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We investigate the edge wrinkling of a soft ridge with gradient thickness under axial compression.

Our experiments show that the wrinkling wavelength undergoes a considerable increase with

increasing load. Simple scaling laws are derived based on an upper-bound analysis to predict the

critical buckling conditions and the evolution of wrinkling wavelength during the post-buckling

stage, and the results show good accordance with our finite element simulations and experiments.

We also report a pattern transformation triggered by the edge wrinkling of soft ridge arrays. The

results and method not only help understand the correlation between the growth and form observed

in some natural systems but also inspire a strategy to fabricate advanced functional surfaces.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4985009]

Instabilities of soft materials occurring across different

length scales have received considerable attention during the

past two decades because these phenomena not only indicate

the failure of materials or structures but also find broad tech-

nological applications.1 Soft films are frequently encoun-

tered in both nature and engineering, which are easy to

crumple when subjected to external or internal stimuli.2–8

Edge wrinkling often occurs in thin structures, such as

leaves, flowers, papers, and curtains.9–17 Thickness and met-

ric (distribution of the residual strains in the thin sheets) are

the two important factors that determine the morphology of

edge wrinkling.11,14,15 The shapes of wavy leaves and flow-

ers, for example, result from the enhanced growth in the

vicinity of their edges.11,12,14,15 Well-designed metrics can

lead to buckling cascades and self-similar structures near the

edges of thin sheets,9,14 such as the edge of a torn plastic

sheet.14 It has been shown that the wavelength of edge wrin-

kling scales with the height of thin sheets when the thickness

is constant.13 Motivated by our experiments, this paper is

concerned with an intriguing edge wrinkling phenomenon of

a soft ridge with gradient thickness induced by axial com-

pression. It is shown here that the wrinkling wavelength can

increase by orders of magnitude with the increase in the

compressive strain, depending on the thickness gradient.

In our experiments, 3D printing was adopted to fabricate

the mould shown in Fig. 1(a). Using reverse mould, a soft

ridge with gradient thickness [Fig. 1(b)] was obtained. The

sample was made of silicon rubber (Elite Double 32,

Zhermack), which is nearly incompressible.18 When subject

to uniaxial compression with the normal displacement at the

bottom constrained, edge wrinkling with small wavelength

was observed clearly [Fig. 1(d)]. With the increase in the

compressive strain, the wrinkling wavelength considerably

increased [Figs. 1(c)–1(f)]. The phenomenon of the increased

wavelength with compression is intriguing, which may not

only help explain the characteristic morphology observed in

some natural systems but also provide us a strategy to regu-

late wrinkling pattern evolution of soft materials.

Finite element (FE) simulations were performed to

reveal the key feature of the wrinkling patterns observed in

experiments, and offer quantitative results of the relation

between the wrinkling wavelength and the compressive

strain. The commercial software Abaqus (2010) was adopted

to conduct the simulations. The soft ridge was modeled as

the incompressible neo-Hookean material. Approximately

50 000 second order hybrid elements (C3D20RH) were

employed to explore the buckling behavior of the soft ridge

with the gradient thickness. During the simulations, the nor-

mal displacements of the bottom surface were fixed to avoid

Euler buckling or global bending. Uniaxial compression was

imposed on the two ends, as illustrated in Fig. 1(g). The

length and height of the FE models were much larger than

the wrinkling wavelength. Figure 2 shows the variation of

the wrinkling amplitude along the depth, which together

with the upper-bound analysis performed subsequently, ena-

bles us to propose scaling laws to predict the onset of buck-

ling and the transformation of wrinkling patterns. The FE

models described here are also used to understand the critical

buckling conditions and track the wrinkling pattern evolu-

tion, and the results will be shown in detail below.

To understand the buckling mechanics underlying the

experimental phenomenon, simple scaling laws are derived

to predict the critical conditions for the onset of the buckling

and the wrinkling wavelength. We consider the case in

which the thickness variation of the soft ridge along the

height can be described with a power function

h ¼ byn; (1)

where the exponent n is a dimensionless positive number.

