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This paper presents new analytical solutions for buckling of carbon nanotubes (CNTs) and

functionally graded (FG) cylindrical nanoshells subjected to compressive and thermal loads. The

model applies Eringen’s nonlocal differential constitutive relation to describe the size-dependence

of nanoshells. Based on Reddy’s higher-order shear deformation theory, governing equations are

established and solved by separating the variables. The analysis first re-examines the classical

buckling of single-walled CNTs. Accurate solutions are established, and it is found that the buck-

ling stress decreases drastically when the nonlocal parameter reaches a certain value. For CNTs

with constant wall-thickness, the buckling stress eventually decreases with enhanced size effect.

By comparing with CNTs molecular dynamic simulations, the obtained nonlocal parameters are

much smaller than those proposed previously. Subsequently, FG cylindrical nanoshells are ana-

lyzed, and it is concluded that similar behavior that has been observed for CNTs is also valid for

FG cylindrical nanoshells. The paper further discusses in detail the effects of different geometric

parameters, material distribution, and temperature field. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4952984]

I. INTRODUCTION

The discovery of carbon nanotubes (CNTs) and gra-

phene sheets (GSs) has created an unprecedented revolution

in the field of material science.1,2 The emerging innovations

in nanotechnology have a significant impact on almost all

areas in technological industries. A vast range of nanostruc-

tures with one to three dimensions in nanoscale, such as

nanobeams,3–5 nanoplates,6–8 and nanoshells,9–11 were

explored in fundamental research and for novel applications.

Recently, with the rapid progresses in nanostructuring tech-

niques, functionally graded materials (FGMs) that are char-

acterized by a gradual compositional transition from one

component to other12 can be prepared at nanoscales, and

they have been extensively used as thin films13,14 as well as

the major parts in micro/nanoelectromechanical systems

(MEMS/NEMS).15–19 For these reasons, it is essential to

understand the mechanical behaviors of functionally graded

(FG) nanostructures.

The current analytical and experimental approaches for

nanosized structures are derived mainly from the research

studies of CNTs. However, due to the many restrictions in

nanoscale experiments and high experimental costs, theoreti-

cal solution and atomistic modeling have become the most

effective ways in handling the crucial scientific problems of

CNTs. Specifically, the static and dynamic behaviors of

CNTs are generally investigated by means of molecular

dynamics (MD),20–23 atomistic-continuum mechanics,24,25

and continuum mechanics.26–31 In view of excessive compu-

tational time and computer hardware, new continuum model-

ing methods have a prominent edge in doing parametric

studies of CNTs. To capture the intrinsic size effects of

small-scale structures, nonlocal elasticity theory pioneered

by Eringen32,33 is popular in the relevant works.34 The non-

local stress theory assumes that the stress state at a given ref-

erence point is closely related to the strain field of every

point in the body. As a result, the long range forces between

atoms are considered and the internal length scale is pre-

sented in constitutive equations as a material parameter. The

detailed applications of the nonlocal continuum theory in

modeling CNTs and GSs can be referred to some published

literature.34 With the growing concerns on FG nanostruc-

tures, a variety of nonlocal beam theories based on the

Eringen nonlocal differential constitutive equation26–28 have

been employed to study bending, vibration, and buckling

behaviors of FG nanobeams. Based on the nonlocal Euler-

Bernoulli beam theory, Eltather et al.35 carried out a free

vibration analysis of FG nanobeam by using the finite ele-

ment method. Similarly, a closed-form solution was pre-

sented by Rahmani and Pedram36 for vibration of FG

Timoshenko nanobeam. Buckling of nanostructure is a major

topic due to its unusual behavior. In some studies, the classi-

cal buckling failure mode has been used to reveal some inter-

esting natural phenomena.37–39 Currently, a great number of

articles have focused on the buckling problem of nanotubes

subjected to various loads,40 and the methods have been

extended to the study of FG nanostructures. Buckling of FG
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nanobeams was examined by Simsek and Yurtcu41 and

Eltaher et al.42 based on the nonlocal Timoshenko and

Euler-Bernoulli beam theories. A significant size effect on

the buckling loads was observed in their studies by compar-

ing with the classical beam models. Besides, the nonlocal

shell theory also plays a leading role in explaining the nano-

sized structural responses. Wang et al.31 obtained the univer-

sal solutions for CNTs buckling load in an earlier study. Ke

et al.43,44 discussed the thermo-electro-mechanical vibration

of piezoelectric cylindrical nanoshells based on Love’s thin

shell theory. However, these investigations provided very lit-

tle information on buckling of FG cylindrical nanoshell.

Furthermore, most of the analytical solutions mentioned

above were derived by approximate solving methods.

In this paper, the buckling of FG cylindrical nanoshells

under some combined compressive and thermal loads is

investigated through a rigorous theoretical process.

Practically, cylindrical nanoshells are generally prepared in

an array on a silicon substrate.45 To investigate a single

stocky cylindrical nanoshells with size-dependent character-

istic and small radius-thickness ratio, Eringen’s nonlocal dif-

ferential constitutive relation and Reddy’s higher-order shear

deformation theory (HSDT)46,47 are adopted to establish the

higher-order nonlocal governing equations. The higher-order

shear deformation theory considers the transverse shear

deformation in a moderately thick shell. By separating the

variables, new analytical solutions that clarify the size

effect are provided for buckling of cylindrical nanoshells.

