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ABSTRACT

The rainbow trapping effect demonstrates great potential in multiple-band energy harvesting. However, the existing finite-size devices
with the rainbow trapping phenomenon hardly harvest energy efficiently due to the mismatch between rainbow trapping frequencies
and resonance frequencies of the devices. In this study, for the first time, we report a periodically perforated metamaterial beam, which
achieves both the flexural wave rainbow trapping and resonance simultaneously for the multiple-band and multiple-position energy
harvesting. The band structure of the unit cell in the metamaterial beam is analyzed to illustrate its ability to realize strong dispersion
and energy concentration. The study first indicates that the rainbow trapping effect activated by resonance frequencies causes much
more intense spatial separation and localization of flexural waves compared with that by cutoff frequencies for the periodically perfo-
rated bare beam. We, then, demonstrate that the resonance rainbow trapping phenomenon allows the proposed design to show superi-
ority in piezoelectric energy harvesting compared with the counterpart with off-resonance rainbow trapping. Simulations indicate that
the optimal resistance and the highest output power vary much for different pairs of piezoelectric patches at the corresponding resonance
rainbow frequencies; by contrast, the positions of piezoelectric patches have little influence on the performance of the device. The design
concept of on-resonance rainbow trapping in metamaterials in this study will help engineers to open a new venue for high-performance
piezoelectric energy harvesters.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0040029

I. INTRODUCTION

Past decades have seen an increasing focus by research com-
munities on phononic crystals and phononic metamaterials, which
are artificially engineered structures designed to realize tasks of
acoustic/elastic wave manipulation. The unique phenomena in pho-
nonic crystals and metamaterials, such as local resonance,1–4

bandgaps,5–9 negative mass density and negative moduli,10,11 and
topologically protected propagation,12–14 cannot be found in natural
acoustic/elastic materials. Researchers have explored the promising
applications of these artificial materials and proposed several
approaches to consider the advantages of their extraordinary behav-
ior, including the acoustic focusing lens with the ability to concen-
trate the acoustic energy to a limited area,15,16 the acoustic cloaks
enabling the objectives inside them to be acoustically invisible,17,18

and the acoustic metasurfaces that steer the wave propagation direc-
tions in arbitrarily conceived ways.19,20

The research efforts devoted to functional metamaterials also
provide an effective way for acoustic/elastic energy harvesting.
Mechanical energy in an ambient environment can be converted
into electrical energy using piezoelectric energy harvesters (PEHs)
by attaching piezoelectric elements to the positions of localized
energy trapped by metamaterials. For example, by introducing
defects in the periodic array of the unit cells in structures, the flat
defect bands formed inside the bandgaps of these metamaterials
achieve wave localization, thus being suitable for energy confinement
and harvesting when the piezoelectric patches are included.21–23 The
use of gradient-index (GRIN) artificial metamaterials is another
approach to scavenge energy. In these structures, the refraction index
of acoustic/elastic waves is designed to be a gradient by varying the
unit cell properties. This refraction index steers the propagating
waves and focuses the carried energy into a certain limited area.24

Besides, research communities have developed artificial metasurfaces
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to meet the requirement of manufacturing metamaterials in a
highly compact space.25,26 The properties of the units in the
metasurfaces are designed to vary in a certain manner along the
surfaces. The incident acoustic waves at the surfaces ensure the
desired phase profiles, by which one can finally obtain the acous-
tic focusing phenomenon and realize efficient energy harvesting.
Although the aforementioned metamaterial-based energy har-
vesting approaches successfully focus the acoustic/elastic waves
and confine the energy into the desired region, the specific oper-
ating frequency ranges are narrow due to the intrinsic band
structure properties of artificial structures.

