT

� �
: (A1)

The Gibbs free energy of the system G ¼ �kBT ln Z can be

rewritten as

G ¼ �kBT ln Xþ U � kBT ln
Xk

a¼1

ga exp � ea

kBT

� � !
:

(A2)

Therefore, the Gibbs free energy of mixing can be expressed

as

DGmix ¼ �kBT ln X� kBT ln
Xk

a¼1

ga exp � ea

kBT

� � !
: (A3)

The Gibbs entropy for a correlated mixing can thus be

obtained as

Scorr ¼ �
@DGmix

@T

¼ kB ln Xþ kB ln
Xk

a¼1

ga exp � ea

kBT

� � !

þ kT

@ln
Xk

a¼1

ga exp � ea

kBT

� � !

@T
: (A4)

The above equation can be simplified into

Scorr ¼ Sid þ SE; (A5)

where the first term on the right hand side is the configura-

tional entropy of mixing for an ideal solution Sid ¼ kB ln X
while the second term is defined as the excess entropy SE ¼
� em��e

T in which

em ¼ �kBTln

Xk

a¼1

Xa exp �ea=kBTð Þ

Xk

a¼1

Xa

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
; (A6a)

�e ¼

Xk

a¼1

Xa exp �ea=kBTð Þea

Xk

a¼1

Xa exp �ea=kBTð Þ
: (A6b)

If we take Xi ¼ Xj ¼ X=k, we can readily obtain the

following:

em ¼ �kBT ln

Xk

a¼1

Xa exp �ea=kBTð Þ

Pk
a¼1

Xa

8>>>><
>>>>:

9>>>>=
>>>>;

¼ �kBT ln

ðemax

emin

exp �e=kBTð Þdeðemax

emin

de

8>>><
>>>:

9>>>=
>>>;
; (A7a)

�e ¼

Xk

a¼1

Xa exp �ea=kBTð Þea

Xk

a¼1

Xa exp �ea=kBTð Þ
¼

ðemax

emin

exp �e=kBTð Þedeðemax

emin

exp �e=kBTð Þde
:

(A7b)

From Eq. (A7), we can further obtain that

em ¼ kBT ln
De
kBT
� kBT ln exp � emin

kBT

� �
� exp � emax

kBT

� �� �
;

(A8a)

�e ¼ ea þ kBT � De
2
�
1þ exp � De

kBT

� �

1� exp � De
kBT

� � : (A8b)

APPENDIX B: DERIVATION OF NORMALIZED ENERGY
FLUCTUATION

To consider the energy fluctuation caused by atom

size difference, the configurational potential energy for micro-

state i can be written as Ei ¼ U � eiVa. Thus, the partition

function of this system can be expressed as Z ¼
PN

i¼1 exp

½�bðU � eiVaÞ	 in which b ¼ 1=kBT. According to statistic

mechanics, the average elastic energy density can be

expressed as �e¼
PN

i¼1 eipi where pi¼ exp½�bðU�eiVaÞ	=Z
is the probability of microstate i. Therefore, we have

�e ¼
XN

i¼1

ei exp �b U � eiVað Þ½ 	=Z ¼ 1

bZ
� @Z

@Va
: (B1)

From Eq. (B1), it can be derived that

@�e

@Va
¼ @

@Va

1

bZ
� @Z

@Va

� �
¼ 1

bZ

@2Z

@V2
a

� 1

b
1

Z
� @Z

@Va

� �2

: (B2)

Combing Eqs. (B1) and (B2), we can derive that

@�e

@Va
¼ b �ee � �e2ð Þ ¼ beRMS; (B3)

where eRMS represents the root mean square of the elastic

energy density, which characterizes the level of the elastic

energy fluctuation. With the above derivations, we have eRMS

¼
ffiffiffiffiffiffiffiffiffi
1
b
@�e
@Va

q
�

ffiffiffiffiffiffiffiffiffi
1
b

D�e
DVa

q
, in which the differentiation @�e

@Va
is approx-

imated by the difference D�e
DVa

. In principle, one can take

DVa� �V (the average atomic volume) and D�e� 9
2

�Ke2
RMS.50

Thus, eRMS can be expressed as
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eRMS ¼
3
ffiffiffi
2
p

eRMS

2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT �

�K
�V

r
: (B4)

Finally, we obtain the following expression for the normal-

ized energy fluctuation xe caused by the atomic size

difference

xe ¼
Dee

kBT
¼ 2eRMS

�V

kBT
¼ 3

ffiffiffi
2
p

eRMS �

ffiffiffiffiffiffiffiffi
�K �V

kBT

s
: (B5)

Here, the term eRMS is multiplied by a factor of 2 because the

root mean square is roughly one half of the range of energy

fluctuation.

To consider the energy fluctuation due to chemical bond

misfit, the configurational potential energy for microstate i
can be written as Ei ¼ U � niN. Similar to the energy fluctu-

ation caused by atom size difference, the root mean square

of the average chemical bond energy can be expressed as

nRMS ¼

ffiffiffiffiffiffiffiffiffiffi
1

b
@�n
@N

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

b

				 D�n
DN

				
s

: (B6)

In principle, we can take DN � 1 and D�n �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i

P
j;i 6¼j cicjðHij � �HÞ2

q
, where ci is the atomic percent-

age of element i, Hij is the mixing enthalpy of element i and

j estimated by Miedema model,67 and �H is the average

enthalpy of Hij. Thus, the energy fluctuation due to chemical

bond misfit can be finally derived as Dec ¼ Dn ¼ 2nRMS

which then leads to:

xc ¼
Dec

kBT
¼ 2nRMS

kBT
¼ 2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

X
j;i6¼j

cicj Hij � �H
� �2

s

kBT

vuuuut
: (B7)

APPENDIX C: DIRECT CALCULATION OF
CORRELATED ENTROPY

The probability pi of microstate i with the energy state

Ei can be calculated via

pi ¼ expð�Ei=kBTÞ

XX

i¼1

expð�Ei=kBTÞ; (C1)

where kB is the Boltzmann’s constant and X the total number

of energy states sampled, which is 100 in our simulation.

While the ideal entropy can be readily obtained as

Sid ¼ kBlnX, the correlated entropy is calculated as follows:

Scorr ¼ �kB

X
i

pilnpi: (C2)

Since the entropy terms calculated via the above equations

scale with the sample size, here we use the ratio Scorr/Sid as a

size-independent indicator to quantify the deviation from the

ideal configurational entropy of mixing. To compute the

ratio Scorr/Sid theoretically, the atom radii used in this study

are taken from Ref. 14 and the mixing enthalpies are

estimated via the Miedema model.67,68 Here it is worth not-

ing that the unit of the mixing enthalpy used in this study is

J/atom. The normalized energy fluctuation due to the atom

size difference and chemical bond misfit were calculated

with Eqs. (6) and (7). With the total normalized energy fluc-

tuation given by x¼ xeþ xc, the Gibbs entropy can be calcu-

lated directly with Eq. (5).
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