Meanwhile, the effects of geometric parameters, FGMs prop-

erties, and temperature fields on the buckling solutions are

discussed in detail.

II. DESCRIPTION OF FG CYLINDRICAL NANOSHELL

Fig. 1 presents a functionally graded (FG) cylindrical

nanoshell with length l, mid-surface radius R, and thickness

h. The coordinate system refers to the middle shell surface,

and the three principal axes (x, y, z) are along the longitudi-

nal, circumferential, and outward normal directions, respec-

tively. It is assumed here that FG cylindrical nanoshells have

material properties that vary continuously from one surface

of the shell to the other, and the property distribution follows

two typical micromechanics models, i.e., the rule of mixture

(Voigt model)48 and the Mori-Tanaka model.49 Two types of

FG nanoshells are investigated: Type A shell is ceramic rich

on the outer side (z ¼ h=2) and metal rich on the inner side

(z ¼ �h=2), while the component configuration of Type B

shell is opposite to that of Type A.

According to a simple rule of mixture, the effective ma-

terial properties P denoting the Young’s modulus E,

Poisson’s ratio t, thermal expansion coefficient a, and

thermo conductivity j can be expressed by48

P ¼ ðPm � PcÞVm þ Pc; (1)

where Pm and Pc indicate the material properties of metal

and ceramic components, respectively. Vm represents the

volume fraction of metal, which follows a simple power law

distribution as

Vm ¼
1

2
7

z

h

� �k

; (2)

where the operators “�” and “þ” correspond to type A and

type B shells, respectively. The index k controls the profile

of component distribution across the shell thickness.

Mori-Tanaka scheme is suitable for graded microstruc-

tures with a discontinuous particulate phase in a continuous

matrix. In this case, the effective bulk modulus K, shear

modulus G, thermal expansion coefficient a, and heat con-

ductivity j are given by48,49

K ¼ Vm Km � Kcð Þ
1þ 1� Vmð Þ 3 Km � Kcð Þ= 3Kc þ 4Gcð Þ

� �þ Kc; (3a)

G ¼ Vm Gm � Gcð Þ
1þ 1� Vmð Þ Gm � Gcð Þ= Gc þ fcð Þ

� �þ Gc; (3b)

a ¼
1=K � 1=Kcð Þ am � acð Þ

1=Km � 1=Kc

þ ac; (3c)

j ¼
Vm jm � jcð Þ

1þ 1� Vmð Þ jm � jcð Þ=3jc

� �þ jc; (3d)

where Kc ¼ Ec=½3ð1� 2tcÞ�, Km ¼ Em=½3ð1� 2tmÞ�,
Gc ¼ Ec=½2ð1þ tcÞ�, Gm ¼ Em=½2ð1þ tmÞ�, and

fc ¼ Gcð9Kc þ 8GcÞ=½6ðKc þ 2GcÞ�. Then, the effective

Young’s modulus E and Poisson’s ratio t can be obtained as

E ¼ 9KG

3K þ G
; (4a)

t ¼ 3K � 2G

2 3K þ Gð Þ : (4b)

Considering the temperature-dependent FGMs, an em-

pirical equation proposed by Touloukian50 is widely adopted

as

PcðTÞ or PmðTÞ ¼ P0ðP�1T�1 þ 1þ P1T þ P2T2 þ P3T3Þ;
(5)FIG. 1. Geometric parameters of FG cylindrical nanoshells.
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where P0, P�1, P1, P2, and P3 represent the coefficients of

the cubic fitting function and T ¼ TðzÞ ð�h=2 � z � h=2Þ
(in Kelvin) is the temperature field distribution in the shell.

III. EQUATIONS OF NONLOCAL SHEAR
DEFORMABLE CYLINDRICAL NANOSHELL

Based on Reddy’s HSDT, the displacement field of a

point (x, y, z) in the shell can be expressed as47,51

u1 ¼ uþ zU1 � cz3ðU1 þ w;xÞ; (6a)

u2 ¼ 1þ z

R

� �
vþ zU2 � cz3 U2 þ w;yð Þ; (6b)

u3 ¼ w; (6c)

where c ¼ 4=ð3h2Þ. The displacements of the shell mid-

surface in x, y, and z directions are indicated by u, v, w, and

U1, U2 represent the rotations of the transverse normals

about the y and x axes, respectively. A comma signifies the

partial differential operator. According to the Novozhilov

nonlinear shell theory,51 the strain-displacement relation-

ships for moderately thick shells can be expressed as

ex

ey

cxy

8><
>:

9>=
>; ¼

eð0Þx

eð0Þy

cð0Þxy

8>><
>>:

9>>=
>>;þ z

vð0Þx

vð0Þy

vð0Þxy

8>><
>>:

9>>=
>>;þ z3

vð2Þx

vð2Þy

vð2Þxy

8>><
>>:

9>>=
>>;;

cxz

cyz

( )
¼

cð0Þxz

cð0Þyz

( )
þ z2

vð1Þxz

vð1Þyz

( )
;

(7)

where the stain and curvature vectors on the middle surface

are given by

e 0ð Þ
x

e 0ð Þ
y

c 0ð Þ
xy

8>>><
>>>:

9>>>=
>>>;
¼

u;x þ
w2
;x

2

v;y þ
w

R
þ

w2
;y

2
u;y þ v;x þ w;xw;y

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
;

v 0ð Þ
x

v 0ð Þ
y

v 0ð Þ
xy

8>>><
>>>:

