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ABSTRACT

Bending deformation of nematic liquid crystal elastomers (abbreviated as NLCEs) serves not only as a benchmark but also as a basic action
of soft robots. It is, therefore, of fundamental importance to carry out a thorough analysis of finite bending of NLCEs. This paper studies
such a problem by coating an NLCE to a hyperelastic substrate. The aim is to derive the analytical solution and investigate whether or not
different constitutive models of NLCEs can drastically affect the theoretical predictions. For that purpose, four NLCE models are considered.
The governing system of each case is established, and solving it leads to two different bending solutions. In order to determine which is the
preferred one, we compare the total potential energy for both solutions and find that the two energy curves may have an intersection point
at αc, a critical value of the bending angle, for some material parameters. In particular, the director n abruptly rotates π=2 from one solution
to another at αc, which indicates a director reorientation. By applying the solution procedure to different material models, we find that the
theoretically predicted behavior is dependent on the material models applied. Besides unraveling a possible director reorientation in a bent
NLCE, the current work also suggests that an experimental investigation on bending may be a good way for selecting a suitable constitutive
relation for practical applications.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0038822

I. INTRODUCTION

Liquid crystal elastomers (LCEs) combine both the hypere-
lasticity of rubber-like solids and many attractive features of
liquid crystals.1 Among various LCEs, the nematic liquid crystal
elastomer (NLCE) is the simplest one, for which the anisotropy
can be measured by a director n. NLCE can be viewed as a kind
of promising intelligent material due to its quick and controlled
reaction in response to various stimuli, such as light,2,3 magnetic
or electric field,4–7 and temperature variation.8,9 These desirable
properties justify their applications to artificial muscles,10,11 flex-
ible robotics,12,13 soft actuators,14,15 etc. Interested readers can
refer to the monograph by Warner and Terentjev1 where a com-
prehensive introduction to the physics of NLCE and extensive
references can be found.

Indeed, NLCEs can undergo large elastic deformations. It is,
therefore, of fundamental significance to characterize their mechan-
ical features, especially plentiful nonlinear behaviors. Accounting
for the nematic order, an extension of rubber elasticity was pro-
posed by Bladon et al.16 Later, DeSimone and Dolzmann17 pre-
sented a modified energy form incorporating the quasi-convexity.
In the continuum-mechanical framework, a pioneering work was
accomplished by Anderson et al.,18 where the strain-energy func-
tion is assumed to be a function of the deformation gradient, the
orientation (or director), and the orientation gradient. In doing so,
besides the conventional equilibrium equation, the governing
system contains an additional vector equation owing to the orienta-
tional momentum balance. Furthermore, attempts were made not
only to improve the neo-classical theory19 but also to extend it to
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the continuum level.20–22 Also, Chen and Fried resorted to a geo-
metrical approach to re-establish a continuum framework of
NLCEs,23 and Agostiniani and DeSimone properly generalized the
classical Ogden model in rubber elasticity to the nematic regime.24

Recently, a new continuum model was presented by Zhang et al.25

according to the dissipation principle.
We emphasize that a well-known instability of NLCEs gener-

ates stripe domain texture in a uniaxial-stretch test, where the
nematic director rotates in opposite directions in each adjacent
stripe. This distinct feature was first documented by Kundler and
Finkelmann.26 Note that in this case the deformation is piecewise
homogeneous if one neglects the boundary effect, so it has
become a necessary benchmark since then. In principle, most
aforementioned theoretical models can be used to predict the
threshold where a bifurcation leading to stripe domains takes
place, see Refs. 27–36. In addition, some basic deformations for
NLCEs can also be investigated theoretically such as inflation,23,37

disclination,38 and pure bending.39 In particular, a finite bending
can also serve as a benchmark problem for validating the accuracy
of plate theories for NLCEs. For instance, Liu et al.40 derived a
consistent plate theory for NLCEs and verified the accuracy based
on the bending problem. It is noted that the investigation by
Pence39 employed a constitutive model suggested by DeSimone
and Dolzmann17 with a solid phase, a smectic phase, and a liquid
phase. It seems that there is a lack of studies concerning the effect
of different material models on the bending behavior, and this is
the aim of the current paper. For that purpose, we consider four
different material models, including two neo-classical models16,19

and two continuum models.18,20

It should be pointed out that an NLCE sample usually occu-
pies a very thin thickness around hundreds of micrometers (μm)
while the other two dimensions can be dozens of times greater
than the thickness. Motivated by these two facts, this work then
focuses on the finite-bending behavior of an NLCE film bonded to
a hyperelastic material and aims at providing some new insights. It
is worth mentioning that such a structure was considered by Liu
et al.40 as a benchmark problem by assuming that the alignment of
the director is uniform in the current configuration. However, the
present work provides a more comprehensive analysis and dis-
cusses the effect of material constitution, material parameters, and
geometric parameters on the initiation of bending-induced director
reorientation. Specifically, we only focus on the parametric region
with sufficient physical significance.

The rest of this paper is organized as follows. In Sec. II, the
governing system of an NLCE–substrate structure under finite
bending is formulated. In Sec. III, the exact solution is derived,
and two different bending solutions with mutually orthogonal
directors are identified. In Sec. IV, we address the issue of the
competition between two solutions by comparing their total
potential energies and discuss the effect of different material
models on the bending behavior. It turns out that the material
model can drastically affect the theoretical predictions. Specifically,
for some models, a director reorientation may be triggered when
the bending angle reaches a critical value. However, such a phe-
nomenon is not allowed for a model used in this study for all
physically realistic material parameters. Finally, some concluding
remarks are given in Sec. V.

II. PROBLEM FORMULATION

Consider a film composed of a nematic liquid crystal elasto-
mer (NLCE) bonded to a hyperelastic substrate that is subjected
to a bending angle/moment on the two edges. As shown in Fig. 1,
the thicknesses for the NLCE and substrate are given by 2h and
2H, respectively, in the initial state, and the Cartesian coordinate
system (X, Y , Z) is used. The initial width and length are repre-
sented by 2L1 and 2L2, respectively. It is assumed that the inter-
face keeps perfectly bonded during the deformation and the
structure deforms into a sector of a cylindrical tube under a
bending angle/moment. As a result, the cylindrical polar coordi-
nate system (θ, y, r) is employed in the current configuration, and
the deformation is described by Refs. 41 and 42

θ ¼ α
L1
X, �L1 � X � L1,

y ¼ Y , 0 � Y � 2L2,
r ¼ r(Z), �2H � Z � 2h,

8<
: (1)

where α, ranging from 0 to π, stands for the bending angle. In
particular, we have specified a plane-strain deformation in the
(X, Z)-plane.

FIG. 1. (a) A 3D illustration of an NLCE–substrate structure at the initial state;
(b) the two-dimensional pure bending state induced by a bending moment/
angle.
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In order to distinguish different quantities for the NLCE film
and the substrate, we use subscripts “f” and “s” to signify associa-
tions with the film and the substrate, respectively. Moreover, if a
quantity shares the same expression for the substrate and NLCE,
we abandon any subscript. With respect to an orthonormal basis
{E1, E2, E3} in the reference state and an orthonormal basis
{eθ , ey , er} in the current state, the deformation gradient tensor for
both layers of the current problem reads

F ¼ α

L1
r(Z)eθ � E1 þ ey � E2 þ r0(Z)er � E3, (2)

where the prime here and hereafter indicates d()=dZ.
Additionally, an NLCE contains a director that can be used to

measure the alignment of mesogens. In this study, as indicated in
Fig. 1, we confine our attention to a situation where the director is
initially aligned in the Z-axis. Furthermore, it is assumed that the
current director is also an in-plane vector. We hence write

n0 ¼ E3, n ¼ cos β(Z)eθ þ sin β(Z)er , (3)

where n0 and n depict the director in the reference and current
configurations, respectively. Moreover, the anti-clockwise angle
between the n and eθ is denoted by β(Z) and is assumed to be a
thickness-dependent function resulting from the fact that the defor-
mation is thickness-dependent. Note that other situations such as
n0 ¼ E2 can be investigated in a similar procedure to the one
carried out in this paper.

