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Employing numerical diagonalization, we study the optical properties of an electron in a

monolayer-graphene magnetic dot bound to an off-center negatively charged Coulomb impurity

based on the massless Dirac-Weyl model. Numerical results show that, since the electron-hole

symmetry is broken by the Coulomb potential, the optical absorption spectra of the magnetic dot in

the presence of a Coulomb impurity are different between the electron states and the hole states.

Effects of both the magnetic field and the dot size on the absorption coefficient are presented as

functions of the incident photon energies. VC 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4891886]

I. INTRODUCTION

Earlier in the past two decades, quantum dots, involving

few electrons confined electrically or/and magnetically in

semiconductor structures, were a subject being intensely

studied in condensed matter physics1 since the great pro-

gresses in nanofabrication techniques. Recently, the isolation

of stable monolayer and few-layer graphene sheets by

Novoselov et al.2,3 has aroused considerable interest in the

study of their electronic properties.3–7 These graphene sys-

tems exhibit extraordinary properties, including the linear

energy-momentum dispersion at low energies of the massless

relativistic fermions, which are well governed by the Dirac-

Weyl (DW) model, rather than the nonrelativistic

Schr€odinger model as appropriate for those semiconductor

materials.

Owing to the Klein tunneling,8 the charged Dirac elec-

trons in graphene cannot be confined by electrostatic bar-

riers. The so-called magnetic dot, rather than the quantum

dot, in which electrons are confined purely by nonuniform

magnetic fields, becomes one of the research foci in gra-

phene in the exploration of fascinating quantum properties

for potential high-density memory and spintronic device

applications. Systems of different field configurations with-

out and with impurities were considered to confine electrons

which include sequences of alternating magnetic barriers and

wells,9 exponentially decaying fields,10 non-zero or zero

fields in a circular dot,11–13 fields corresponding to various

potentials,14 circular step fields,15 Guassian fields,16 ring

fields,17 and even in the presence of rather general potential

terms which arise intentionally or from impurities.18–22 All

these studies focus on the field dependences of the low-lying

spectra and the energy dependences of the transmission

probability through the magnetic field barriers, and the elec-

tron states including bound, quasi-bound, and scattering

states. As a whole, they all concluded that electrons can be

confined by the magnetic barriers in graphene.

In experiment, spectroscopic techniques provide con-

venient tools for exploring the electronic states of quantum

dots. In particular, their electronic structures can be studied

through those allowed intraband transitions when different

polarizations of radiation are considered. In some previous

theoretical studies, the foci are on the Schr€odinger model of

the impurities in low dimensional structures.23,24 Properties

related to the optical intensities, including the photoioniza-

tion cross section,25–27 the nonlinear optical coefficient,28,29

and even related to the Raman scattering,30–32 were dis-

cussed in detail. They concluded that the optical intensities

for intraband transitions strongly depend on the magnetic

field and the quantum dot size. However, the studies of the

above-mentioned problems in the DW model are rare.

In our present study, a two-dimensional (2D) magnetic

dot created by a nonuniform field of the Gaussian type is

considered. Starting from the DW Hamiltonian of the single

electron magnetic dot system in the presence of an off-center

negatively charged Coulomb impurity, we calculate the

absorption coefficient for intraband transitions as a function

of the incident photon energy using those states with eigen-

values and eigenvectors obtained by numerical diagonaliza-

tion. In order to show the impurity effect on the absorption

coefficient, we focus on four typical low-lying states jn; li
with the same radial quantum number n, i.e., j1; 0i; j1;61i,
and j1;�2i of both the electron and hole states, as examples

for demonstration. The transition absorption intensities

between those states with different n are several order of

magnitude lower and are therefore neglected. Finally, we

compare the intraband absorption coefficient with and with-

out an impurity, and analyse the impurity effect with the con-

fining properties of the magnetic dot for such a DW model.