9>>>=
>>>;
¼

U1;x

U2;y

U1;y þ U2;x

8><
>:

9>=
>;;

v 2ð Þ
x

v 2ð Þ
y

v 2ð Þ
xy

8>>><
>>>:

9>>>=
>>>;
¼ �c

U1;x þ w;xx

U2;y þ w;yy

U1;y þ U2;x þ 2w;xy

8><
>:

9>=
>;;

c 0ð Þ
xz

c 0ð Þ
yz

( )
¼

U1 þ w;x

U2 þ w;y

( )
;

v 1ð Þ
xz

v 1ð Þ
yz

8<
:

9=
; ¼ �3c

U1 þ w;x

U2 þ w;y

( )
:

(8)

According to Eringen’s nonlocal elasticity theory, the

stress at a given point depends on its strain and the state if

strain for all other points in the body.32,33 The corresponding

nonlocal stress tensor at point x is given by

rijðxÞ ¼
ð

V

dðjx� x0j; xÞ~rijðx0Þdx0; 8x 2 V; (9)

where ~rijði; j ¼ 1; 2; 3Þ is the classical local stress tensor,

dðjx� x0j; xÞ indicates the nonlocal attenuation function,

jx� x0j is the Euclidean distance, and x ¼ e0a=l, where e0 is

the material constant and a denotes the internal characteristic

length of nano-scale structures, such as the length of C–C

bond, granular distance, and lattice parameter.29 To solve the

system, an equivalent differential form of Eq. (9) derived by

Eringen32 is frequently adopted as

ð1� l2r2Þrij ¼ ~rij; (10)

where r2 is the Laplace operator. The nonlocal parameter

l ¼ e0a represents the size effect on the nanostructural

response. In the presence of a thermal load, the temperature

rise along the shell thickness is DTðzÞ ¼ TðzÞ � T0, where

T0 ¼ 300K is the initial reference temperature. Within the

generalized plane stress state assumptions, the nonlocal con-

stitutive relations that involve temperature become

ð1� l2r2Þ

rx

ry

sxy

sxz

syz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

K11 K12 0 0 0

K12 K11 0 0 0

0 0 K33 0 0

0 0 0 K33 0

0 0 0 0 K33

2
6666664

3
7777775

�

ex

ey

cxy

cxz

cyz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
þ

rT

rT

0

0

0

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
; (11)

where rx, ry, sxy, sxz, and syz are the stress components. The

stiffness matrix elements are K11 ¼ E=ð1� t2Þ,
K12 ¼ Et=ð1� t2Þ, and K33 ¼ E=½2ð1þ tÞ�, and the temper-

ature stress is rT ¼ �EaDT=ð1� tÞ. By integrating the

stress components through the shell thickness, the stress

resultants per unit length can be obtained as

Nx Mx Px

Ny My Py

Nxy Mxy Pxy

8><
>:

9>=
>; ¼

ðh=2

�h=2

frx; ry; sxygT � f1; z; z3g dz;

Qx Rx

Qy Ry

� �
¼
ðh=2

�h=2

fsxz; syzgT � f1; z2g dz; (12)

FIG. 2. Resultant forces and moments for a cylindrical shell element.
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where fNx;Ny;NxygT
, fMx;My;MxygT

, and fQy; QxgT
, shown in Fig. 2, represent the in-plane resultant forces, moments, and

shear forces per unit length of the shell mid-surface as given in the classical thin-walled shell theory. fPx;Py;PxygT
and

fRy; RxgT
denote the higher-order stress resultants in the Reddy’s shear deformation shell theory.

Substituting Eq. (11) into Eq. (12) and inserting Eq. (7), the elastic equations are

ð1� l2r2Þ

Nx

Ny

Nxy

Mx

My

Mxy

Px

Py

Pxy

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

¼

A11 A12 0 B11 B12 0 C11 C12 0

A12 A11 0 B12 B11 0 C12 C11 0

0 0 A33 0 0 B33 0 0 C33

B11 B12 0 D11 D12 0 E11 E12 0

B12 B11 0 D12 D11 0 E12 E11 0

0 0 B33 0 0 D33 0 0 E33

C11 C12 0 E11 E12 0 F11 F12 0

C12 C11 0 E12 E11 0 F12 F11 0

0 0 C33 0 0 E33 0 0 F33

2
6666666666666666666664

3
7777777777777777777775

�

eð0Þx

eð0Þy

cð0Þxy

vð0Þx

vð0Þy

vð0Þxy

vð2Þx

vð2Þy

vð2Þxy

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>;

þ

NT

NT

0

MT

MT

0

PT

PT

0

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

; (13a)

ð1� l2r2Þ

Qx

Qy

Rx

Ry

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

A33 0 D33 0

0 A33 0 D33

D33 0 E33 0

0 D33 0 E33

2
6666664

3
7777775
�

cð0Þxz

cð0Þyz

vð1Þxz

vð1Þyz

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
; (13b)

where Aij ¼
Ð h=2

�h=2
Kijdz, Bij ¼

Ð h=2

�h=2
Kijzdz, Cij ¼

Ð h=2

�h=2
Kijz

3dz, Dij ¼
Ð h=2

�h=2
Kijz

2dz, Eij ¼
Ð h=2

�h=2
Kijz

4dz, and Fij ¼
Ð h=2

�h=2
Kijz

6dz,

(i, j¼ 1, 2, 3). The resultant forces and moments induced by thermal load are given by NT ¼
Ð h=2

�h=2
rTdz, MT ¼

Ð h=2

�h=2
rTzdz, and

PT ¼
Ð h=2

�h=2
rTz3dz.