We first specify the substrate by the incompressible
neo-Hookean material with the following strain energy function:

Ws ¼ μs
2

�
tr FFT
� �� 3

�
, (4)

where μs denotes the ground state shear modulus, the superscript
“T” stands for the transpose, and “tr” denotes the trace operator. In
addition, the present study focuses on the effect of different mate-
rial constitutions on the bending solution. To this end, four consti-
tutive models within different theoretical frameworks will be
applied to this problem.

In general, NLCEs are assumed to be incompressible during any
possible elastic deformation. At first, we introduce a neo-classical
model, labeled by model I, proposed by Bladon et al.16 as follows:

W(1)
f ¼ μf

2
tr
�
L�1FL0F

T
�
, (5)

where μf is the shear modulus. The step-length tensors L and L0 are
given by

L0 ¼ ‘0?Iþ (‘0k � ‘0?)n0 � n0, L ¼ ‘?Iþ (‘k � ‘?)n� n: (6)

In the above expressions, I represents the second-order identity
tensor, ‘0? and ‘0k are positive constants depicting the polymer
step lengths perpendicular and parallel to the director in the refer-
ence configuration, while ‘? and ‘k are their counterparts in the
current configuration. Motivated by some experimental observa-
tions, we confine our attention to situations where the polymer

step lengths are unchanged in the deformed state such that we
only use ‘? and ‘k in the subsequent analysis. In view of this fact,
we define a new parameter to exhibit the step-length anisotropy,

s ¼ ‘k
‘?

. 0: (7)

In reality, s , 1 or s . 1 stands for that the molecules are oblate
or prolate, respectively.

The second model, labeled by model II, introduces more
material parameters into model I and the strain-energy function is
given by

W(2)
f ¼ 1

2
μf tr L�1FL0F

T
� �þ 1

2
κ (∇ � n)2 þ (∇� n)2
� �

þ 1
2
μfζtr (I� n0 � n0)F

Tn� nF
� �

, (8)

where κ is the Frank constant, ζ is a non-negative parameter that
measures the deviation from the ideal soft response, and ∇ is the
gradient operator calculated in the reference configuration. This
model was developed by Verwey et al.,27 and the material parame-
ters were determined for specified samples by experiments con-
ducted by Petelin and Čopič.33

Next, we introduce a model suggested by Carlson et al.,20

where the variables are identified based on the molecular–statistical
theory, labeled by model III. The strain-energy function writes

W(3)
f ¼ μf

2
tr FFT � I
� �þ μ2

2
tr A�1FA0F

T � I
� �

, (9)

where μ2 is a non-negative elastic modulus and the second-order
tensors A0 and A denote the conformations that measure the
average shape of the polymer molecules in the reference and
current configurations, respectively. In fact, these two tensors can
be viewed as dimensionless versions of the step-length tensors.
Since we assume that the step length remains the same during the
deformation, the two conformations can be expressed as

A0 ¼ s�1=3 Iþ (s� 1)n0 � n0ð Þ,
A ¼ s�1=3 Iþ (s� 1)n� nð Þ:

(10)

Finally, we employ a material model presented by Anderson
et al.18 within the framework of continuum mechanics, where the
strain-energy function is assumed to be a function of the deforma-
tion gradient F, the director n, and the orientation gradient tensor
G ¼ Gradn. Note that the operator “Grad” is evaluated in the refer-
ence configuration. In particular, we specify a two-constant consti-
tutive model,18,26 labeled by model IV, as follows:

W(4)
f ¼ μf

2

�
tr(L�1FL0F

T)� 3
�
þ κ(s� 1)2

2s
tr(FTGGTF): (11)

The last term can be regarded as a gradient-energy density and the
first term is consistent with the neo-classical free energy in (5).

Now, we have provided the corresponding strain-energy func-
tions for the four material constitutions. It can be seen that the last
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three models can be regarded as certain extensions of model I in
(5). Model II is reduced to model I in the limits ζ ! 0 and κ ! 0.
Model III becomes model I if μf ! 0. Model IV is identical to
model I when κ ! 0. Usually, more proper parameters embedded
in a model may improve its performance. In the subsequent analy-
sis, these models will be used to study the bending problem.

At present, the constitutive models for both the NLCE film
and the substrate are assigned. We are in a position to establish
the governing equations. It is seen that the four material models
for NLCE contain diverse dependences. For instance, the
strain-energy function is a function of (F,n) for model I but a
function of (F,n,G) for model IV. Therefore, an additional equa-
tion must be imposed for G if model IV is employed. In order to
increase the readability, in the absence of the body force, we first
supply the equations that enforce the principle of linear momen-
tum for a static problem,

DivSf ¼ 0, in �L1, L1ð Þ � 0, 2L2ð Þ � 0, 2hð Þ, (12)

DivSs ¼ 0, in �L1, L1ð Þ � 0, 2L2ð Þ � �2H, 0ð Þ, (13)

with the nominal stress tensors defined by

Ss ¼ @Ws

@F
� psF

�1, Sf ¼ @Wf

@F
� pfF

�1, (14)

and the pressure p arises from the incompressibility condition
detF ¼ 1.

The upper and lower surfaces are granted to be traction-free,
which leads to the following boundary conditions:

STf E3

���
Z¼2h

¼ 0, STs E3

���
Z¼�2H

¼ 0: (15)

As mentioned earlier, the interface between the two layers keeps
perfectly bonded during the deformation. Thus, both the displace-
ment and the traction should be continuous on the interface.
Remember that the displacement continuity condition is automati-
cally satisfied according to the prescribed bending deformation
(1)3, then the traction continuity condition furnishes

STs E3

���
Z¼0

¼ STf E3

���
Z¼0

: (16)

It is emphasized that equations together with the boundary
conditions and the continuity conditions (12)–(16) form the gov-
erning system for models I and II. However, model III needs
another equation called the conformational force balance.
Neglecting the conformational body force, this equation reads20

� @W(3)
f

@A
¼ 0, in �L1, L1ð Þ � 0, 2L2ð Þ � 0, 2hð Þ: (17)

On the other hand, model IV also requires an additional equation
due to the orientational momentum balance. Because the director
n is chosen as a unit vector, giving rise to two additional
constraints on the director and orientation gradient, the

complementary equation involves two Lagrange multipliers.
However, it has been clarified by Anderson et al.18 that these multi-
pliers in response to the constraint n � n ¼ 1 are of negligible
importance. Consequently, we can eliminate them from the govern-
ing system. Referring to Liu et al.,40 we directly apply the action of
I� n� nð Þ on the equation of orientational momentum balance
and obtain

I� n� nð Þ DivTþ πð Þ ¼ 0,

in �L1, L1ð Þ � 0, 2L2ð Þ � 0, 2hð Þ, (18)

where the modified internal orientational force density π and the
modified orientational stress tensor T read

π ¼ � @W(4)
f

@n
, T ¼ @W(4)

f

@G
: (19)

Furthermore, the boundary conditions arising from the natural
boundary condition of the orientational stress tensor in the varia-
tional problem change to

I� n� nð ÞTTE3

���
Z¼0,2h

¼ 0: (20)

We emphasize that the aim of the current study is to
derive the exact solution for the finite bending problem and
to unravel the effect of material constitution on the bending solu-
tion. Since the solution procedures are quite similar, we only take
W(4)

f (model IV) as an example and display all necessary details.
The corresponding solutions for other models will be supplied
directly.

