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We investigate the effect of one-dimensional periodic potentials on the low energy band structure

of ABC trilayer graphene first by assuming that all the three layers have the same potential. Extra

Dirac points having the same electron hole crossing energy as that of the original Dirac point are

generated by superlattice potentials with equal well and barrier widths. When the potential height

is increased, the numbers of extra Dirac points are increased. The dispersions around the Dirac

points are not isotropic. It is noted that the dispersion along the ky direction for kx¼ 0 oscillates

between a non-linear dispersion and a linear dispersion when the potential height is increased.

When the well and barrier widths are not identical, the symmetry of the conduction and valence

bands is broken. The extra Dirac points are shifted either upward or downward depending on the

barrier and well widths from the zero energy, while the position of the central Dirac point oscillates

with the superlattice potential height. By considering different potentials for different layers, extra

Dirac points are generated not from the original Dirac points but from the valleys formed in the

energy spectrum. Two extra Dirac points appear from each pair of touched valleys, so four Dirac

points appeared in the spectrum at particular barrier height. By increasing the barrier height of

superlattice potential two Dirac points merge into the original Dirac point. This emerging and

merging of extra Dirac points is different from the equal potential case. VC 2014
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4902846]

I. INTRODUCTION

Graphene1–3 is an extraordinary two dimensional (2D)

material with interesting electrical, mechanical and thermal

properties.4,5 Part of the interest in graphene originates from

the fact that, charge carriers in graphene behave like mass-

less relativistic Fermions, moving in a 2D plane and

described by the Dirac equation with interesting properties

such as a zero gap, linear dispersion, perfect transmission at

normal incidence (i.e., the Klein paradox),6–8 and the zitter-

bewegung, which was verified recently.9

Multilayer graphene, which consists of layers of gra-

phene with interaction between the neighboring layers,

possesses energy spectra that are different from the simple

monolayer case.10 Owing to the presence of multiple energy

bands that appear as a result of the increased number of

atoms in the unit cell, different modes of propagation

become possible. It was shown both experimentally and

theoretically that the behavior of these energy bands,11 the

transport properties12 and their response to an external

applied electric field13 strongly depend on the way in which

the graphene sheets are stacked in the multi-layer structure.

One of the recent focuses among the multi-layer systems

is trilayer graphene.14,15 Trilayer graphene (TLG) has two

allotropes with different stacking orders: the Bernel (ABA)

stacking and Rhombohedral (ABC) stacking as shown in

Fig. 1. In the ABA stacking, atoms of the top layer lie

exactly on top of the bottom layer, whereas, in the ABC

stacking, atoms of one of the sublattices of the topmost layer

lie above the center of the hexagons of the bottom layer. The

energy dispersion relation of the ABA stacking is a combina-

tion of the single layer linear energy band and the quadratic

dispersion of bilayer graphene and there is no gap opening in

the ABA-trilayer graphene under the application of an exter-

nal electric field.16 The dispersion relation of ABC-trilayer

graphene is approximately cubic, with conduction and va-

lence bands touching each other at a point close to the highly

symmetric K- and K 0- points.17,18

Recently there is also a growing interest in the study of

the electronic properties of graphene superlattices, since it

provides a method of band structure engineering in semicon-

ductors.19 A superlattice potential in graphene leads to the

generation of new Dirac points in the energy dispersion20

resulting from the chiral nature of the massless Dirac

Fermion. The anisotropy in the energy dispersion created by

the superlattice potential can lead to the interesting effect of

supercollimation of electrons.21 The superlattice effects have

FIG. 1. Schematic diagram showing the relative position of the sublattices Ai

and Bi for (a) ABA trilayer graphene and (b) ABC trilayer graphene. The inter-

layer hopping of the present model is represented by the black curved lines.
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been extensively studied in single and bilayer graphene by

using different techniques;22–27 nevertheless, the effects in

trilayer graphene have not been explored. On the theoretical

and experimental grounds, ABC trilayer graphene is an

attractive candidate for the transistor application, since it can

have a sizable gap (120 meV) produced by applying an exter-

nal electric field.16

In this paper, we study the band structure of ABC tri-

layer graphene superlattice (TLGS) obtained from the appli-

cation of a Kronig-Penney type of electrical potential and

show that it exhibits some unusual characteristics. We find

that, for a range of potential parameters, new Dirac points

are generated with the electron-hole crossing energy the

same as that of the original Dirac point of pristine graphene.