By applying the variational principle, the static equilibrium equations of a moderately thick FG cylindrical shell can be

derived as52

Nx;x þ Nxy;y þ fx ¼ 0;

Nxy;x þ Ny;y þ fy ¼ 0;

Qx;x þ Qy;y � 3c Rx;x þ Ry;yð Þ þ c Px;xx þ 2Pxy;xy þ Py;yð Þ �
Ny

R
þ Nxw;xx þ 2Nxyw;xy þ Nyw;yy þ fz ¼ 0;

Qx � 3cRx þ c Px;x þ Pxy;yð Þ �Mx;x �Mxy;y ¼ 0;

Qy � 3cRy þ c Pxy;x þ Py;yð Þ �Mxy;x �My;y ¼ 0: (14)

For the current problem, the shell is assumed to undergo combined axial compressive load F and temperature rise DT.

With increasing applied loads, the shell loses stability at a critical state. The corresponding state variables can be divided into

fu; v; w; U1; U2g ¼ fu0; v0; w0; U10; U20g þ fu1; v1; w1; U11; U21g;

fNx; Ny; Nxyg ¼ fNx0; Ny0; Nxy0g þ fNx1; Ny1; Nxy1g;

fMx; My; Mxyg ¼ fMx0; My0; Mxy0g þ fMx1; My1; Mxy1g;

fPx; Py; Pxyg ¼ fPx0; Py0; Pxy0g þ fPx1; Py1; Pxy1g;

(15)

where the subscripts “0” and “1” correspond to the state before buckling occurs and the infinitesimal increments during buck-

ling, respectively. Assume that uniform deformation occurs in the pre-buckling state and the corresponding resultant forces

can be obtained as Nx0 ¼ Nt0 þ Nm0, Nxy0 ¼ 0, and Ny0 ¼ 0, where Nt0 ¼ NT and Nm0 ¼ �F=2pR indicate the internal forces

induced by thermal and mechanical loads, respectively. Substituting Eq. (15) into Eq. (14), eliminating the pre-buckling equi-

librium equations and retaining only the linear terms of the incremental variables, the governing equations for the incremental

buckling deformation can be established. Then, considering Eqs. (8) and (13), we have
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b1u1;xx þ
b2

R2
u1;hh þ

b3

R
v1;xh þ b4w1;xxx þ

b5

R2
w1;xhh þ

b6

R
w1;x þ b7U11;xx þ

b8

R2
U11;hh þ

b9

R
U21;xh ¼ 0;

b3

R
u1;xh þ b2v1;xx þ

b1

R2
v1;hh þ

b5

R
w1;xxh þ

b4

R3
w1;hhh þ

b1

R2
w1;h þ

b9

R
U11;xh þ b8U21;xx þ

b7

R2
U21;hh ¼ 0;

�b4u1;xxx �
b5

R2
u1;xhh �

b6

R
u1;x �

b5

R
v1;xxh �

b4

R3
v1;hhh �

b1

R2
v1;h þ b10w1;xxxx þ

b11

R2
w1;xxhh þ

b10

R4
w1;hhhh þ b12w1;xx þ

b13

R2
w1;hh

� b1

R2
w1 þ b14U11;xxx þ

b15

R2
U11;xhh þ b16U11;x þ

b15

R
U21;xxh þ

b14

R3
U21;hhh þ

b17

R
U21;h þ Nx0 1� l2r2

� 	
w1;xx ¼ 0;

b7u1;xx þ
b8

R2
u1;hh þ

b9

R
v1;xh � b14w1;xxx �

b15

R2
w1;xhh � b16w1;x þ b18U11;xx þ

b19

R2
U11;hh þ

b20

R
U21;xh þ b21U11 ¼ 0;

b9

R
u1;xh þ b8v1;xx þ

b7

R2
v1;hh �

b15

R
w1;xxh �

b14

R3
w1;hhh �

b17

R
w1;h þ

b20

R
U11;xh þ b19U21;xx þ

b18

R2
U21;hh þ b21U21 ¼ 0; (16)

where h ¼ y=R and the coefficients biði ¼ 1; 2; � � � 21Þ are b1 ¼ A11, b2 ¼ A33, b3 ¼ A12 þ A33, b4 ¼ �cC11,

b5 ¼ �cðC12 þ 2C33Þ, b6 ¼ A12, b7 ¼ B11 � cC11, b8 ¼ B33 � cC33, b9 ¼ B12 þ B33 � cðC12 þ C33Þ, b10 ¼ �c2F11, b11

¼ �2c2ðF12 þ 2F33Þ, b12 ¼ A33 � 6cD33 þ 9c2E33 þ 2cC12=R, b13 ¼ A33 � 6cD33 þ 9c2E33 þ 2cC11=R, b14 ¼ cðE11 � cF11Þ,
b15 ¼ cðE12 þ 2E33Þ � c2ðF12 þ 2F33Þ, b16¼A33�6cD33þ9c2E33�ðB12�cC12Þ=Rb17¼A33�6cD33þ9c2E33�ðB11�cC11Þ=R,

b18 ¼ D11 � 2cE11 þ c2F11, b19 ¼ D33 � 2cE33 þ c2F33, b20 ¼ D12 þ D33 � 2cðE12 þ E33Þ þ c2ðF12 þ F33Þ, and b21 ¼ �A33

þ 6cD33 � 9c2E33. From Eq. (16), it can be found that the classical shear deformation theory for can be recovered if the nonlo-

cal parameter l is set to zero.