II. THEORY

In the framework of the massless DW model, the

Hamiltonian describing a single electron bound to an

a)Authors to whom correspondence should be addressed. Electronic

addresses: C. M. Lee: mesimon_hk@yahoo.com.hk and K. S. Chan:

apkschan@cityu.edu.hk. Tel.: 852 3442-7831. Fax: 852 3442-0538.
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off-center negatively charged Coulomb impurity in a 2D

monolayer graphene based magnetic dot formed by a non-

uniform magnetic field reads

Ĥ ¼ vFr � Pþ eAð Þ þ I
e2

4p�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ d2
p ; (1)

where vF is the electron’s Fermi velocity instead of the pho-

ton’s in the conventional Dirac equation. r¼ (rx, ry) are the

2� 2 Pauli matrices in the pseudo-spin space, and I is the

identity matrix. P and A are the momentum operator and the

vector potential in the 2D space, respectively. The last term

is the Coulomb interaction, depending on the separation d
between the impurity and the plane of the magnetic dot, and

the positive sign means the interaction between the electron

and the impurity is repulsive. In the present case, we choose

the Gaussian function as the profile of the magnetic field,

B0ð1� expð�r2=r2
0ÞÞ, which is perpendicular to the xy dot

plane. In such a profile, the field value is zero at the dot cen-

ter and increases exponentially from zero up to the maximum

B0 at sufficiently large r. The corresponding vector potential

A is then represented in the polar coordinate by

A ¼ B0r

2
� B0r2

0

2r
1� exp � r2

r2
0

 !" #( )
êh; (2)

where êh is the unit vector in the azimuthal direction. In

order to calculate the eigenenergy of the whole system by

numerical diagonalization, the Hamiltonian [Eq. (1)] is

decomposed into two parts

Ĥ ¼ Ĥ0 þ V̂ ; (3)

so that the unperturbed one is a 2� 2 matrix block denoting

that the electron moves under a uniform field B in the ab-

sence of Coulomb impurity, which can be expressed as

follows:

Ĥ0 ¼ vF
0 p̂�0

p̂þ0 0

� �
; (4)

with the operators

p̂6
0 ¼ 6j exp 6jhð Þ 7�h

@

@r
þ l�h

r
þ erB

2

� �
; (5)

where Ĥ0 is analytically solvable, yielding the well-known 2D

harmonic product basis states as eigenfunction for both

components of the spinor. The two-component spinor WT
nl ¼

ð/N�1;l�1 j/N;lÞ has the two components corresponding to the

sublattices of graphene. N½� nþ ðlþ jljÞ=2� is the nonnegative

integer Landau level (LL) index, and EN;l ¼ 6N
1
2 are the two

eigenvalues in energy unit of �hxð�
ffiffiffi
2
p

vF�h=aÞ. n and l�h are

the radial quantum number and the orbital angular momentum,

respectively. Ljljn and að�
ffiffiffiffiffiffiffiffiffiffi
�h=eB

p
Þ are the associated Laguerre

polynomials and the magnetic length, respectively. As can

be seen from the eigenvalues in the case of uniform fields, p̂�0
and p̂þ0 can be regarded as lowering and raising operators,

respectively, since they operate on the two-component

spinor to give the following: p̂þ0 /N�1;l�1 ¼
ffiffiffiffi
N
p

/N;l and

p̂�0 /N;l ¼
ffiffiffiffi
N
p

/N�1;l�1. Note that each LL is highly degenerate

and consists of infinite quantum states with various orbital angu-

lar momenta l. In order to differentiate them from the bulk LL,

these discrete quantum states split from the bulk LL under non-

uniform magnetic fields are called the angular momentum

states.