In this case, we calculate the orientation gradient tensor G
according to (3) to obtain

G ¼ α

L1
sin β(Z)eθ � E1 � α

L1
cos β(Z)er � E1

� sin β(Z)β0(Z)eθ � E3 þ cos β(Z)β0(Z)er � E3: (21)

For the particular form in (11), the nominal stress tensor for the
NLCE is given by

Sf (F, n, G) ¼ μf FT � s� 1
s

FTn� nþ (s� 1)n0 � Fn0

�

� (s� 1)2

s
(FTn � n0)n0 � n

�

þ κ(s� 1)2

s
FTGGT � pf (Z)F

�1: (22)

Since r is only dependent on Z, it can be deduced that the pressure
pf [see also ps in (25)] is a function of Z as well. The T and π have
the following form:

π(F, n, G) ¼ � μf (s� 1)
s

FFT þ (s� 1)Fn0 � Fn0
� �

n, (23)
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T(F, n, G) ¼ κ(s� 1)2

s
GTFFT: (24)

Accordingly, in light of (4), the nominal stress tensor for the sub-
strate (14)1 yields

Ss(F) ¼ μsF
T � ps(Z)F

�1: (25)

Since both the NLCE film and the substrate are composed of
incompressible materials, we have the following constraint equa-
tion:

detF ¼ α

L1
r(Z)r0(Z) ¼ 1: (26)

Currently, the governing system together with all required
boundary conditions and continuity conditions is established. It
can be seen that there are in total four unknowns r(Z), β(Z), pf (Z),
and ps(Z). Once those unknowns are solved, one can find the rela-
tion between the bending moment M on the two edges and the
bending angle α,

M ¼ 2L2

ð0
�2H

r(Z)Ss11 dZ þ
ð2h
0
r(Z)Sf11 dZ

� �
, (27)

and then one of them can be determined if the other one is
prescribed.

Before proceeding further, we scale all quantities of length unit
by L1 for simplicity so that L1 ¼ 1 in the subsequent analysis. In
doing so, h* ¼ h=L1 and H* ¼ H=L1 indicate the thickness to width
ratios henceforth. We also point out that the parameter κ in (8)
and (11) originally has the dimension of force. Yet setting L1 ¼ 1
implies that a normalized parameter κ=L21 can be introduced.
Then, the normalized Frank constant has the dimension of stress
and the original notation κ is still kept for convenience. Likewise,
the original notation (X,Y,Z) and (θ, y, r) are also kept although
they become dimensionless from now on.

III. BENDING SOLUTIONS

In this section, we shall derive the exact formulas of r(Z),
β(Z), pf (Z), and ps(Z) by solving the governing system (12), (13),
and (18) associated with the boundary conditions (15) and (20)
and the continuity condition (16). On substituting (2), (3), and (21)
into (22)–(25), we obtain the exact expressions of the nominal
stresses, the modified internal orientational force density, and
the modified orientational stress. To save length, they are shown
in Appendix A.

First, solving directly the incompressibility condition (26) fur-
nishes (note that L1 ¼ 1)

r(Z) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Z
α

þ C1

r
, (28)

where C1 is a constant of integration to be determined by using the
boundary conditions and continuity condition. It then follows
from (13) and (A4) that

ps(Z) ¼ μs
2

1
C1α2 þ 2αZ

� (C1α
2 þ 2αZ)

� �
þ C2, (29)

with C2 another constant of integration.
For the NLCE film, the component of the equilibrium equa-

tion (12) in the eθ-direction writes

d1(Z)sin(2β(Z))þ d2(Z)β
0(Z)cos(2β(Z))

þ d3(Z)β
0(Z)2sin(2β(Z))þ d4(Z)β

0(Z)3cos(2β(Z))
þ d4(Z)β

0(Z)β00(Z)sin(2β(Z)) ¼ 0, (30)

and specializing the orientational momentum balance (18) accord-
ing to the formulas in (A2) and (A3) for π and T gives

d5(Z)sin(2β(Z))þ d3(Z)β
0(Z)cos(2β(Z))� d3(Z)β

0(Z)

� d6(Z)β
00(Z)cos(2β(Z))þ d6(Z)β

0(Z)2sin(2β(Z))
þ d7(Z)β

00(Z) ¼ 0, (31)

where the expression of di(Z) (i ¼ 1, . . . , 7) is shown in
Appendix B.

If β is dependent on Z, these two equations are nonlinear ordi-
nary differential equations where the unique unknown is β(Z). We
mention that it is difficult to solve them analytically. On the other
hand, we would not expect two nonlinear ODEs to be compatible in
the sense that they admit the same non-trivial solution. We then
solve them numerically under proper boundary conditions deduced
from (15) and (20). It turns out that Eqs. (30) and (31) are
incompatible. As a result, the β is independent of Z and must be a
constant. It is worth mentioning that the same conclusion can be
obtained for models I, II, and III. Since the solution procedures
for these three models are similar, we only illustrate the corre-
sponding part for model I in Appendix C. Interested readers can
supplement all necessary details for models II and III following
the same approach.

Since β is a constant, Eqs. (30) and (31) hold if and only if
sin 2β ¼ 0, which is equivalent to

β ¼ π

2
or β ¼ 0: (32)

Indeed, for β ¼ π=2, (3) generates n ¼ er while (3) yields n ¼ eθ
for β ¼ 0. In particular, the boundary condition (20) is automati-
cally satisfied when the solutions in (32) are applied.

The component of (12) in the er-direction is identical to
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pf (Z)
r00(Z)
r0(Z)2

þ 1
r(Z)

� �
þ 1
2s

  
sμf ((s� 1) cos 2β þ sþ 1)þ 2α2κ(s� 1)2 cos2 βÞr00(Z)

�
 
α2μf (� (s� 1)cos(2β)þ sþ 1)þ 2α4κ(s� 1)2 sin2 β

!
r(Z)

!
� p0f (Z)

r0(Z)
¼ 0:

(33)

At the moment, we obtain two equilibrium solutions of β
given in (32). It can be seen that the two solutions are disconnected
branches. In general, at least one of these may be unstable in the
sense that it corresponds to a higher energy. Later, these two solu-
tions will be studied separately.

Case I: β ¼ π=2
In the case of β ¼ π=2, we solve Eq. (33) to obtain

pf (Z) ¼ μ
1

α(4Z þ 2αC1)
� αZ � 1

2
α2C1

� �
� κZα3(s� 1)2

s
þ C3,

(34)

where C3 is the third constant of integration.
Bearing in mind that the boundary conditions and continuity

condition are still not used, we then substitute (28), (29), and (34)
into (15) and (16) to identify three algebraic equations. By solving
two of them, the constants of integration C2 and C3 can be
expressed in terms of C1,

C2 ¼
1þ 16γ2h*2α2 � 8γh*C1α3 þ C2

1α
4

� �
μs

2α(C1α � 4γh*)
, (35)

C3 ¼ 1
2C1α2

þ C1α2

2

� �
μf þ

1� C2
1α

4 þ 4γh*C1α3

(C1α � 4γh*)C1α2
2γh*μs, (36)

where γ ¼ H*=h* is a new parameter denoting the thickness ratio
of the substrate and the NLCE film. Finally, a cubic equation for C1

can be found,

�
sμf þ (s� 1)2κα2 þ γsμs

�
α5C3

1 � 4(γ � 1)h*α4

�
sμf þ γsμs þ (s� 1)2κα2

�
C2
1 �

��
16γh*2sα2 þ s

�
μf

þ 16γh*2(s� 1)2κα4 þ γ 16γh*2sα2 þ s
� �

μs

�
αC1

þ 4γh*s μf � μsð Þ ¼ 0: (37)

Once all material and geometric parameters are specified, Eq. (37)
can give a unique solution that is physically possible to C1, and
further all unknowns r(Z), ps(Z), and pf (Z) can be determined
according to (28), (29), and (34), respectively.

Case II: β ¼ 0
Here we turn to the other solution β ¼ 0. In this case, we add

a bar to all unknowns for the purpose of discrimination.