IV. PROBLEM SOLVING FOR BUCKLING OF FG CYLINDRICAL NANOSHELL

Concerning a perfect FG cylindrical nanoshell, the solution of Eq. (16) by variable separation can be expressed as

uðx; hÞ ¼ gðxÞenih; (17)

where u ¼ fu1; v1; w1; U11; U21gT
and g ¼ fum

1 ; vm
1 ; wm

1 ; Um
11; Um

21g
T

represent the system state vectors, while n indicates the

buckling circumferential wavenumber. Substituting Eq. (17) into Eq. (16), a set of ordinary differential equations can be

obtained as

b1u1;xx�
n2b2

R2
u1þ

nib3

R
v1;x þ b4w1;xxx�

n2b5

R2
� b6

R

� �
w1;x þ b7U11;xx�

n2b8

R2
U11þ

nib9

R
U21;x ¼ 0;

nib3

R
u1;xþ b2v1;xx�

n2b1

R2
v1þ

nib5

R
w1;xx�

n3ib4

R3
� nib1

R2

� �
w1þ

nib9

R
U11;xþ b8U21;xx�

n2b7

R2
U21 ¼ 0;

�b4u1;xxxþ
n2b5

R2
� b6

R

� �
u1;x�

nib5

R
v1;xxþ

n3ib4

R3
� nib1

R2

� �
v1þ b10�Nx0l

2
� 	

w1;xxxx�
n2b11

R2
�Nx0�

Nx0l2n2

R2
� b12

� �
w1;xx

þ n4b10

R4
� n2b13

R2
� b1

R2

� �
w1þ b14U11;xxx�

n2b15

R2
� b16

� �
U11;xþ

nib15

R
U21;xx�

n3ib14

R3
� nib17

R

� �
U21 ¼ 0;

b7u1;xx�
n2b8

R2
u1þ

nib9

R
v1;x � b14w1;xxxþ

n2b15

R2
� b16

� �
w1;xþ b18U11;xx�

n2b19

R2
� b21

� �
U11þ

nib20

R
U21;x ¼ 0;

nib9

R
u1;xþ b8v1;xx�

n2b7

R2
v1�

nib15

R
w1;xxþ

n3ib14

R3
� nib17

R

� �
w1þ

nib20

R
U11;xþ b19U21;xx�

n2b18

R2
� b21

� �
U21 ¼ 0;

(18)

the corresponding characteristic equation is

r1k
12 þ r2k

10 þ r3k
8 þ r4k

6 þ r5k
4 þ r6k

2 þ r7 ¼ 0; (19)

where the coefficients riði ¼ 1; 2; � � � ; 7Þ are determined by numerical means. Through algebra and numerical methods, the

twelve roots kiði ¼ 1; 2; � � � ; 12Þ for Eq. (19) can be solved numerically. Hence, the general solutions of the governing equa-

tions Eq. (16) can be expressed as

uðx; hÞ ¼
X12

i¼1

qie
kix

 !
enih; (20)

where the unknown coefficient vectors qi ¼ fq1
i ; q2

i ; � � � ; q5
i g

Tði ¼ 1; 2; � � � ; 12Þ can be determined by imposing the bound-

ary conditions. The relationship of the constants qj
iðj ¼ 1; 2; � � � ; 5Þ can be obtained from Eq. (16). The shells are either

clamped or simply supported and the boundary conditions are
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(i) Clamped boundary condition (C-C):

u1jx¼6l=2 ¼ 0; v1jx¼6l=2 ¼ 0; w1jx¼6l=2 ¼ 0;

w1;xjx¼6l=2 ¼ 0; U11jx¼6l=2 ¼ 0; U21jx¼6l=2 ¼ 0:

(21)

(ii) Simply supported boundary condition (S-S):

u1jx¼6l=2 ¼ 0; v1jx¼6l=2 ¼ 0; w1jx¼6l=2 ¼ 0;

Mx1jx¼6l=2 ¼ 0; U11jx¼6l=2 ¼ 0; U21jx¼6l=2 ¼ 0:

(22)

By making Eq. (20) to satisfy the boundary conditions in

Eqs. (21) and (22), a set of linear equations can be derived as

D � q1 ¼ 0; (23)

where q1 ¼ fq1
1; q1

2; � � � ; q1
12g

T
. For nontrivial solution, one

has

jDj ¼ 0: (24)

While solving, the pre-buckling resultant force Nx0 is

decided by temperature rise DT and compressive load F. For

given temperature and wavenumber n, a series of compres-

sive loads F can be determined from Eq. (24). Among the

many possible roots, the minimum is defined as the buckling

load F ¼ Fcr . The induced buckling stress rcr ¼ Fcr=ð2pRhÞ
is of major concern. By changing the parameters, the details

for Eq. (20) are different depending on the nature of roots

kiði ¼ 1; 2; � � � ; 12Þ. For convenience, the buckling solu-

tions corresponding to Fcr can be classified into two

categories.