The paper is organized as follows: in Sec. II, we develop

a theoretical model for the trilayer graphene superlattice

Hamiltonian, which we solved numerically. In Sec. III, we

discuss the results in detail followed by Sec. IV in which we

conclude the paper.

II. THE MODEL

We consider three coupled graphene layers with ABC
stacking order, the low energy continuum Hamiltonian near

the Dirac point in one valley can be obtained from expanding

the tight-binding model around the symmetry point. The

nearest neighbor hopping strength between sites within each

layer is represented by the coupling parameter t and the hop-

ping between neighboring layers is represented by t1. The

continuum Hamiltonian is28

H ¼

U1 vFp̂� t1 0 0 0

vFp̂þ U1 0 0 0 0

t1 0 U2 vFp̂þ 0 0

0 0 vFp̂� U2 0 t1

0 0 0 0 U3 vFp̂�

0 0 0 t1 vFp̂þ U3

0
BBBBBBBBB@

1
CCCCCCCCCA
: (1)

In the continuum model the coupling parameter t determines

the magnitude of the Fermi velocity according vF ¼ td�h
ffiffi
3
p

2

� 106ms�1, with t ¼ 2:8 eV, t1 ¼ 0:35 eV, and d ¼ 0:246 nm

being the distance between neighboring atoms on the same

sublattice. Here, U1, U2, and U3 are the potentials in each

layer, respectively, and p̂6 ¼ p̂x6ip̂y ¼ �hð�i@x6@yÞ, with p̂x

and p̂y being the components of the in-plane momentum

operator.

We define the eigenstate of the Hamiltonian as

W ¼ ½wA1; iwB1; wB2; iwA2; wA3; iwB3�
T
, where the sub-

scripts denote the sublattices and define the Hamiltonian in

the k space using the Fourier transform, i.e., w ~rð Þ ! 1
2pÐ

e�i~k :~rwð~kÞd2~k. When U1;2;3ð~rÞ are periodic in the x-

direction, we can also Fourier transform the superlattice

potential according to U1;2;3ðxÞ !
P

n U1;2;3ðngÞe�ingx,

where n ¼ 0;61;62; � � � � � � and g ¼ 2p
k is the reciprocal lat-

tice vector. The Fourier component wð~k0 Þ is non-zero at
~k0 ¼ ~k þ mĝi, where m is an integer and ~k lies in the first

Brillouin zone. In the k space, the eigenvalue problem,

HW ¼ EW, can be rewritten as the following set of

equations:X
n

U1ðngÞwA1ð~k0 � nĝiÞ þ i�hvFðkx
0 � iky

0ÞwB1ð~k0 Þ

þ t1wB2ð~k0 Þ ¼ EwA1ð~k0 Þ; (2a)X
n

iU1ðngÞwB1ð~k0 � nĝiÞ þ �hvFðkx
0 þ iky

0ÞwA1ð~k0 Þ

¼ iEwB1ð~k0 Þ; (2b)X
n

U2ðngÞwB2ð~k0 � nĝiÞ þ i�hvFðkx
0 þ iky

0ÞwA2ð~k0 Þ

þ t1wA1ð~k0 Þ ¼ EwB2ð~k0 Þ; (2c)X
n

iU2ðngÞwA2ð~k0 � nĝiÞ þ �hvFðkx
0 � iky

0ÞwB2ð~k0 Þ

þ it1wB3ð~k0 Þ ¼ iEwA2ð~k0 Þ; (2d)X
n

U3ðngÞwA3ð~k0 � nĝiÞ þ i�hvFðkx
0 � iky

0ÞwB3ð~k0 Þ

¼ EwA3ð~k0 Þ; (2e)X
n

iU3ðngÞwB3ð~k0 � nĝiÞ þ �hvFðkx
0 þ iky

0ÞwA3ð~k0 Þ

þ it1wA2ð~k0 Þ ¼ iEwB3ð~k0 Þ: (2f)

These are six simultaneous equations that connect wsð~k0 þ ngîÞ
with ws0 ð~k0 Þ for all possible values of n. There are as many

equations as there are wsð~k0 þ n~gÞ and we can write these

equations in the matrix form as

H¼

. .
. ..