To overcome the limitation of a narrow working bandwidth,
the acoustic rainbow trapping, which was originally put forward
in the optical field to slow down the light and strengthen the
light–matter interaction,27 is investigated to empower the devices
to work in multiple bands. Rainbow trapping, as the name indi-
cates, refers to the phenomenon of separating different frequency
wave components and spatially trapping them in different posi-
tions, just like a rainbow. By tailoring the acoustic metamaterials
to be anisotropic or gradient in the unit cell distribution, strong
acoustic dispersion can be attained and wave velocity can be effec-
tively modulated to slow down the acoustic waves along the propaga-
tion direction.28 Different frequency components of the acoustic
waves slowing down to zero velocity are, thus, trapped in separate
positions where the field intensity is significantly enhanced.29 A con-
siderable number of studies have realized acoustic/elastic rainbow
trapping and demonstrated its promising potential to manipulate
and exploit acoustic/elastic waves. The suggested methods are, to
name a few, perforating grooves with graded depth or width in the

rigid plate to spatially confine the acoustic energy at different fre-
quencies,30 the employment of graded space-coiling metamaterials
to construct acoustic rainbow-trapping devices that display good
performance in weakening the wave transmission or spectral-
spatial control of acoustic waves,31 the use of multiple local reso-
nances for both symmetric and anti-symmetric modes at low fre-
quencies to realize the rainbow trapping in Lamb waves,32 and the
adaptive structural system with gradient piezoelectric shunt cir-
cuits integrated on it to realize the capability of enhanced sensing
or broadband wave attenuation.33,34

Most of the existing works focus on the wave propagation
properties in the acoustic/elastic rainbow trapping devices without
the consideration of the resonance of the finite systems. The off-
resonance frequencies largely degrade the performance of energy
harvesters. In this regard, this study designs a metamaterial beam,
which fills the combination gap and demonstrates that both reso-
nance and the rainbow trapping phenomenon can be simultane-
ously achieved in a finite system with elastic wave propagation. The
implementation is attributed to the fact that the rainbow trapping
occurs in a range of frequencies. The thoroughly designed periodi-
cally perforated beam in this paper performs the multiple-band
and multiple-position energy harvesting via the combination of
finite-structure resonance and rainbow trapping for propagating
waves. Section II will elaborate on the configuration of the pro-
posed design and prove its ability of energy concentration via the
band structure analysis of the unit cell. Section III investigates the
flexural wave rainbow trapping at both cutoff frequencies and reso-
nance frequencies. The energy harvesting performance is detailed
in Sec. IV. Finally, Sec. V draws the conclusions.

FIG. 1. Schematic of the designed periodically perforated metamaterial beam with a graded thickness structure. (a) Side view of the metamaterial beam. The metamaterial
beam is composed of eight periodic segments. Each segment contains 13 unit cells. For the sake of clarity, only three unit cells are shown in each segment. The thickness
of each segment is hi. The distance from the right end of one segment to the focused point is li = kia, where ki takes integers (e.g., k1 = 2 in this figure). (b) The enlarged
unit cells in two neighboring segments. All units share the same length a of the square unit cell and b of the perforated square hole. In this study, a and b are set to 4 mm
and 3 mm, respectively.
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II. DESIGN AND BAND STRUCTURE ANALYSIS

Figure 1 illustrates the proposed periodically perforated meta-
material beam with a graded thickness, which consists of eight peri-
odic segments. Each segment contains 13 unit cells to fully take
advantage of the bandgap and cutoff frequency of the segments.

For simplicity, Fig. 1 just shows three unit cells in each segment. The
material used for the thin metamaterial beam is aluminum, whose
density, Young’s modulus, and Poisson’s ratio are, respectively,
2700 kg/m3, 69 GPa, and 0.33. The length a of the square unit cell in
the periodic segments is set to be 4mm and the length b of the perfo-
rated square hole is 3mm. In each segment, we change the thickness

FIG. 2. (a) The lowest flexural wave branches of the band structure for different thicknesses. (b) Variation of group velocity vs frequency for different thicknesses.

FIG. 3. Displacement field intensity of flexural waves at the lowest four cutoff frequencies in the proposed metamaterial beam. (a) The cutoff frequency of 28 808 Hz. (b)
The cutoff frequency of 37 613 Hz. (c) The cutoff frequency of 46 037 Hz. (d) The cutoff frequency of 54 279 Hz. The insets consider the perfectly matched layers at both
ends of the structure. The results show that displacement field intensity is solely the result of the rainbow trapping effect.
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hi of the unit cell from h1= 0.3mm in segment 1 to h8= 1mm in
Segment 8, with 0.1mm as the increment.