Category I: While the nonlocal parameter l ¼ 0, the

shell loses its stability in a local pattern. This kind of buck-

ling behavior has been investigated in the authors’ previous

study.52 In this research, buckling solutions should keep this

pattern within a scope of nonlocal parameter l. The expres-

sions of solutions exist in three forms:

(i) The shell loses stability in an axisymmetric mode, or,

n ¼ 0. Nonzero roots of Eq. (19) exist in two pairs

of pure imaginary roots plus two pairs of real roots,

or ki ¼ �kiþ2 ði ¼ 1; 2Þ and ki ¼ �kiþ2 ði ¼ 5; 6Þ. ki

¼ 0 ði ¼ 9; 10; � � � 12Þ are quadruple. In this case, the

solution can be expressed as

uðx; hÞ ¼ q1 cosðb1xÞ þ q2 sinðb1xÞ þ q3 cosðb2xÞ
þ q4 sinðb2xÞ þ q5ek5x þ q6e�k5x

þ q7ek6x þ q8e�k6x þ q9x3 þ q10x2

þ q11xþ q12: (25a)

(ii) For n 6¼ 0, the roots consist of four pairs of conjugate

complex numbers ki ¼ �kiþ4 ði ¼ 1; 2; � � � ; 4Þ and

two pairs of real roots ki ¼ �kiþ2 ði ¼ 9; 10Þ, in

which the first two pairs of complex roots are purely

imaginary roots. Then, the solution can be expressed

as

uðx; hÞ ¼ ½q1 cosðb1xÞ þ q2 sinðb1xÞ þ q3 cosðb2xÞ
þ q4 sinðb2xÞ þ q5ea3x cosðb3xÞ
þ q6ea3x sinðb3xÞ þ q7ea4x cosðb4xÞ
þ q8ea4x sinðb4xÞ þ q9ek9x þ q10ek10x

þ q11e�k9x þ q12e�k10x�enih: (25b)

(iii) Four pairs of conjugate complex roots referring to

case (ii) are at all degenerated into pure imaginary

roots. Therefore, the solution becomes

uðx; hÞ ¼ ½q1 cosðb1xÞ þ q2 sinðb1xÞ þ q3 cosðb2xÞ
þ q4 sinðb2xÞ þ q5 cosðb3xÞ þ q6 sinðb3xÞ
þq7 cosðb4xÞ þ q8 sinðb4xÞ þ q9ek9x

þ q10ek10x þ q11e�k9x þ q12e�k10x�enih:

(25c)

Category II: With a further increase in l, the buckling solu-

tions should become another pattern as

(i) For n ¼ 0, the nonzero roots of Eq. (19) are one pair

of pure imaginary roots plus two pairs of complex

roots and one pair of real roots, or ki ¼ �kiþ2 ði ¼
1; 2; 3Þ and k7 ¼ �k8 . The solution is

uðx; hÞ ¼ q1 cosðb1xÞ þ q2 sinðb1xÞ þ q3ea2x cosðb2xÞ
þ q4ea2x sinðb2xÞ þ q5ea3x cosðb3xÞ
þ q6ea3x sinðb3xÞ þ q7ek7x þ q8e�k7x

þ q9x3 þ q10x2 þ q11xþ q12: (26a)

(ii) For n 6¼ 0, the roots of Eq. (19) have one pair of pure

imaginary roots, four pairs of complex roots, and one

pair of real roots, or ki ¼ �kiþ5 ði ¼ 1; 2; � � � ; 5Þ and

k11 ¼ �k12 . Then, the solution is

uðx; hÞ ¼ ½q1 cosðb1xÞ þ q2 sinðb1xÞ
þ q3ea2x cosðb2xÞ þ q4ea2x sinðb2xÞ
þ q5ea3x cosðb3xÞ þ q6ea3x sinðb3xÞ
þ q7ea4x cosðb4xÞ þ q8ea4x sinðb4xÞ
þ q9ea5x cosðb5xÞ þ q10ea5x sinðb5xÞ
þ q11ek11x þ q12e�k11x�enih; (26b)

where ai and biði ¼ 1; 2; � � � ; 5Þ are the absolute

value of the real part and imaginary parts of ki,

respectively.

V. TEMPERATURE FIELD

In the presence of heat sources, there exist temperature

rises DTc and DTm on the ceramic and metallic surfaces,

respectively. Following the steady-state thermal conduction

equation dðjdT=dzÞ=dz ¼ 0,47 the following temperature

fields are considered:

(i) Uniform temperature field (UTF): Assume that tem-

perature rises uniformly DTr in the shell. The corre-

sponding thermal loads on the ceramic and metallic
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surfaces are DTc ¼ DTm ¼ DTr. Hence, the tempera-

ture field follows

TðzÞ ¼ T0 þ DTr: (27)

(ii) Nonlinear temperature field (NTF): Temperature field

boundary conditions are DTc ¼ DTr and DTm ¼ 0.

Through the steady-state heat conduction equation,

we have53

TðzÞ ¼ Ti6DTr

ðz

�h=2

dz=jðT; zÞ

ðh=2

�h=2

dz=jðT; zÞ; (28)

where Ti is the temperature on the inner surface and j
represents the effective heat conductivity of FGMs as

given in Eqs. (1) and (3d). It should be noted that j is

also temperature-dependent. Therefore, Eq. (28) is a

nonlinear coupled equation that can be solved numeri-

cally by an iteration process. Operators “þ” and “�”

correspond to type A and type B shells, respectively.