. ..
. ..

. ..
. ..

. ..
.

� � � Hð2Þ VðgÞ Vð2gÞ Vð3gÞ Vð4gÞ � � �
� � � Vð�gÞ Hð1Þ VðgÞ Vð2gÞ Vð3gÞ � � �
� � � Vð�2gÞ Vð�gÞ Hð0Þ VðgÞ Vð2gÞ � � �
� � � Vð�3gÞ Vð�2gÞ Vð�gÞ Hð�1Þ VðgÞ � � �
� � � Vð�4gÞ Vð�3gÞ Vð�2gÞ Vð�gÞ Hð�2Þ � � �

..
. ..

. ..
. ..

. ..
. ..

. . .
.

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA
(3)

where we define

HðnÞ ¼

U1ð0Þ K� t1 0 0 0

Kþ U1ð0Þ 0 0 0 0

t1 0 U2ð0Þ Kþ 0 0

0 0 K� U2ð0Þ 0 t1

0 0 0 0 U3ð0Þ K�

0 0 0 t1 Kþ U3ð0Þ

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
:

(4)

And
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VðmgÞ¼

V1ðmgÞ 0 0 0 0 0

0 V1ðmgÞ 0 0 0 0

0 0 V2ðmgÞ 0 0 0

0 0 0 V2ðmgÞ 0 0

0 0 0 0 V3ðmgÞ 0

0 0 0 0 0 V3ðmgÞ

0
BBBBBBBBB@

1
CCCCCCCCCA

(5)

where K6 ¼ kx þ ng6iky, n ¼ 0;61;62;……, and

m ¼ 61;62;… � � �. We truncate the matrix into finite size

by ignoring terms with large n and solve Eq. (3) numerically

to get the energy spectra for different values of barrier

height, which are discussed in detail in Sec. III.

A. Periodic superlattice potential

In this study, we consider a one dimensional (1D) exter-

nal periodic square-wave potential along the x-direction, i.e.,

Kronig-Penney type of potential UðxÞ with barrier height U0,

barrier width W, and separation L. The lattice period is

LþW (Fig. 2). This 1D periodic potential profile is

described by the function

UðxÞ ¼
0 nðLþWÞ < x < nðLþWÞ þ L

U0 nðLþWÞ þ L < x < ðnþ 1ÞðLþWÞ;

(
(6)

where n ¼ 0;61;62; … The periodic potential can be

expanded as a Fourier series as UðxÞ ¼
P

m UðmgÞeimgx,

where UðmgÞ is the Fourier coefficient given by

U1;2;3 mgð Þ ¼
U0 1;2;3ð Þ
i2pmL

e
�i2pmL

LþW � 1
� �

; (7)

where U1;2;3ðmgÞ represent the periodic potential in each

layer, respectively, similarly

U1;2;3 0ð Þ ¼
U0 1;2;3ð ÞW

LþW
: (8)

III. RESULTS AND DISCUSSION

We first assume that, all the three layers have the same

periodic potential, i.e., U1ðmgÞ ¼ U2ðmgÞ ¼ U3ðmgÞ
¼ UðmgÞ, where

U mgð Þ ¼
U0

i2pmL
e
�i2pmL

LþW � 1
� �

: (9)

We consider L ¼ 10 nm, and W ¼ 10 nm and expressed

energy in unit of E ¼ �hvF=ðLþWÞ and kx and ky in unit of

2p=ðLþWÞ. In terms of these units, the barrier height is

expressed as U0 ¼ ap�hvF

LþW , where a is a real number.