In Eq. (3), the residual potential can be expressed as the

2� 2 matrix block of the last term, V̂ , and explicitly given

by

V̂ ¼ V̂ coul V̂þ
V̂� V̂ coul

� �
; (6)

in which the diagonal and non-diagonal elements, respec-

tively, are given in dimensionless units by

V̂ coul ¼
Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ d2
p ; (7)

V̂6 ¼ 7j exp 7jhð Þ � �F rð Þ
2
ffiffiffi
2
p

r
; (8)

with

F rð Þ ¼ r2
0 1� exp � r2

r2
0

 !" #
; (9)

where the Coulomb parameter C, in units of magnetic length

a, represents the interaction strength of the electron with the

on-center impurity, and is given by

C ¼ e2

2
ffiffiffi
2
p

�vFh
: (10)

In the numerical calculation, the size of the model space

for such a 2� 2 matrix block [Eq. (6)] includes 30 pairs of

low basis states for a particular orbital angular momentum l,
since the ratio of the difference in eigenenergy is less than

0.001% for the further increase of the number of basis states.

Next, in order to calculate the intraband absorption spectrum

within the electric-dipole approximation, we define the

absorption coefficient for the transition between two states

as23,24

að�hxÞ /
X

f

jhnf ; lf jr expð6jhÞjni; liij2�hxdð�hx� jEf � EijÞ;

(11)

with a Lorentzian function,27 with lifetime width Cf,

expressed by

d �hx� jEf � Eij
� �

¼ Cf

p �hx� jEf � Eij
� �2 þ C2

f

h i ; (12)

where �hx is the incident photon energy. jni; lii and jnf ; lf i
are the wavefunctions of the initial and the final states, and

Ei and Ef are the corresponding energy eigenvalues of these

states, respectively. These states with their eigenvalues

are obtained previously by numerical diagonalization. In

Eq. (11), the matrix element jhnf ; lf jr expð6jhÞjni; liij is the

043712-2 C. M. Lee and K. S. Chan J. Appl. Phys. 116, 043712 (2014)



overlapping of the wavefunctions of the initial state and final

state, and the 6 sign refers to the circular left/right polariza-

tion of the light. The presence of the phase factor expð6jhÞ
leads to the following selection rule: the matrix element is

non-zero only for transitions in which the angular momen-

tum changes by one unit, i.e., Dl¼61. In the present study,

transitions between states with different quantum numbers n
are neglected since these transitions are at least several

orders of magnitude weaker in intensities. In order to show

the effect of Coulomb impurity on the absorption spectra, we

focus on four states j1; 0i; j1;61i, and j1;�2i for intraband

transitions. Positive- and negative-energy states are included

and calculated separately for comparison.

III. DISCUSSION AND CONCLUSIONS

In our present calculation, the Coulomb parameter is set

to be C¼ 0.5 and 0.8 with the separation between the impu-

rity and the dot plane d¼ 0.5r0 or 0.5a.16 The different sepa-

rations d are not considered in this study since their effect on

the energy spectra is similar to that of the Coulomb parame-

ter. The value of the lifetime width is fixed to be 0.02E0 for

simplicity, where E0 ¼
ffiffiffi
2
p

�hvF=r0 or
ffiffiffi
2
p

�hvF=a for the dot

size or magnetic field being fixed. Its actual value depends

on several factors including temperature and pressure. In the

figures, the states are labeled by (n, l)6 for clear identifica-

tion, in which the superscripts “þ” and “�” represent the

positive (or electron) and the negative (or hole) energy

states, respectively.

We study the effect of the Coulomb impurity on the

intraband absorption coefficient primarily based on their

quantum states for transitions. Figures 1 and 2 show all four

states, without and with negatively charged Coulomb impu-

rity, studied in this work as functions of the magnetic field

and dot size, respectively. Note that the states for the lowest

LL (N¼ 0) are not considered; it is because this original

highly degenerate energy level splits into discrete angular

momentum states only when the Coulomb potential due to

charged impurity is present. It is expected that the peaks of

absorption coefficient for these intraband transitions just shift

to higher energies without any other special features, and

therefore are no longer discussed in the present study.