VI. NUMERICAL EXAMPLES AND DISCUSSION

A. Buckling of short single-walled CNTs

In this section, the axial buckling behavior of single-

walled CNTs (SWCNTs) with small length-scale is

re-examined through a rigorous analytical process. Based on

the classical nonlocal shell theory, an approximate buckling

stress expression of SWCNTs has been presented by Zhang

et al.29 as

rcr ¼
DR2n4 þ Ehf4

hR2f2n2 1þ nl4ð Þ
; (29)

where D ¼ Eh3=½12ð1� t2Þ�, n ¼ m2p2=l2 þ n2=R2, and

f ¼ mp=l. A single-walled CNT is conceptualized by wrap-

ping a graphene sheet. The wrapped graphene sheet is repre-

sented by a pair of indices ðn; mÞ, in which the integers n
and m denote the number of unit vectors along two directions

in the honeycomb crystal lattice of graphene. Taking ð5; 5Þ,
ð10; 10Þ, and ð20; 20Þ SWCNTs with the same thickness as

examples, Young’s modulus E ¼ 1:28TPa21 and Poisson’s

ratio t ¼ 0:1923 are adopted and the geometric parameters

are given in Zhang et al.23 For clamped boundaries, the com-

parison between the accurate solutions developed here and

Eq. (29) is shown in Fig. 3. The figure shows that the buck-

ling stress declines with increasing nonlocal parameter l.

Within a specific range of l, the result here is very close to

the approximate method solutions. The corresponding buck-

ling modes belong to category I. Besides, by considering

transverse shear deformation, the buckling stress derived

here is smaller than the classical thin shell solution given by

Eq. (29). This phenomenon has been validated by the

authors.52 For CNTs with a small radius-thickness ratio, the

effect of transverse shear deformation is significant as shown

by the ð5; 5Þ CNTs. However, with further increases in l,

the buckling stress of CNTs with the different radii drops

suddenly. In these cases, the buckling modes change into cat-

egory II. This interesting phenomenon cannot be observed

through a simple expression in Eq. (29). It also demonstrates

that the size effect has a significant impact on the buckling

behavior of CNTs.

In nonlocal continuum mechanics, it is crucial to esti-

mate the magnitude of the nonlocal parameter l ¼ e0a. For

carbon nanostructures, the characteristic length a ¼ 0:142nm

is generally taken as the carbon-carbon bond length,23 while

e0 is a constant related to the CNTs atomic structure, and it

is to be determined by comparing the analytical solutions

with experiment or MD simulation.33,54 In the previous CNT

buckling analyses, the constant e0 scatters within a range

1:0 � e0 � 0:323,54 depending on the chirality, aspect ratio,

diameter, and boundary conditions.54–56 In this study, by

comparing with MD results23 and Eq. (29), the effect of

aspect ratio on e0 is presented in Fig. 4. For CNTs with dif-

ferent lengths, the CNT atomic structure does not change in

general. The figure shows that a smaller range of e0 covers

the MD results than that obtained from Eq. (29), and it can

be taken generally as a constant. In addition, the effect of

CNT diameter is shown in Fig. 5. Actually, the radius-

thickness ratios of ð5; 5Þ and ð7; 7Þ CNTs have exceeded the

validity of thin shell theory. Therefore, the MD result of

CNTs with radius-thickness ratios R=h � 10 is referred to

other literatures.21–23 By changing the CNT diameter, the

FIG. 4. Comparison of buckling strain for SWCNTs with different aspect

ratios.

FIG. 3. Comparison of buckling stress for SWCNTs.
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geometry of atomic structure does not change much. By tak-

ing aspect ratio L=d � 3:0, it can be found that the curves

obtained from a smaller range of e0 should provide an enve-

lope for the MD results. The comparison shows that e0

derived through rigorous theoretical analysis here is less

affected by geometrical parameters. Furthermore, the follow-

ing description in Fig. 6 illustrates that boundary conditions

also have little influence on nonlocal parameter with

enhanced size effect.

B. Buckling of FG cylindrical nanoshells

Functionally graded (FG) nanoshells composed of metal

(Ti-6Al-4V) and ceramic (Al2O3) are analyzed here. The

temperature coefficients in polynomial function Eq. (5) are

listed in Table I.57 A type A stocky shell with radius

R ¼ 50nm, thickness h ¼ 1nm, length l ¼ R, VM mode with

index k ¼ 1 in the volume fraction Eq. (2), and the tempera-

ture rise DTr ¼ 0 is considered here. VM and MT indicate

the FG cylindrical nanoshells described by the Voigt model

and the Mori-Tanaka model, respectively. The effect of

boundary conditions on buckling is displayed in Fig. 6. For

nonlocal parameter l ¼ 0, the boundary conditions have

clear influence on the results of short shells. It is consistent

with the accurate buckling solutions of isotropic cylindrical

shells.58 However, with the enhanced size effect, the differ-

ence induced by boundary conditions vanishes.