Accordingly, we arrive at

�pf (Z) ¼
(s� 1)2κα2 þ sμ2

2s(2Z þ �C1α)α
� (2Z þ �C1α)μα

2s
þ �C3, (38)

where �C1 and �C3 are two unknown constants.
Likewise, from the boundary conditions and continuity condi-

tion, we find out the connection between �C1 and �C2 and the coun-
terpart between �C1 and �C3 as follows:

�C2 ¼
1þ 16γ2h*2α2 � 8γh*�C1α3 þ �C2

1α
4

� �
μs

2α(�C1α � 4γh*)
,

�C3 ¼ (s� 1)2κ
2s�C1

þ
�C1α2

2s
þ s
2�C1α2

� �
μf

þ 2γh*(1þ 4γh*�C1α3 � �C2
1α

4)
�C1(�C1α � 4γh*)α2

 !
μs, (39)

and further a cubic equation for �C1, which writes

μf þ γsμsð Þα5�C3
1 � 4(γ � 1)h* μf þ γsμsð Þα4�C2

1

�
�

16γh*2α2 þ s2
� �

μf þ (s� 1)2κα2 þ γs(16γh*2α2 þ 1)μs
�

� α�C1 þ 4γh* s2μf � sμs þ (s� 1)2κα2
� � ¼ 0:

(40)

So far, the exact bending solutions are deduced when model
IV is employed. It is found that there exists a pair of solutions
where the associated directors are mutually orthogonal. On the
other hand, the corresponding bending solutions for those three
constitutive models in (5), (8), and (9) (models I, II, and III) can
be obtained in a similar procedure, and the details are omitted
for brevity. Similarly, the governing system generates two solu-
tions that correspond to β ¼ 0 and β ¼ π=2, and the results are
illustrated in Appendix D for β ¼ π=2 and in Appendix E for
β ¼ 0, respectively.

Now, we are in a position to pick out the preferred one from
these two solutions by selecting the absolute minimizer of the total
potential energy. In Sec. IV, we shall compute the energies for both
solutions. To facilitate analysis, in the illustrative examples, we
introduce the following dimensionless parameters:

μ*f ¼
μf
μs

, μ*2 ¼
μ2
μs

, κ* ¼ κ

μs
: (41)
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As indicated in Sec. II, the κ in (41) signifies the normalized Frank
constant, so it possesses the dimension of stress. In this way, we
ensure that κ* is dimensionless, and μ*f ¼ 2 means that μf is twice
larger than μs.

IV. DIRECTOR REORIENTATION

Since the present study focuses on the plane-strain bending,
we define the 2D total potential energy as

ψ (i) ¼ 2L1

ð2h
0
W(i)

f dZ þ
ð0
�2H

Ws dZ

� �
, i ¼ 1, 2, 3, 4, (42)

which pertains to the situation where the bending angle is con-
trolled. If the bending moment is controlled in an experiment, an
additional contribution of the external load would join in (42). For
consistency, we employ the normalized (dimensionless) energy
ψ*(i) ¼ ψ (i)=(μsL

2
1) in the subsequent calculations.

We first apply model IV in (11) and give an illustrative
example. Inserting all required quantities in Sec. III into the energy
expression, the dependences of the dimensionless energy and the
bending angle α for β ¼ π=2 and β ¼ 0 can be characterized,
respectively. Note that all calculations are performed with the help
of Mathematica.43 For definiteness, we specify the shear modulus
for the substrate by μs ¼ 105 Pa and the length of the structure by
L1 ¼ 1 cm in all calculations. In addition, the material parameters
for the NLCE film are set to μs ¼ 105 Pa, κ ¼ 10�11 N (here κ rep-
resents the original Frank constant), which are in line with the
work by Warner and Terentjev.44 As a result, μ*f ¼ 1, κ* ¼ 10�13.

We point out that, although κ is extremely small, the ratio
ffiffiffiffiffiffiffiffiffiffi
κ=μf

p
is critical to the formation of striped microstructures in NLCEs27,45

and it also determines the length scale where a transition between
rubber-elastic and orientational effects occurs in the radial expan-
sion of a cylindrical NLCE.46 On assigning h* ¼ 0:05 and γ ¼ 1,
we display the energy curves for s ¼ 0:8 and s ¼ 2 in Fig. 2. It is
observed that the total potential energy for β ¼ π=2 is below that
for β ¼ 0 if the bending angle α is small. With α increased, the
curve for β ¼ π=2 is still lower in Fig. 2(a). However, the two
curves intersect at α ¼ 1:956 in Fig. 2(b). It can, therefore, be con-
cluded that the director may rotate π=2 at a critical angle for
certain parameters. We then define this transition value as αc. On
the theoretical side, both the present work and Wu and Zhong34

are concerned with orientational transition in NLCEs. The latter
authors theoretically found the existence of a director reorientation
when the nematic gels are under extension. On the experimental
side, Mitchell et al.47 reported that a director reorientation induced
by uniaxial extension occurs if the axial stretch reaches around
1:13. Furthermore, Chen and Fried23 discovered the similar phe-
nomenon in an inflated NLCE tube by employing model IV.
Although the finite bending of liquid crystal elastomers was investi-
gated by Pence39 using a different material model, such an interest-
ing phenomenon was not reported there.

Bearing in mind that the main purpose of the current study is
to investigate the effect of the constitutive model on the bending
behavior of NLCEs, we first apply the same parameters as that in
Fig. 2(a) to other models. Note that the parameter ζ , which is

dimensionless, takes the value of several hundred,33 and it is speci-
fied by 350. The normalized modulus μ*2 in (9) is set to 1. The
results are summarized in Table I, where there is no director reor-
ientation for all models. Then, there arises the following question.
Does s , 1 remove the bending-induced director reorientation in
such an NLCE–substrate structure? In fact, direct calculation
implies that model IV may predict a director reorientation if κ* is
of O(1). However, such a large magnitude of the Frank constant is
physically unrealistic. So we may expect that the prediction of
model IV can be covered by the counterpart of model I. For this
reason, only the solution to the previous question for models I, II,
and III will be analyzed.

TABLE I. Critical angles for different material models when h* = 0.05, s = 0.8,
μf* = 1, μ2* = 1, κ* = 10

−13, γ = 1, ζ = 350.

Model W(1)
f W(2)

f W(3)
f W(4)

f

αc = No solution No solution No solution No solution

FIG. 2. Dependence of the dimensionless energy on α when model IV is
adopted. (a) The parameters are prescribed by h� ¼ 0:05, s ¼ 0:8, μ�f ¼ 1,
κ� ¼ 10�13, γ ¼ 1. (b) The parameters are prescribed by h� ¼ 0:05, s ¼ 2,
μ�f ¼ 1, κ� ¼ 10�13, γ ¼ 1.
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In order to provide a comprehensive illustration, we need to
solve the exact expressions of the energy, which are lengthy due to
the complex forms of C(i)

1 (i ¼ 1, 2, 3) given in Appendixes D and E.
Therefore, we consider a special case when the thickness to width
ratio of the NLCE film h* is small (h* � 0:1) and resort to the pertur-
bation method. In fact, as outlined by Liu et al.,40 a three-term
asymptotic solution can well approximate the exact one, so we also
keep the third-order approximation and neglect the higher-order
terms in the subsequent analysis. In doing so, we expand the energies
ψ*(i) and �ψ*(i) (i ¼ 1, 2, 3) as series in terms of h*,

ψ*(1) ¼ ψ (1)
1 h* þ ψ (1)

2 h*2 þ ψ (1)
3 h*3 þ O(h*4), if β ¼ π=2,

�ψ*(1) ¼ �ψ (1)
1 h* þ �ψ (1)

2 h*2 þ �ψ (1)
3 h*3 þ O(h*4), if β ¼ 0,

(43)

where

ψ (1)
1 ¼ 6μ*f , ψ (1)

2 ¼ 0,

ψ (1)
3 ¼ 8α2 μ*2f þ 2(γ(2γ þ 3)þ 2)γμ*f þ γ4

� �
3 μ*f þ γ
� � ,

�ψ (1)
1 ¼ 2 μ*f � 2γ þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s sμ*f þ γ
� �

μ*f þ γs
� �q

s

0
@

1
A,

�ψ (1)
2 ¼ 4αγ(γ þ 1) 1� s2ð Þμ*f

s sμ*f þ γ
� � ,

�ψ (1)
3 ¼ 8α2s μ*f þ γs

� �3=2
3 s sμ*f þ γ
� �� �5=2 (s2μ*2f þ 2(γ(2γ þ 3)þ 2)γsμ*f þ γ4):

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(44)

The expansions for C1 and �C1 together with the results for the
other three models are written in Appendix F. Note that we are
focusing on the case s , 1. By the use of (44), we could estimate
the magnitude of the energy by focusing on the first three terms
when other parameters are of or less than O(1). We first apply the
well-known Cauchy–Buniakowsky–Schwarz inequality to the
leading-order term �ψ (0)

1 and obtain

sμ*f þ γ
� �

μ*f þ γs
� � � s(μ*f þ γ)

2
, (45)

the equality holds if and only if s ¼ 1. It then can be readily
checked that (if s = 1)

2 μ*f � 2γ þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s sμ*f þ γ
� �

μ*f þ γs
� �q

s

0
@

1
A

. 2 μ*f � 2γ þ 2(μ*f þ γ)
� � ¼ 6μ*f , (46)

which results in �ψ (1)
1 . ψ (1)

1 . For the second-order terms, we make
use of the fact that s , 1 and can directly deduce �ψ (1)

2 . 0 ¼ ψ (1)
2 .

Then, we visit the third-order terms. After a careful check, even if
it is found that ψ (1)

3 can be slightly higher than �ψ (1)
3 for some

parameters, we still obtain a sufficient condition based on the
scaling method, which is given by

μ*f . s�
1
3 þ s

1
3

� �
γ ) �ψ (1)

3 . ψ (1)
3 , if s , 1: (47)

In addition, in light of the feature that these quantities are the
coefficients of h*3, their effect is negligible compared to the lower-
order terms. Consequently, if other parameters are of or less than
O(1), the energy of β ¼ 0 is higher than that of β ¼ π=2, making
a director reorientation impossible. According to a similar
method, it is found that models II and III keep the same feature
as that of model I. From such analysis, we have asymptotically
proved that model I, as well as models II and III, never generates
director reorientation if the molecules are oblate.

It is further observed from (44) that, if the NLCE molecules
change to be prolate (s . 1), the coefficient �ψ (1)

2 becomes negative,
so there exists a competition between the leading-order term and
the second-order term. In other words, the two energy curves may
intersect at a critical value of αc when s . 1. To confirm this
deduction, we specify s by 2 and remain all other parameters the
same as those in Table I. The values of αc are summarized in
Table II. In addition to model II, the other three models qualita-
tively predict similar behaviors even if the precise value of αc has a
noticeable difference. In particular, model I and model IV give the
same result. In fact, this is not surprising, because model IV is
identical to model I if κ tends to be zero. Furthermore, we explain
why αc does not exist when model II in (8) and the parameter in
Table II are used. After careful observation, it is seen from (F5)
that the energy of β ¼ π=2 is independent of ζ while the counter-
part of β ¼ 0 is proportional to ζ . In particular, by use of the
scaling method and the Cauchy–Buniakowsky–Schwarz inequality,
we again obtain �ψ (2)

1 . ψ (2)
1 when s = 1. Consequently, only in the

case that �ψ (2)
2 , ψ (2)

2 ¼ 0 can lead to a potential competition
between two energies, and further a director reorientation might be
induced. We then deduce from the second-order term �ψ (2)

2 in (F5)
that it can be negative when ζ , s� 1=s. Therefore, we obtain a
necessary condition for the existence of director reorientation of
model II, which reads s . 1 and ζ , s� 1=s. When s ¼ 2, this
condition gives ζ , 1:5, which directly explains why αc disappears
if ζ ¼ 350. Further calculations indicate that ζ should be lower
enough (ζ � 10�1) to produce a possible director reorientation.

Indeed, the above two examples show that the different mate-
rial constitutions can generate diverse or even opposite predications

TABLE II. Critical angles for different material models when h* = 0.05, s = 2, μf* = 1,
μ2* = 1, κ* = 10

−13, γ = 1, ζ = 350.

Model W(1)
f W(2)

f W(3)
f W(4)

f

αc = 1.956 No solution 2.754 1.956

TABLE III. Critical angles for different material models when h* = 0.03, s = 2,
μf* = 0.1, μ2* = 0.1, κ* = 10

−13, γ = 3, ζ = 350.

Model W(1)
f W(2)

f W(3)
f W(4)

f

αc = 1.567 No solution 1.595 1.567
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of the bending behavior of an NLCE–substrate structure for some
parameters. We further choose h* ¼ 0:03, s ¼ 2, μ*f ¼ 0:1,
μ*2 ¼ 0:1, κ* ¼ 10�13, γ ¼ 3, and ζ ¼ 350 and illustrate the values
of αc in Table III. In accordance with our theoretical analysis, there
is still no director reorientation when model II is used. On the
other hand, the values of αc for models I, III, and IV have a
evident decrease compared to their counterparts in Table II. This
motivates the investigation on the effects of different parameters.
Usually, the thickness of NLCEs occupies a small magnitude,
leading to the fact that the thickness parameter h can vary in a
short interval (note that the length L1 is fixed). Consequently, the
effect of h* is beyond our interest.

We select two representative material constitutions, say, model
III and model IV, to carry out a parametric study. Obviously, a
two-dimensional picture is more clear to sketch the effect of a
specified parameter. For that purpose, we specify some parameters
and plot the curves of the αc vs the free parameter in Fig. 3. The
prescribed parameters are shown below the figure. Figure 3(a) dis-
plays the relation between the transition angle αc and the shear
modulus μ*f . Figure 3(b) shows the dependence of αc on the other
modulus μ*2 in (8). It turns out that all curves are monotonically
decreasing as the horizontal variable increases. Since both μ*f and
μ*2 signify the stiffnesses of the NLCE film, it can be concluded that
a stiffer NLCE film advances the occurrence of the director reorien-
tation. Figure 3(c) exhibits the transition angle αc vs the thickness
to width ratio of the substrate H*. The dashed line denotes the
upper limit αc ¼ π. It can be seen that director reorientation can be
triggered earlier when the thickness of the substrate is increasing.
This feature can be harnessed to design an experiment to verify
such an instability. It is pointed out that the director reorientation
disappears when h* ¼ H* ¼ 0:03, since the calculated αc exceeds
its upper limit π. To conclude, the present analysis unravels the
influence of material and geometrical parameters on the threshold
of director reorientation and also guides the parameter selection for
a potential experiment.

We further illustrate the critical states at the critical bending
angle αc for β ¼ π=2 and β ¼ 0 in Fig. 4. On account of the fact
that the solution corresponding to β ¼ π=2 is always stable than
the counterpart of β ¼ 0 when model II is adopted and model IV

is reduced to model I in the limit κ ! 0, we only plot two figures.
The dashed lines stand for the solution of β ¼ 0 while the solid
ones represent the counterparts of β ¼ π=2. The outer surface
reaches r(1)(2h*) ¼ 0:781 93 and �r(1)(2h*) ¼ 0:786 03, respectively,

FIG. 3. Dependences of the transition angle αc on the material and geometrical parameters. (a) Model IV is applied and the parameters are given by h� ¼ 0:05, s ¼ 2,
κ� ¼ 10�13, γ ¼ 1. (b) Model III is applied and the parameters are given by h� ¼ 0:05, s ¼ 2, μ�f ¼ 1, γ ¼ 1. (c) Model IV is applied and the parameters are given by
h� ¼ 0:03, s ¼ 2, μ�f ¼ 1, κ� ¼ 10�13.