In a recent study, extra Dirac points in single layer gra-

phene superlattice are generated by using a periodic potential

with barrier height U0, and the number of Dirac points

increases by two whenever the barrier height exceed a value

of 4pN�hvF

LþW , where N is a positive integer. The emergence of

these extra Dirac points depends only on the barrier height

and is independent of the barrier and well widths L and W.27

It is therefore of interest to investigate the effect of U0 on the

low energy dispersion of ABC trilayer graphene superlattice.

For trilayer graphene, it is difficult to calculate the dispersion

of the superlattice structure analytically as in other studies of

single layer and bilayer graphene and we need to use a nu-

merical approach.

Figures 3(a)–3(d) show the energy dispersion along the

ky direction with kx ¼ 0 for several values of the barrier

height U0 ¼ 0; 2p; 3p; 3:43p. When U0 is increased from 0,

the curved dispersion near to ky ¼ 0 changes to a linear one

and a Dirac cone appears in the middle. At the same time,

two new small valleys appear around ky ¼ 61 � 2p=L.

There are two mirror images of the two small valleys by

reflecting about the line E¼ 0, which are originated from the

electron and hole symmetry; so, there are two extra local

minima in the conduction band and two extra local maxima

in the valence band. The minima (maxima) of the two val-

leys decrease (increase) in energy as U0 increases and they

nearly touch each other when U0 ¼ 3:43p (there is a very

small gap which can be seen in the enlarged figure in the

inset in Figure 3(d). However, the gap is so small that it can

be neglected.). Figure 4 shows the dispersion along the kx

direction at points A–E in Figure 3. For U0> 0, the disper-

sion along kx is approximately linear and the band structure

around the Dirac point is approximately cone shape. Except

at U0¼ 3.43p, the dispersion along ky is somewhat round in

shape at point D and E.

FIG. 2. Schematic diagram of the superlattice potential (a Kronig-Penney

type of potential) UðxÞ applied to ABC-trilayer graphene with potential zero

in the well and U0 inside the barrier. The lattice period is LþW and the

widths of barrier and well are W and L, respectively.

FIG. 3. Energy dispersion along the ky direction for kx¼ 0 with the superlat-

tice potential U0¼ 0, 2p, 3p, 3.43p. The values of W and L are 10 nm.

203704-3 S. Uddin and K. S. Chan J. Appl. Phys. 116, 203704 (2014)



When U0 is increased to 4p (Figure 5(a)), another two

valleys start to appear around ky¼61 in the conduction

band and the extra Dirac points G gradually move out to la-

ger ky values. When U0 is further increased, the valleys shift

down in energy and their mirror images in the conduction

band move up in energy resulting in the narrowing of the

gap. When U0¼ 7.6p, the gap becomes very small, and it is

interesting to note that the ky dispersion of the central disper-

sion becomes non-linear, when the two new valleys near

touch. It can be noted from the results for other U0 that the

dispersion of the central Dirac point has this oscillatory

behavior between linear and non-linear dispersions when U0

is increased. The kx dispersion of the points F-M are plotted

in Figure 6. It can be noted that the dispersions are approxi-

mately linear, which confirms the Dirac fermion characteris-

tics. Except at point J, the dispersion is not quite linear in the

region of interest with the appearance of two extra Dirac

points along the kx direction. The extra Dirac points along

the kx dispersion are clearer for point L when U0¼ 7.6p.

When U0 is increased from 7.6p to 11.3p, we can see in

Figure 7 that there is an increase in the Dirac points. For

7.6p<U0< 7.7p, the extra Dirac points are generated from

the original Dirac point, while for U0¼ 7.8p, the extra Dirac

points are generated from extra Dirac points (point P gives

rise to points T and U). By increasing U0 from 8p to 11.3p,

two Dirac points (X and Y in Fig. 3(c)) moves towards each

other and they (points MM and NN in Fig. 3(f)) are so close

when U0¼ 11.3p that they appears to be a single Dirac point.

Similar generation of extra Dirac points from the original

Dirac point is found when U0 is increased from11.4p to

15.3p, although we do not show the results here owing to

space limitation. Dispersions along the kx direction for point

N-Q shown in Figure 8 confirm that the Dirac cone features

of these interesting points. Similar to U0 ¼ 7:6p, U0 ¼ 7:7p
also has an extra Dirac point along kx as shown in the figure.