Here, y0 � y <1, indicating that the thickness increases

from the value h0 ¼ byn
0 along its height. The height of the

structure is assumed much greater than the wrinkling wave-

length. In the theoretical analysis, we model the structure as

a von Karman plate with thickness gradient.19,20 The strain
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energy of the soft ridge can be decomposed as the bending

energy and in-plane stretching energy. Their competition

dominates the wrinkling pattern selection and transformation

observed in the experiments. Based on the wrinkling pattern

observed in experiments and FE simulations, the out-of-

plane deformation can be described by the following func-

tion (Fig. 2):

w ¼ AðkyÞ cos kx; (2)

where the wrinkling amplitude, AðkyÞ, is a decaying func-

tion, which can be approximately described by an exponen-

tial function, as shown in Fig. 2. k is the wavenumber. It

should be mentioned that the theoretical analysis performed

here represents an upper-bound analysis due to the assump-

tion on the form of the out-of-plane deformation.19,20 The

curvatures induced by the normal deflection are of the same

order, i.e., w;xx / w;yy / w;xy. Then, the bending energy of

the structure can be estimated from the curvature along the x
direction and can be written as

Ub /
ð ð

Eh3w;xx
2dxdy / Ek3�3nb3lg1; (3)

where E refers to the elastic modulus of the material, ~y ¼ ky,

and g1 ¼
Ð1

ky0
A2ð~yÞ~y3nd~y. l is the length of the structure

along the x axis, which is assumed to be long enough to con-

tain an integral number of periods.

The stretching energy can be estimated from the in-

plane strains, which read exx ¼ �e0 þ u;x þ w;x
2=2, eyy ¼ v;y

þw;y
2=2, and exy ¼ ðu;y þ v;xÞ=2þ w;xw;y=2. Here, u and v

are the in-plane displacement along the x and y axes, the

order of which can be determined by minimizing the stretch-

ing energy. The in-plane displacements can be expanded as

u¼ B1 sin kxþB2 sin 2kxþ � � � and v¼ B3 cos kxþB4 cos 2kx
þ� � �, where B1�B4 refer to the amplitude, and they can also

vary along the depth. The stretching energy per unit height

has the order of

us /
ð

Eðexx
2 þ eyy

2 þ exxeyy þ exy
2Þdx:

Minimizing the stretching energy gives B1 ¼ B3 ¼ 0;
B2 / B4 / A2k, and the stretching energy per unit height can

be rewritten as us / Ele0
2 � Ele0k2A2 þ Elk4A4.

Then, the stretching energy of the structure can be given

by

Us /
ð

husdy / �Ele0bk1�ng2 þ Elbk3�ng3; (4)

where the constant energy terms have been left out, g2 ¼
Ð1

ky0

A2ð~yÞ~ynd~y and g3 ¼
Ð1

ky0
A4ð~yÞ~ynd~y.

When dealing with the critical buckling problem, higher

order terms of the potential energy with respect to the ampli-

tude A can be neglected,21 i.e., Ek3�3nb3lg1 and �Ele0bk1�ng2

are the main terms determining the critical buckling condi-

tions. Minimizing the strain energy of lower order terms gives

the critical condition as

e0 / b2k2�2n g1 ky0ð Þ
g2 ky0ð Þ : (5)

Minimizing e0 with respect to the wavenumber k gives the

critical buckling conditions. Now, we proceed to investigate

the effect of thickness gradient. The derivative of g1=g2 with

FIG. 2. Normal deflections (w) of the soft ridge with gradient thickness

obtained from FE analysis. A is the wrinkling amplitude, which is a decaying

function of y. A0 is the wrinkling amplitude at the edge. k is the wavenum-

ber. The inset cloud picture shows the wrinkling pattern of the FE example

corresponding to the axial compressive strain of 5%. In this FE model,

h / y2. The wrinkling amplitude decreases along with the depth, which can

be approximately described with an exponential function (inset figure).

FIG. 1. (a) Template fabricated by the 3D printing. (b) Sample made by

means of reverse mould. The thickness of the sample is h¼ 0.04y2 mm.

(c)–(f) Wrinkling patterns of the sample under uniaxial compression with

the compressive strain varying from 0% (c), 8% (d), 13% (e), to 19% (f).

Scale bar: 1 cm. (g) Schematic of the theoretical model. e0 is the axial com-

pression strain. (h) Evolution of the wavelength with the overall compres-

sion. The experimental data can be qualitatively described with a power

function as revealed by our subsequent theoretical analysis.