FIG. 4. Current configurations of β ¼ π=2 (solid lines) and β ¼ 0 (dashed
lines) when h� ¼ 0:03, s ¼ 2, μ�f ¼ 0:1, μ�2 ¼ 0:1, κ� ¼ 10�13, and γ ¼ 3.
(a) The deformed configurations at αc ¼ 1:567 when model IV is applied. (b)
The deformed configurations at αc ¼ 1:595 when model III is used.
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in Fig. 4(a); therefore, there occurs a discontinuous increase from
β ¼ π=2 to β ¼ 0. Similarly, Fig. 4(b) also presents such disconti-
nuity, and r(3)(2h*) ¼ 0:768 76 and �r(3)(2h*) ¼ 0:772 64, respec-
tively. Additionally, if model II is used, it is found that
r(2)(2h*) ¼ 0:781 93 which equals to r(1)(2h*) and the deformed con-
figuration for β ¼ π=2 (the stable one) at α ¼ 1:567 is the same as
that in Fig. 4(a), although it does not admit a possible director reor-
ientation. It is noted that such displacement discontinuity also occurs
in an inflated NLCE tube when model IV is employed23 and can be
used to design certain pressure-sensitive switches.

According to the above analysis, it follows that the solution
β ¼ π=2 is always stable at an earlier stage of deformation. Yet, it
may give way to another solution β ¼ 0 at a critical angle αc for
certain material and geometric parameters. In this case, the director
rotates π=2 abruptly, and a director reorientation (or transition)
takes place. However, such theoretical prediction is dependent on
the material model used. In particular, different models or parame-
ters may generate various or even distinct behaviors.

V. CONCLUDING REMARKS

The finite bending of an NLCE–substrate structure is solved
exactly in the framework of nonlinear elasticity, when the substrate
is assumed to be composed of an incompressible neo-Hookean
material. In order to examine the dependence of the theoretical
predictions on the material model that is adopted, we consider that
the NLCE film is modeled by four different constitutive relations.
The governing system together with the boundary conditions and
continuity condition was formulated and then solved analytically.
Interestingly, for each model, a pair of non-trivial solutions was dis-
covered, and the associated directors are mutually perpendicular.
This feature naturally gives rise to the question of picking up the
preferred one from these solutions. To this end, we have examined
the energies for both solutions and found that, for some parame-
ters, the director n rotates suddenly from er to eθ at a critical
bending angle αc which is referred to as the transition angle. We
define this phenomenon as a director reorientation, which has been
widely observed in uni-axial extension tests. Note that, for the

stretching deformation considered in the literature, the theoretical
results are almost independent of the chosen material constitution
and hence are robust. However, the analytical results obtained here
show that the bending behaviors can be affected not only by the
material parameters specified but also by the material model
imposed. For instance, in the range of physically realistic parame-
ters, we have asymptotically proven that the four applied material
models cannot admit a director reorientation if the molecules of
the NLCE are oblate. If the molecules turn into the prolate profile,
except for model II, the other three models predict the existence of
director reorientation at some critical bending angles. Furthermore,
a parametric study was performed. Such analysis could not only
supply insight into the effect of the material and geometrical
parameters on the initiation of director orientation but also furnish
valuable guidance in designing a bending experiment for an
NLCE–substrate structure.

As a promising medium, NLCEs show their huge potential in
many areas, such as soft robots and controllable surface morpholo-
gies. Although the present paper only did a preliminary study on a
benchmark problem, we still expect that such basic deformation,
especially the possible displacement discontinuity, could attract
more attention in this field because it can serve as the main action
of bioinspired robots and the structure considered in the paper
may be applicable to some pressure-sensitive switches.
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APPENDIX A: EXPRESSIONS OF THE NOMINAL
STRESS TENSORS, THE MODIFIED ORIENTATIONAL
STRESS TENSOR, AND THE MODIFIED INTERNAL
ORIENTATIONAL FORCE DENSITY

In this appendix, we display the expressions of Sf , π, T, and
Ss, which are necessary to derive the exact bending solutions,

Sf ¼
α μf s� (s� 1) cos2 β(Z)ð Þr(Z)þ (α2 þ β0(Z)2)κ(s� 1)2 sin2 β(Z)
� �

s
� p(Z)
αr(Z)

 !
E1 � eθ

� α(s� 1) μf þ (α2 þ β0(Z)2)κ(s� 1)
� �

2s
r(Z)sin(2β(Z))

 !
E1 � er þ (μf � pf (Z))E2 � ey

� (s� 1) sμf þ (α2 þ β0(Z)2)κ(s� 1)
� �

2s
r0(Z)sin(2β(Z))

 !
E3 � eθ

þ sμf ((s� 1)cos(2β(Z))þ sþ 1)þ 2(α2 þ β0(Z)2)κ(s� 1)2 cos2 β(Z)
� �

r0(Z)
2s

� p(Z)
r0(Z)

 !
E3 � er , (A1)

π ¼ μf (s� 1)
s

α2r2(Z) cos β(Z)eθ þ sr0(Z)2 sin β(Z)er
� �

, (A2)
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T ¼ κ(s� 1)2

s

�
α3r2(Z) sin βE1 � eθ � αr0(Z)2 cos βE1 � er

� α2r2(Z) sin β(Z)β0(Z)E3 � eθ þ r0(Z)2 cos β(Z)β0(Z)E3 � er
�
, (A3)

Ss ¼ μsαr(Z)�
ps(Z)
αr(Z)

� �
E1 � eθ þ μs � ps(Z)ð ÞE2 � ey þ μsr

0(Z)� ps(Z)
r0(Z)

� �
E1 � eθ: (A4)

APPENDIX B: COEFFICIENTS IN EQUATIONS (30) AND (31)

In this appendix, we exhibit the expressions of all coefficients d1(Z), d2(Z), � � �, d7(Z) as follows:

d1(Z) ¼ α2κ(1� s) α4C2
1 þ 4α3C1Z þ 4α2Z2 � 1

� �þ μf s� α2(αC1 þ 2Z)2
� �

,

d2(Z) ¼ �2(αC1 þ 2Z) sμf þ α2κ(s� 1)
� �

,

d3(Z) ¼ κ(1� s) α4C2
1 þ 4α3C1Z þ 4α2Z2 � 1

� �
,

d4(Z) ¼ �2κ(s� 1)(αC1 þ 2Z),

d5(Z) ¼ � 1
2
(αC1 þ 2Z) μf α4C2

1 þ 4α3C1Z � sþ 4α2Z2
� �þ α2κ(s� 1) α4C2

1 þ 4α3C1Z þ 4α2Z2 � 1
� �� �

,

d6(Z) ¼ 1
2
κ(s� 1) α5C3

1 þ 6α4C2
1Z � αC1 þ 12α3C1Z

2 þ 8α2Z3 � 2Z
� �

,

d7(Z) ¼ 1
2
κ(s� 1) α5C3

1 þ Z 6α4C2
1 þ 2

� �þ αC1 þ 12α3C1Z
2 þ 8α2Z3

� �
:

(B1)

APPENDIX C: SOLUTION PROCEDURE TO β(Z) WHEN
MODEL I IS APPLIED

When model I is applied, the component of the equilibrium
equation (12) in the eθ-direction reads

α2(αC1 þ 2Z)2 � s
� �

sin(2β(Z))

þ 2s(αC1 þ 2Z)β0(Z)cos(2β(Z)) ¼ 0: (C1)

It can be deduced that, in addition to the two constant solutions
β ¼ 0 and β ¼ π=2, this equation admits the third solution,

β(Z) ¼ 1
2
sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αC1 þ 2Z

p
exp d8(Z)ð Þ

� �
, (C2)

where

d8(Z) ¼ � α4C2
1

4s
� α3C1Z

s
þ 2C4 � α2Z2

s
, (C3)

and C4 is a constant of integration.
To identify the constants of integration, we employ the

traction-free boundary condition on the upper surface and the con-
tinuity condition on the interface to obtain