In the following discussion, more practical clamped FG

nanoshells with radius R ¼ 50nm, length l ¼ 5R, volume

fraction index k ¼ 1 in Eq. (2), and temperature rise DTr ¼ 0

are considered. The effect on buckling stress due to nonlocal pa-

rameter l for type A nanoshells with thicknesses h ¼ 1=100R,

h ¼ 1=50R, and h ¼ 1=30R is presented in Fig. 7. From the

figure, it is obvious that the buckling stress increases and the

position that sudden drop occurs should go backward with

the increasing thickness. The VM modes have higher solutions

than the MT modes. By reversing the material profile distribu-

tion, the result of type B nanoshells with VM modes is pre-

sented in Fig. 8. It can be found that the buckling stress of type

B shells is greater in the initial stage. Nevertheless, with

enhanced size effect, buckling stresses of two types of shells

drop drastically together.

Subsequently, keeping a constant shell thickness h¼1nm

while taking the other geometric and material parameters

unchanged as those in the previous case, the buckling stress of

type A FG cylindrical nanoshells with different radii is shown

in Fig. 9. For one kind of nanoshells with the same thickness,

the effect on buckling stress due to l behaves in a similar

manner as that indicated in Fig. 3. Contrast to Fig. 7, it reveals

that shells with the identical radius-thickness ratio appear to

have a different changing rule with respect to the size effect.

By setting R¼50nm and h¼1nm, the effect of length l on

the buckling solution is presented in Fig. 10. Within a small

range of l, it is observed that the buckling stress decreases

with increasing shell length. This observation is similar to the

classical local results for isotropic cylindrical shells.

However, with further increases in l, the changes caused by

shell length can be ignored.

FIG. 5. Comparison of buckling strain for SWCNTs with different

diameters.

TABLE I. Temperature-dependent material coefficients.57

Materials Properties P�1 P0 P1 P2 P3

Ti-6Al-4V Em (Pa) 0 122.56� 109 �4.586� 10�4 0 0

tm 0 0.2884 1.121� 10�4 0 0

am (K�1) 0 7.5788� 10�6 6.638� 10�4 �3.147� 10�6 0

jm (W/mK) 0 1.0000 1.704� 10�2 0 0

Al2O3 Ec (Pa) 0 349.55� 109 �3.853� 10�4 4.027� 10�7 �1.673� 10�10

tc 0 0.2600 0 0 0

ac (K�1) 0 6.8269� 10�6 1.838� 10�4 0 0

jc (W/mK) �1123.6 �14.087 �6.227� 10�3 0 0

FIG. 6. The effect of nonlocal parameter l on buckling stress for different

boundary conditions.
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For FG cylindrical nanoshells, the index k of the VM

and MT models controls the component material distribution

profile along the shell thickness. The buckling solution corre-

sponding to the index k ¼ 0:1; 0:5; 1:0; 5:0; 10:0 for vary-

ing l is presented in Fig. 11. The figure shows that the

buckling stress increases with increasing index k. The sudden

drop points of buckling stress are greatly influenced by a

change of index k. Finally, Fig. 12 shows the effects of

thermal load and temperature field on the buckling behavior

of FG cylindrical nanoshells. The VM modes of type A

shells with R ¼ 50nm, h ¼ 1nm, l ¼ 5R, k ¼ 1 are consid-

ered. From the figure, the buckling stress decreases with

increasing temperature. The NTF solutions are lower than

those for UTF.

FIG. 8. The effect of nonlocal parameter l on buckling stress for types A

and B shells.

FIG. 9. The effect of nonlocal parameter l on buckling stress for different radii.

FIG. 10. The effect of nonlocal parameter l on buckling stress for different

lengths.

FIG. 11. The effect of nonlocal parameter l on buckling stress for different

index k.

FIG. 12. The effect of thermal load on buckling stress for different tempera-

ture fields.

FIG. 7. The effect of nonlocal parameter l on buckling stress for different

thicknesses.
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VII. SUMMARY AND CONCLUSION

New governing equations for buckling analysis of FG cy-

lindrical nanoshells are established based on the Eringen’s

nonlocal elasticity theory and Reddy’s higher-order shear

deformation theory. The Voigt model and the Mori-Tanaka

model are adopted to describe the material property distribu-

tion of graded microstructures. Considering two typical

boundary conditions and different temperature fields, accurate

compressive buckling solutions are derived by applying the

method of variable separation. The methodology developed

can be simplified to deal with buckling of stocky CNTs. The

solution obtained concludes that buckling of cylindrical nano-

shells can be divided into two phases with respect to the vary-

ing nonlocal parameter. In the first phase, the buckling stress

declines slowly with enhancing size effect and the buckling

modes belong to category I. With further increased size effect,

buckling occurs differently, such that the buckling stress drops

abruptly and the shells buckle into category II modes. For cy-

lindrical nanoshells with identical thickness, the buckling

stress decreases drastically while the size effect attains a cer-

tain level. Transverse shear deformation has an obvious influ-

ence on thicker nanoshells. Comparing with the SWCNTs

MD simulation results, the nanoshells may lose stability for a

small size effect. For FG cylindrical nanoshells, the VM

model buckling solutions are larger than those derived from

the MT models. In the first phase, the buckling stress of type

A shells are smaller than that of type B shells and they come

together in the sudden-drop phase. The shell length only has a

significant effect before the sudden drop of buckling stress.

The material distribution profile and temperature fields all

play important roles in the buckling behavior of FG cylindri-

cal nanoshells. Finally, the present theoretical framework can

be extended and generalized to other nanostructures and mul-

tiple field problems.
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