For points R-Z and AA-FF, the dispersions along kx look

similar to those for N-Q and thus confirm the Dirac cone

FIG. 5. Energy dispersion along the ky direction for kx¼ 0 with superlattice

potential U0¼ 4p, 6p, 7p, 7.6p. The values of W and L are 10 nm.

FIG. 6. Dispersion along the kx direction for ky values of points F-M of

Figure 5. Other parameters are the same.

FIG. 7. Energy dispersion along the ky direction for kx¼ 0 with superlattice

potential U0¼ 7.7p, 7.8p, 8p, 8.5p, 10p, 11.3p. The values of W and L are

10 nm.

FIG. 4. Dispersion along the kx direction for ky with values at points A-E in

Figure 3. Other parameters are same as in Figure 3.

203704-4 S. Uddin and K. S. Chan J. Appl. Phys. 116, 203704 (2014)



features of these points. Owing to space limitation, we do

not show these figures here.

We next consider the effect of different barrier and well

width (i.e., W 6¼L) on the dispersions along the ky direction

in Figures 9–11. The electron and hole symmetry is broken

by this difference between the two parameters; the conduc-

tion band and the valence band are no longer mirror image

of each other. When U0 increases, valleys develop in the

conduction band and two peaks appear in the valence band

with kx 6¼ 0. The valleys decrease in energy and the peaks

increase in energy; they move together and form extra Dirac

points. Different from the case of the identical barrier and

well widths, the extra Dirac points are not formed at zero

energy and formed at positive energy instead. For the central

Dirac point, it first shifts downward in energy for

0<U0< 6p and then shift upward to positive energy when

U0 is increased beyond 6p.

In the above discussion, we assume identical periodic

potentials in all the three layers; this can be achieved using

two gates with identical applied potentials (one at the top

and one at the bottom). If the bottom gate has the ground

potential and the top gate has the potential U, the three layers

can have different potentials. If screening is ignored, the

three potentials are U1ðmgÞ ¼ UðmgÞ; U2ðmgÞ ¼ 0:5UðmgÞ,
and U3ðmgÞ ¼ 0, where UðmgÞ is given by Eq. (9). For a

superlattice structure, it is difficult to consider screening

using a self-consistent approach as it is numerically too com-

plicated. We therefore consider the effect of screening by

considering a higher U2 such as 0:6U, 0:7U. Although it is

not a quantitatively proper way to consider screening, this

approach can account for screening qualitatively. We note

that the results with some screening considered do not differ

very much qualitatively from the results of U2 ¼ 0:5U.

Owing to the lack of space, we therefore only show U2 ¼
0:5U results here. Figures 12(a)–12(f) show the energy

FIG. 9. Energy dispersion along the ky direction for kx¼ 0 with superlattice

potential U0¼ 0p, 2p, 3p, 3.6p. The values of W and L are not identical

(W¼ 8 nm, L¼ 12 nm).

FIG. 10. Energy dispersion along the ky direction for kx¼ 0 with superlattice

potential U0¼ 4p, 5p, 6p, 7.6p. The values of W and L are not identical

(W¼ 8 nm, L¼ 12 nm).

FIG. 11. Energy dispersion along the ky direction for kx¼ 0 with superlattice

potential U0¼ 7.7p, 9p, 10p, 11p. The values of W and L are not identical

(W¼ 8 nm, L¼ 12 nm).

FIG. 8. Dispersion along the kx direction for ky values of points N-Q of

Figure 7. Other parameters are the same.

203704-5 S. Uddin and K. S. Chan J. Appl. Phys. 116, 203704 (2014)



spectrum along the ky direction with kx ¼ 0 for several val-

ues of the barrier height U0. By increasing U0, the cubic dis-

persion near ky ¼ 0 is converted to a linear dispersion and a

Dirac like cone appears in the center of the spectrum.