Sf31
���
Z¼2h*

¼ 0, Sf31
���
Z¼0

¼ 0: (C4)

By use of Sf31 ¼ (1� s)μf r
0(Z)sin(β(Z))cos(β(Z)), we arrive at

sin 2β(0) ¼ 0 and sin 2β(2h*) ¼ 0, which directly result in

β(0) ¼ 0 or
π

2
, β(2h*) ¼ 0 or

π

2
: (C5)

According to (C2), we determine

β(0) ¼ 1
2
sin�1

ffiffiffiffiffiffiffiffi
αC1

p
exp 2C4 � α4C2

1

4s

� �� �
, (C6)

β(2h*) ¼ 1
2
sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αC1 þ 4h*

p
exp d8(2h

*)
� �� �

: (C7)

It can be readily checked that β(0) = 0 and β(2h*) = 0.
Therefore, it follows that the unique possible situation is
β(0) ¼ β(2h*) ¼ π=2, which gives rise to the following equation:

ffiffiffiffiffiffiffiffi
αC1

p
exp 2C4 � α4C2

1

4s

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αC1 þ 4h*

p
exp d8(2h

*)
� �

: (C8)

After a careful check, it is found that Eq. (C8) only allows the
unique solution h* ¼ 0, which is impossible for the current
problem. Finally, we verify that β is independent of Z and therefore
is a constant.
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APPENDIX D: CASE I: β = π/2

In this appendix, we show the pressure pf (Z) together with the constants of integration for models I–III when β ¼ π=2. For clarifica-
tion, we add a superscript “i” (i ¼ 1, 2, 3) to fix which material model that is applied. Note that p(i)s (Z) has the same form as that in (29),
and one only needs to replace C1 by C

(i)
1 and C2 by C

(i)
2 . Therefore, it is not written out for brevity.

p(1)f (Z) ¼ μf � α2C(1)
1

2
þ 1

2α2C(1)
1 þ 4αZ

� αZ

 !
þ C(1)

3 , (D1)

C(1)
2 ¼

μs α4 C(1)
1

� �2
�8α3γC(1)

1 h* þ 16α2γ2h*2 þ 1

� �
2α(αC(1)

1 � 4γh*)
,

C(1)
3 ¼

α4 C(1)
1

� �2
þ1

2α2C(1)
1

μf þ
4γh*μs 1� α4 C(1)

1

� �2
þ4α3γC(1)

1 h*
� �
2α2C(1)

1 (αC(1)
1 � 4γh*)

,

μf α4 C(1)
1

� �2þ4α3C(1)
1 h* � 1

� �
(αC(1)

1 � 4γh*)

�γμs(αC
(1)
1 þ 4h*) 1� α4 C(1)

1

� �2
þ4α3γC(1)

1 h*
� �

¼ 0,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(D2)

p(2)f (Z) ¼ μf � α2C(2)
1

2
þ 1

2α2C(2)
1 þ 4αZ

� αZ

 !
þ C(2)

3 , (D3)

C(2)
2 ¼

μs α4 C(2)
1

� �2�8α3γC(2)
1 h* þ 16α2γ2h*2 þ 1

� �
2α(αC(2)

1 � 4γh*)
,

C(2)
3 ¼

α4 C(2)
1

� �2
þ1

2α2C(2)
1

μf þ
4γh*μs 1� α4 C(2)

1

� �2
þ4α3γC(2)

1 h*
� �
2α2C(2)

1 (αC(2)
1 � 4γh*)

,

μf α4 C(2)
1

� �2
þ4α3C(2)

1 h* � 1

� �
(αC(2)

1 � 4γh*)

�γμs(αC
(2)
1 þ 4h*) 1� α4 C(2)

1

� �2
þ4α3γC(2)

1 h*
� �

¼ 0,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(D4)

p(3)f (Z) ¼ (μf þ μ2) �α2C(3)
1

2
þ 1

2α2C(3)
1 þ 4αZ

� αZ

 !
þ C(3)

3 : (D5)

C(3)
2 ¼

μs α4 C(3)
1

� �2
�8α3γC(3)

1 hþ 16α2γ2h*2 þ 1

� �
2α(αC(3)

1 � 4γh*)
,

C(3)
3 ¼

α4 C(3)
1

� �2
þ1

2α2C(3)
1

(μf þ μ2)þ
4γh*μs 1� α4 C(3)

1

� �2
þ4α3γC(3)

1 h*
� �
2α2C(3)

1 (αC(3)
1 � 4γh*)

,

(μf þ μ2) α4 C(3)
1

� �2
þ4α3C(3)

1 h* � 1

� �
(αC(3)

1 � 4γh*)

�γμs(αC
(3)
1 þ 4h*) 1� α4 C(3)

1

� �2þ4α3γC(3)
1 h*

� �
¼ 0:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(D6)
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APPENDIX E: CASE II: β = 0

In this appendix, we display the pressure �pf (Z) and the constants of integration for models I–III when β ¼ 0.

�p(1)f (Z) ¼ μf
s

2α2�C(1)
1 þ 4αZ

� α(α�C(1)
1 þ 2Z)
2s

 !
þ �C(1)

3 , (E1)

�C(1)
2 ¼

μs α4 �C(1)
1

� �2
�8α3γ�C(1)

1 h* þ 16α2γ2h*2 þ 1

� �
2α(α�C(1)

1 � 4γh*)
,

�C(1)
3 ¼ μf

2�C(1)
1 α2

α4 �C(1)
1

� �2
s

þ s

0
B@

1
CAþ

4γh*μs 1� α4 �C(1)
1

� �2þ4α3γ�C1h*
� �
2�C1α2(α�C1 � 4γh*)

,

γsμs(α�C
(1)
1 þ 4h*) 1� α4 �C(1)

1

� �2
þ4α3γ�C(1)

1 h*
� �

þμf (α�C
(1)
1 � 4γh*) s2 � α3�C(1)

1 (α�C(1)
1 þ 4h*)

� �
¼ 0,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(E2)

�p(2)f (Z) ¼ sμf
2α2�C(2)

1 þ 4αZ
� αμf (ζsþ 1)(α�C(2)

1 þ 2Z)
2s

þ �C(2)
3 , (E3)

�C(2)
2 ¼

μs α4 �C(2)
1

� �2
�8α3γ�C(2)

1 h* þ 16α2γ2h*2 þ 1

� �
2α(α�C(2)

1 � 4γh*)
,

�C(2)
3 ¼ μf

2�C(2)
1 α2

α4 �C(2)
1

� �2
ζ þ

α4 �C(2)
1

� �2
s

þ s

0
B@

1
CAþ

4γh*μs 1� α4 �C(2)
1

� �2
þ4α3γ�C(2)

1 h*
� �
2�C(2)

1 α2(α�C(2)
1 � 4γh*)

,

μf (α�C
(2)
1 � 4γh*) (α3�C(2)

1 þ α3�C(2)
1 ζs)(α�C(2)

1 þ 4h*)� s2
� �

�γsμs(α�C
(2)
1 þ 4h*) 1� α4 �C(2)

1

� �2
þ4α3γ�C(2)

1 h*
� �

¼ 0,

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(E4)

�p(3)f (Z) ¼ μf þ sμ2
2α2�C(3)

1 þ 4αZ
þ �C(3)

3 � αZ sμf þ μ2ð Þ
s

, (E5)

�C(3)
2 ¼

μs α4 �C(3)
1

� �2
�8α3γ�C(3)

1 h* þ 16α2γ2h*2 þ 1

� �
2α(α�C(3)

1 � 4γh*)
,

�C(3)
3 ¼

4γh*μs �α4 �C(3)
1

� �2
þ4α3γC(3)

1 h* þ 1

� �
þ μf (αC

(3)
1 � 4γh*)þ μ2s(αC

(3)
1 � 4γh*)

2α2C(3)
1 (αC(3)

1 � 4γh*)
,

γsμs(α�C
(3)
1 þ 4h*) 1� α4 �C(3)

1

� �2
þ4α3γ�C(3)

1 h*
� �

þ(μf þ μ2)(α�C
(3)
1 � 4γh*) s2 � α3�C(3)

1 (α�C(3)
1 þ 4h*)

� �
¼ 0:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

(E6)
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APPENDIX F: ASYMPTOTIC FORMULAS

In this appendix, we exhibit the three-term asymptotic approximations for the constants of integration C(i)
i , �C(i)

i and for the energies of
models II–IV.