231604-2 Zhao et al. Appl. Phys. Lett. 110, 231604 (2017)



respect to ky0 is given by
dðg1=g2Þ

dðky0Þ �
A2ðky0Þ�ðky0Þ3n

g2
2

Ð1
ky0

A2ð~yÞ

�ð~yÞn ð ~y
ky0
Þ2n � 1

h i
d~y, which is non-negative. It can be seen

that g1=g2 is an ascending function of the parameter ky0

when n > 0. When n ¼ 0, i.e., a soft ridge with uniform

thickness, dðg1=g2Þ=dðky0Þ is zero and g1=g2 is a nonzero

constant. Equation (5) shows that when 0 � n � 1, e0 ! 0

corresponds to k! 0, i.e., the wrinkling wavelength of the

critical buckling is infinite. In this case, wrinkling with long

wavelength would occur in a practical system of finite size,

and the critical wavelength may depend on the structure

length, height, and boundary conditions; however, this prob-

lem is not the main concern of this paper. In the case of

n > 1, minimizing Eq. (5) gives a finite number of wave-

number k. Edge wrinkling with short wavelength would

occur, with the critical buckling results given by

kc / 1=y0; (6)

ec / b2k2�2n
c : (7)

Equations (6) and (7) show that the critical wavelength is

proportional to y0 when n > 1, and the critical buckling

strain is proportional to the critical wavelength. This phe-

nomenon is distinct from edge wrinkling of thin sheet with

uniform thickness or the classical Euler buckling and surface

wrinkling of film-substrate systems.

Numerical simulations based on the FE models

described above were performed to validate the scaling laws

given by Eqs. (6) and (7) for the critical buckling. In the FE

analysis, different values of n and h0 are considered. The

critical wavenumber and wrinkling strain obtained from FE

simulations and our scaling laws are shown in Fig. 3. The

simulated results can be well described by the power law

functions given by Eqs. (6) and (7). Based on FE simulations

and Eqs. (6) and (7), the explicit forms of the scaling laws

can be determined as

kc ¼ C1=y0; (8)

ec ¼ C2b2k2�2n
c ; (9)

where C1 ¼ 2ðn� 1Þ and C2 ¼ 4nðn� 1Þ2n�1
. The compari-

son of the coefficients C1 and C2 with the FE results is

shown in Fig. 3. By using Eq. (8), Eq. (9) can be rewritten as

ec ¼ C3h2
0k2

c ; (10)

where C3 ¼ 1=ðn� 1Þ. Equation (10) relates the critical

buckling strain with the edge thickness and the wavelength.

It is interesting to find that the scaling in Eq. (10) is similar

to the results of classical Euler buckling. It should be men-

tioned that the coefficients C1 and C3 are directly obtained

by fitting the FE results, for which simple functions are

selected. C2 is derived based on the relationship given by

Eqs. (8)–(10), i.e., C2 ¼ C3C2n
1 .

Evolution of the wrinkling pattern with the increase in

the overall compression in the post-buckling stage is further

explored. During the post-buckling analysis, higher order

terms of the potential energy, i.e., Elbk3�ng3, should be taken

into account. However, directly minimizing the potential

energy cannot give the results of the wrinkling pattern evolu-

tion in simple analytical form. Therefore, further acceptable

assumptions are made in our derivations.

In actual systems, e.g., the structure in Fig. 1, the initial

edge thickness h0 is usually unknown and very small com-

pared to the wrinkling wavelength in the post-buckling stage.

During the wrinkling pattern evolution, the potential energy

of the edge part is assumed to be insignificant compared to

the whole energy of the system; or mathematically, we let

y0 ! 0 in the analysis. Under this assumption, simple scal-

ing laws for the wrinkling wavelength and compressive

strain can be achieved. The scaling laws are validated using

nonlinear FE analysis to justify that this assumption is

acceptable. Particularly, the bending energy Ub is of the

order Ub / ElA0
2k3�3nb3, where A0 refers to the wrinkling

amplitude at the edge. The stretching energy is of the order

Us / �ElA0
2k1�nbe0 þ ElA0

4k3�nb. Minimizing the total

strain energy with respect to A0 and k gives

A0
2 / e0

k2
; (11)

e0 / b2k2�2n: (12)

The results clearly show that the wrinkling wavelength

depends largely on the overall compressive strain e0. The

FIG. 3. Critical buckling results given by the scaling laws and FE simula-

tions: (a) critical wavenumber and (b) critical buckling strains. The corre-

sponding lines in the main figures refer to the scaling law in Eqs. (6) and (7).

Points in the insets are obtained by fitting the FE results for each value of n
using the least square method.
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wavelength grows stably with the increase in the overall

strain under the condition of n > 1.