Further increase in the barrier height causes the generation

of two small valleys around ky � 61. These two valleys

touch each other at U0 ¼ 4:6p and the group velocity of the

charge carrier becomes approximately zero along ky direc-

tion close to ky � 61. Then, two extra Dirac points appear

from each valley (Figure 12(e)) having the same electron

hole crossing energy as that of the original Dirac point. The

positions of these new Dirac points move away from each

other along the ky direction with increasing barrier height U0

as shown in Figure 12(f).

However, the two extra Dirac points next to the original

Dirac point at center (ky ¼ 0 Dirac points) are not stable and

they move towards the original Dirac point with increasing

U0 (Figure 13(a)). These two extra Dirac points finally

merge into the original Dirac point as shown in Figure 13(b).

The emergence of two new Dirac points from a touching val-

ley and the disappearance of one Dirac points of the pair

from the spectrum are not observed in the identical potential

case. Once the two extra Dirac points completely disap-

peared from the spectrum, two new small valleys appear

again in the spectrum by increasing U0 (Figure 13(c)). The

appearance of small valleys has the electron hole symmetry.

The valleys of the conduction band and valence band grow

slowly with the barrier height and finally touch each other.

At the touching point the group velocity of the charge carrier

become zero again along the ky direction and two extra Dirac

points emerges from each of the touched valleys (Figures

13(d) and 13(e)). The two extra Dirac points near to the

central Dirac point are not stable, they shrink again (Figure

13(f)) and finally two Dirac points disappear from the spec-

trum with increase the barrier height. The emergence and

disappearance of extra Dirac points continue in a periodic

manner with increasing the barrier height.

We also consider the effect of other hopping terms such

as t2 and t3 used in other studies in the Hamiltonian of

ABC-trilayer graphene super lattice and found that this does

not change the main qualitative conclusion. The only differ-

ence is that the extra Dirac points appear at slightly different

potentials.

IV. CONCLUSION

We studied the effect of a superlattice potential on the

electronic band structure of trilayer graphene. First we

assume that all the three layers have the same potential.

When the barrier height of the superlattice potential is

increased, extra Dirac points are formed. The extra Dirac

points are first generated from valleys formed in the disper-

sion for low barrier height U0. When the barrier height is

high enough the extra Dirac points can emerge either from

the original Dirac point or some of the extra Dirac points.

This behavior is different from a single layer graphene,

where the extra Dirac points always emerges from the origi-

nal Dirac points. The dispersion along ky for kx¼ 0 oscillates

between a non-linear one and a linear one when the barrier

height is increased. When the barrier width and the well

width are not equal, the extra Dirac points are formed at non-

zero energy with the breaking of the electron hole symmetry

which is maintained in the case of identical barrier and well

widths. Whether the extra Dirac points are above or below

the zero energy depends on the well and barrier widths.

We also study the cases in which the three layers have

different potentials. Our results show that extra Dirac points

are always generated from the valleys formed in the energy

spectrum of the ABC trilayer graphene superlattice. There is

no direct emergency of extra Dirac points from the central

Dirac point. We also note an interesting behavior, two extra

Dirac points appear from one pair of touched valleys, and so

extra four Dirac points appear in the spectrum when the

valleys touch each other. Not all of the four Dirac points are

stable, and by increasing the barrier height of the superlattice

FIG. 13. Energy dispersion along the ky direction for kx¼ 0 with different

potentials for the three layers. The barrier height U0¼ 5.5p, 6p, 8p, 9p,

9.2p, 10p in (a)–(f), respectively, and the values of W and L are 10 nm.

FIG. 12. Energy dispersion along the ky direction for kx¼ 0 with different

potentials for the three layers. The barrier height U0¼ 0, 2p, 4p, 4.6p, 4.7p,

5p in (a)–(f), respectively, and the values of W and L are 10 nm.

203704-6 S. Uddin and K. S. Chan J. Appl. Phys. 116, 203704 (2014)



potential, two Dirac points disappear from the energy spec-

trum. This behavior is completely different from the identi-

cal potential case as well as the single layer graphene

superlattice case. Our results here show a superlattice poten-

tial is an effective means to produce interesting features in

the energy dispersion of ABC stacked trilayer graphene.
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