Starting from the impurity-free case. In Figs. 1(a) and

2(a), both energy spectra have symmetrical structures about

the horizontal axis. Owing to the electron-hole symmetry,

we only discuss the positive energy states. At sufficiently

weak magnetic fields, the angular momentum states are in

general far from the magnetic edge or the dot center. The

electron moves with an analogy to that in a uniform field,

and therefore the states resemble the bulk LL. When the field

increases [Fig. 1(a)], its confinement pushes the states closer

to the dot region, where the magnetic field is lower, leading

their eigenenergies to deviate downward from their corre-

sponding bulk LLs. Also the stronger the field, the larger the

spacing between the angular momentum states is. For a

given LL under a certain field, the lower the angular momen-

tum jlj, the closer the state is toward the dot region, and

hence the larger its eigenenergy deviates from the bulk LL.

These overall energy shifts lead to the splitting of the dis-

crete angular momentum states. As can be observed from

Fig. 3(a), the absorption coefficients overall have blue shifts

to higher photon energies and also have stronger peaks when

the field increases. Fig. 2(a) shows the dot-size dependent

spectra under a fixed field. When the dot size increases, the

electron moves at the low-field dot region more probably.

And its eigenenergies for the angular momentum states, sim-

ilar to that of field-dependent spectra, become lower and

deviate further away from its corresponding bulk LL at dif-

ferent rates. From the inset of Fig. 3(b), it can be seen clearly

that, when the dot size increases, the differences in

FIG. 1. Energy levels of the states (1, 0),

(1, 61), and (1, �2), including electron

and hole states, as functions of the mag-

netic field B / 1/a2, (a) without impurity

and (b) with impurity using two values

of Coulomb parameter, C¼ 0.5 and 0.8,

noting that the bulk LLs denoted by solid

curves in red are drawn for comparison.
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eigenenergies between l¼ 0 and �1 and between l¼�1 and

�2 increase but that between l¼ 0 and 1 decreases.

Therefore, the absorption coefficients for the former cases

have blue shift while that for l¼ 0 ! 1 has red shift, and

finally tails of these two peaks overlap partly at sufficiently

large dot size, r0¼ 4a.

Let us now consider the case of negatively charged im-

purity. We see from Figs. 1(b) and 2(b) that the spectra for

both the magnetic-field and the dot-size dependences are

shifted upward, and the electron-hole symmetry is broken. In

the positive-energy states, for Nþ¼ 1, there exist a critical

magnetic field [r2
0=a2 � 2 for C¼ 0.5, and �3 for C¼ 0.8,

see Fig. 1(b)] and a critical dot size [r0� 1.75a for C¼ 0.5,

and �2.5a for C¼ 0.8, see Fig. 2(b)] for level crossings

between (1, �2)þ, (1, �1)þ, and (1, 0)þ. In the electron-

impurity interacting system, there are two interacting ener-

gies with opposite effects on the ordering of these states for

the first LL (Nþ¼ 1), one is repulsive Coulomb force of the

negatively charged impurity and the other is the inhomoge-

neous field confinement, which compete with each other. As

to be known that, when the Coulomb effect is considered,

the state (1, 0)þ has much higher eigenenergy comparing

FIG. 2. Energy levels of the states (1, 0),

(1, 61), and (1, �2), including electron

and hole states, as functions of the dot

size, (a) without impurity and (b) with

impurity using two values of Coulomb

parameter, C¼ 0.5 and 0.8.

FIG. 3. Absorption spectra due to intra-

band j1; 0i ! j1; 1i; j1; 0i ! j1;�1i,
and j1;�1i ! j1;�2i transitions for

impurity-free case, with (a) different

magnetic fields and (b) different dot

sizes, noting that the insets show energy

differences between two states for

transitions.
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with (1, �1)þ or (1, �2)þ, since the former is much closer to

the impurity and experiences larger repulsive force from it.

This argument comes true for the field below the critical

value [Fig. 1(b)], when the field confinement is not strong. It

is also true when the dot size is not large [Fig. 2(b)], since

the effect due to the inhomogeneous field is not significant.