Note that the post-buckling result, i.e., Eq. (12), has

exactly the same form as the critical buckling solution in

Eq. (7). Equation (12) should have the same coefficient with

Eq. (9) so that post-buckling results can degrade into the crit-

ical buckling solution. Then, the explicit post-buckling solu-

tion is obtained as

e0 ¼ C2b2k2�2n: (13)

From Eqs. (9) and (13), we have

e0

ec
¼ k

kc

� �2n�2

: (14)

FE simulations of the wrinkling pattern evolution of the

structure were performed to validate the scaling laws given

in Eqs. (13) or (14). In the simulations, models with different

exponents n and the initial edge thickness h0 were consid-

ered. Figures 4(a)–4(d) show a typical sequence of the wrin-

kling pattern evolution of the structure under uniaxial

compression. The wrinkling wavelength increases several

times with the increase in the overall compression. Figure

4(e) shows the comparison of the finite element results with

the theoretical solutions in Eq. (14). Although Eq. (14) is

derived by neglecting the effect of initial edge thickness h0,

it indeed well predict the wrinkling wavelength. Equation

(13) can be used to determine the wrinkling wavelength in

practical experiments even though the initial edge thickness

cannot be accurately measured. For instance, in our experi-

ments, the predicted results are in good accordance with the

measured values of the wavelength [Fig. 1(h)].

Equations (9), (13), and (14) not only provide the quan-

titative relationships between the wrinkling wavelength and

the uniaxial compression strain but also inspire us a strategy

to manufacture and control functional surface patterns of soft

materials. By simply imposing uniaxial load, the surface

patterns can be dynamically regulated with the wrinkling

wavelength altered by orders of magnitude. To illustrate the

application of the present results in the development of

advanced functional materials, we investigate the wrinkling

FIG. 4. (a)–(d) Wrinkling patterns of the soft ridge under different levels of

uniaxial compression by finite element simulations. The compressive strains

are 0%, 6%, 17%, and 20%. The thickness of this typical finite element

model is h / y2. (e) Evolution of the wavelength with the increase in overall

compression. Symbols represent finite element results. The corresponding

lines are theoretical solutions obtained from the scaling laws.

FIG. 5. (a)–(f) Wrinkling pattern evo-

lution of arrays of soft ridge arrays

with gradient thickness under uniaxial

compression of 0%, 6%, 9%, 12%,

15%, and 18%, respectively. (g)–(i)

represent the SEM images of the arrays

with constant thickness under different

levels of compression in the experi-

ments of Li et al.,22 and the inset fig-

ures are the corresponding photos from

a macro point of view [Reprinted with

permission Li et al., Adv. Funct.

Mater. 24, 2361 (2014). Copyright

2013 WILEY-VCH Verlag GmbH &

Co.]. Scale bar: 2 lm.
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pattern transformation of arrays formed by soft ridges with

thickness gradient, as shown in Fig. 5(a). By controlling

axial compression, marked pattern transformation occurs as

shown in Figs. 5(a)–5(f), which can dynamically change the

wetting and optical properties of the soft surface according

to the experiments of Li et al.22 performed on the system in

which the structure has constant thickness [Figs. 5(g)–5(i)].

It should be mentioned that in the system of Li et al.,22 the

wrinkling wavelength is on the order of the structure’s

height, and the wavenumber would not evolve with increas-

ing compression. While the present paper was under review,

a related manuscript by Lestringant et al. was published.23

They addressed the instability of a ridge with triangular

cross-section under axial compression; their insightful analy-

sis shows that not only wrinkling but also creasing may

occur in their system. Creasing may also occur in our case

though it is not observed in our experiments but is beyond

the scope of this study.

In summary, the pattern transformation of a soft ridge

with gradient thickness is investigated through experiments,

finite element simulations, and theoretical analysis. Under

described conditions, edge wrinkling with short wavelength

is observed. The wrinkled structure will smoothly evolve

into a configuration with a larger wavelength with increasing

overall compression. Simple scaling laws based on the analy-

sis of the total potential energy of the system are derived,

which give the critical wavelength and the relationship

between the wavelength and compressive strain in the post-

buckling stage. Both experimental results and finite element

simulations validate the scaling laws. Wrinkling pattern evo-

lution of arrays consisted of soft ridges with gradient thick-

ness illustrates that the wetting and optical property may be

tuned by simply controlling the external load. This study

may not only help explain the characteristic morphologies

caused by mechanical instabilities during growth observed in

some biological systems but also provide a strategy for fabri-

cating advanced functional materials.

We acknowledge the support from the National Natural

Science Foundation of China (Grant Nos. 11572179,
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