C(1)
1 ¼ 1

α2
� 2 μf � γ2μsð Þ

α μf þ γμsð Þ h
* þ 2 μ2f þ 2(γ(2γ þ 3)þ 2)γμfμs þ γ4μ2s

� �
μf þ γμsð Þ2 h*2 þ O(h*3),

�C(1)
1 ¼ 1

α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s(sμf þ γμs)
μf þ sγμs

s
� 2sμf � 2γ2μs

αsμf þ αγμs
h* þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μf þ γsμs

p
s2μ2f þ 2(γ(2γ þ 3)þ 2)γsμfμs þ γ4μ2s
� �

ffiffi
s

p
sμf þ γμsð Þ5=2

h*2 þ O(h*3),

(F1)

C(2)
1 ¼ 1

α2
� 2 μf � γ2μsð Þ

α μf þ γμsð Þ h
* þ 2 μ2f þ 2 2γ2 þ 3γ þ 2ð Þγμfμs þ γ4μ2s

� �
μf þ γμsð Þ2 h*2 þ O(h*3),

�C(2)
1 ¼ 1

α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2μf þ sγμs

μf (ζsþ 1)þ γsμs

s
� 2sμf � 2γ2μs

αsμf þ αγμs
h* þ 2 s2μ2f þ 2(γ(2γ þ 3)þ 2)γsμfμs þ γ4μ2s

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μf (ζsþ 1)þ γsμs

p
ffiffi
s

p
sμf þ γμsð Þ5=2

h*2 þ O(h*3),

(F2)

C(3)
1 ¼ 1

α2
� 2 μ2 þ μf � γ2μsð Þ

α μ2 þ μf þ γμsð Þ h
* þ 2 μ2f þ 2 2γ2 þ 3γ þ 2ð Þγμfμs þ 2μ2 μf þ γ 2γ2 þ 3γ þ 2ð Þμsð Þ þ μ22 þ γ4μ2s

� �
μf þ μ2 þ γμsð Þ2 h*2 þ O(h*3),

�C(3)
1 ¼ 1

α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s(sμ2 þ μf þ γμs)
μ2 þ s(μf þ γμs)

s
� 2(sμ2 þ μf � γ2μs)

α(sμ2 þ μf þ γμs)
h*

þ 2 2(γ(2γ þ 3)þ 2)γμs μf þ μ2sð Þ þ μf þ μ2sð Þ2þγ4μ2s
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s μf þ γμsð Þ þ μ2
p

ffiffi
s

p
μf þ γμs þ μ2sð Þ5=2

h*2 þ O(h*3),

(F3)

C(4)
1 ¼ 1

α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s μf þ γμsð Þ

sμf þ α2κ(s� 1)2 þ γsμs

s
� 2 μf � γ2μsð Þ

α μf þ γμsð Þ h
* þ

2 μ2f þ 2 2γ2 þ 3γ þ 2ð Þγμfμs þ γ4μ2s
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sμf þ α2κ(s� 1)2 þ γsμs

q
ffiffi
s

p
μf þ γμsð Þ5=2

h*2

þ O(h*3),

�C(4)
1 ¼ 1

α2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2μf þ α2κ(s� 1)2 þ γsμs

μf þ γsμs

s
� 2 s2μf þ α2κ(s� 1)2 � γ2sμs
� �
α s2μf þ α2κ(s� 1)2 þ γsμs
� � h* þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μf þ γsμs

p
2(γ(2γ þ 3)þ 2)γsμs s2μf þ α2κ(s� 1)2

� �� �
s2μf þ α2κ(s� 1)2 þ γsμs
� �5=2 h*2

þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μf þ γsμs

p
s2μf þ α2κ(s� 1)2
� �2þγ4s2μ2s

� �
s2μf þ α2κ(s� 1)2 þ γsμs
� �5=2 h*2 þ O(h*3),

(F4)

ψ (2)
1 ¼ 2(α2κ* þ 3μ*f ), ψ (2)

2 ¼ 0,

ψ (2)
3 ¼ 8 α2μ*2f þ 4α2γ3μ*f þ 6α2γ2μ*f þ 4α2γμ*f þ α2γ4

� �
3 μ*f þ γ
� � ,

�ψ (2)
1 ¼ 2 α2κ* þ μ*f � 2γ þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s sμ*f þ γ
� �

(1þ sζ)μ*f þ γs
� �q
s

0
@

1
A,

�ψ (2)
2 ¼ � 4αγ(γ þ 1) s2 � sζ � 1ð Þμ*f

s sμ*f þ γ
� � ,

�ψ (2)
3 ¼ 8α2 s2μ*2f þ 2(γ(2γ þ 3)þ 2)γsμ*f þ γ4

� �
μ*f (ζsþ 1)þ γs
� �3=2

3s3=2 sμ*f þ γ
� �5=2 ,

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(F5)
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ψ (3)
1 ¼ 0, ψ (3)

2 ¼ 0,

ψ (3)
3 ¼

8α2 μ*f þ μ*2
� �2þ2γ(2þ (2γ þ 3)γ) μ*f þ μ*2

� �þ γ4
� �

3 μ*f þ μ*2 þ γ
� � ,

�ψ (3)
1 ¼ 4 �(μ*2 þ μ*f þ γ)þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s sμ*2 þ μ*f þ γ
� �

μ*2 þ sμ*f þ γs
� �q

s

0
@

1
A,

�ψ (3)
2 ¼ 4αγ(γ þ 1) 1� s2ð Þμ2μs

s sμ2 þ μf þ γμsð Þ ,

�ψ (3)
3 ¼

8α2 2(γ(2γ þ 3)þ 2)γ μ*f þ sμ*2
� �þ μ*f þ sμ*2

� �2þγ4
� �

s μ*f þ γ
� �þ μ*2

� �3=2
3s3=2 μ*f þ γ þ sμ*2

� �5=2 ,

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

(F6)

ψ (4)
1 ¼ 4 �μ*f � γ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ*f þ γs
� �

s2μ*f þ α2κ*(s� 1)2 þ γs
� �q

s

0
@

1
A,

ψ (4)
2 ¼ 4

α3γ(γ þ 1)κ*(s� 1)2

s μ*f þ γ
� �

 !
,

ψ (4)
3 ¼ 8α2 μ�f þ 2(γ(2γ þ 3)þ 2)γμ*f þ γ4

� �
sμ*f þ α2κ*(s� 1)2 þ γs
� �3=2

3s3=2 μ*f þ γ
� �5=2 ,

�ψ (4)
1 ¼ 4 �μ*f � γ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ*f þ γs
� �

s2μ*f þ α2κ*(s� 1)2 þ γs
� �q

s

0
@

1
A,

�ψ (4)
2 ¼ �4

αγ(γ þ 1)(s� 1) (sþ 1)μ*f þ α2κ*(s� 1)
� �

s2μ*f þ α2κ*(s� 1)2 þ γs

 !
,

�ψ (4)
3 ¼ 8α2 μ*f þ γs

� �3=2
2(γ(2γ þ 3)þ 2)γs s2μ*f þ α2κ*(s� 1)2

� �� �
3s s2μ*f þ α2κ*(s� 1)2 þ γs
� �5=2

þ
8α2 μ*f þ γs
� �3=2

s2μ*f þ α2κ*(s� 1)2
� �2þγ4s2
� �

3s s2μ*f þ α2κ*(s� 1)2 þ γs
� �5=2 :

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(F7)

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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