Above the critical values, the level ordering returns to those

of the impurity-free case and the field confinement returns to

be much dominant. Figs. 4(a) and 4(b) show the absorption

coefficient for the transitions between these states as

functions of incident photon energy for different fields and

different dot sizes, respectively. As can be clearly seen from

the figures that the peaks have red shifts toward zero photon

energy and turn to vanish at around the critical field or criti-

cal dot size. This is one of the obvious experimental eviden-

ces for the presence of impurities in such an electron

interacting system. It is worth noting that the intraband tran-

sitions below and above these critical values are just

reversed, i.e., from l¼�1 ! 0 to l¼ 0 ! �1, and from

l¼�2 ! �1 to l¼�1 ! �2. This phenomena cannot be

FIG. 4. Same as those in Fig. 3 but for

the electron states with impurity using

two values of Coulomb parameter

C¼ 0.5 and 0.8.

FIG. 5. Same as those in Fig. 3 but for

the hole states with impurity using two

values of Coulomb parameter C¼ 0.5

and 0.8.
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observed in l¼ 0 ! 1 transition. Instead, the peak has blue

shift to higher photon energy with increasing magnetic field

[Fig. 4(a)] but has red shift to lower photon energy with

decreasing dot size [Fig. 4(b)], without vanishing in

between.

In the negative-energy states [Figs. 1(b) and 2(b)], the

reverse level ordering or crossing features with critical points

found in the positive energy states cannot be observed since

the Coulomb potential and the field confinement have similar

effect to push the states toward the dot center. The states in

turn separate further apart in eigenenergies instead as com-

pared with the positive energy states. From the absorption

spectra in Fig. 5, we see that the peaks for both l¼ 0 ! �1

and l¼�1 ! �2 transitions are shifted to higher photon

energy when the Coulomb parameter increases. Apart from

this, overall, the absorption coefficients for both the field and

the dot-size dependences are similar to those of the impurity-

free cases [Fig. 3].

Two more notes to be made, in the present entire study,

are that (1) regardless of the presence of impurity, the peaks

for the intraband transitions between the states of the same

LL in the negative-energy states can be well resolved and

are largely affected by the Coulomb strength, while those in

the positive-energy states cannot, and (2) in order to demon-

strate the formation of confined states in a graphene mag-

netic dot, the main focus in experiments is on those states

lying in very low density of state (DOS) regions, since it can

give well resolved peaks in the absorption spectra. The stron-

ger the Coulomb interaction strength, the further the states

are away from their corresponding highly degenerate LLs,

particularly for hole states, see Fig. 5 and zero LL in Ref. 16,

and more well resolved peaks we can get finally. In other

word, well resolved peaks can be obtained by using large

Coulomb parameter C and small separation d.

In summary, using direct diagonalization, we theoreti-

cally investigate optical intensities for intraband transitions

between j1; 0i; j1;61i, and j1;�2i for a 2D graphene mag-

netic dot under the influence of an off-center negatively

charged Coulomb impurity. The effects of both the magnetic

field and the dot size are taken into account in the calcula-

tion. Several concluding remarks are given as follows:

(a) In the absence of impurity, the evolutions of the absorp-

tion coefficient for the electron states and the hole states

are similar regardless of the magnetic field or the dot

size, since the whole spectra show a hole-electron sym-

metrical structure about the horizontal axis.

(b) With an off-center negatively charged impurity, the

evolutions of the absorption coefficient for the electron

states and the hole states are different, and its value in

the electron state turns to zero at critical fields or criti-

cal dot sizes. At the critical values, the level ordering

within a given LL (N¼ 1) is reversed owing to the

competition between the repulsive Coulomb potential

and the magnetic confinement.

(c) If the impurity is replaced by the positively charged

one, it is expected that the evolutions of the absorption

coefficient for the electron states and the hole states are

just reversed. The point of level reverse ordering and

the corresponding vanishing absorption coefficient

now appears in the hole states. Overall, we conclude

that optical spectroscopy is a suitable tool for verifying

the existence of charged impurities in such magnetic

dot systems. The present numerical results for the

massless Dirac model will stimulate further studies on

the same problem with more than one charged

Coulomb impurities.
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