We first analyze the band structure of each unit in the peri-
odic segments using the commercial software COMSOL Multiphysics®
version 5.3. Bloch periodic boundary condition is applied in the x
direction, which is also the wave propagation direction, while the
other surfaces of the unit cells are all set to be free. Figure 2(a)
shows the lowest flexural wave branch for each thickness (i.e., A0

mode in the band structure). It can be found that the lowest inter-
section of the A0 mode with the boundary of the Brillouin zone is
the cutoff frequency for the flexural wave since there exists the
first-order flexural wave bandgap when exceeding this frequency.
Since high-order modes play a less important role than the lowest
flexural wave modes in the rainbow trapping phenomenon, for
the sake of clarity, these modes of metamaterial beam waves are
not presented in Fig. 2(a). To visualize clearly how group velocity
varies with thickness at different cutoff frequencies and decreases
to zero, we calculate the group velocity of the lowest A0 mode for
each thickness by24

v ¼ dω
dk

, (1)

where v is the group velocity, ω is the wave’s angular frequency,
and k is the angular wavenumber. The group velocity is plotted in
Fig. 2(b). It can be observed from Fig. 2(b) that variation of the
group velocity validates that wave propagation progressively slows
down in the unit cells with decreasing thickness. The property
suggests that the beam structure designed in a certain way with a
properly graded thickness enables to achieve strong dispersion
and energy concentration.

III. RAINBOW TRAPPING

In the following, the left end of the metamaterial beam is
applied to a hormonic excitation of 50 nm transverse displacement
in the z direction and the right end is set to be free. To reduce the

FIG. 4. Trapping locations at the lowest seven cutoff frequencies.

FIG. 5. Flexural mode shapes at (a) 27 710 Hz and (b) 28 466 Hz.

FIG. 6. Frequency spectrum at around the lowest cutoff frequency of 28 808 Hz
with various damping ratios.
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computation cost, the frequency sweep interval in all frequency
response analyses below is 2 Hz. We will investigate the rainbow
trapping effect of flexure waves at the cutoff frequencies and reso-
nance frequencies, respectively.

A. Cutoff frequencies

As representative examples, Fig. 3 shows the displacement
field intensity of the flexural waves distributed in the proposed
metamaterial beam at the lowest four cutoff frequencies. In all
cases, the flexural waves are excited at the left end of the beam and
propagate toward the right direction (i.e., the x direction) along
which the thickness is a gradient descent segment by segment. The
flexural waves are finally spectrally split and trapped in different
segments depending on the cutoff frequencies in those segments,
i.e., the trapping position at the larger cutoff frequency is closer to
the excitation location. Besides, the flexural wave propagation is
accompanied by a progressively decreasing wavelength in the
sequential segments and the wavelength in the trapping region

FIG. 7. Frequency spectrum at around the lowest cutoff frequency of 28 808 Hz
with a large number of unit cells.

FIG. 8. Frequency responses of displacement in the z direction for the lowest four order rainbow trapping frequencies. (a) 27.68 kHz–27.78 kHz with the resonance fre-
quency of 27 710 Hz. (b) 36.56 kHz–36.66 kHz with the resonance frequency of 36 620 Hz. (c) 44.68 kHz–44.78 kHz with the resonance frequency of 44 718 Hz. (d)
53.28 kHz–53.38 kHz with the resonance frequency of 53 314 Hz.
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approaches the length of the unit cell. This wavelength shortening
mechanism enables the spatial concentration and significant
enhancement of the trapped waves.35 By contrast, the displacement
field intensity on the right-hand side of the trapping locations is
comparatively low due to the cutoff frequencies. Thus, wave propa-
gation is prohibited by the bandgaps of the following periodic seg-
ments. To further validate that the displacement field intensity is
solely the result of the rainbow trapping effect, we add the perfectly
matched layers at both ends of the metamaterial beam, as shown in
the insets in Fig. 3. It can be observed that the displacement distri-
bution in the beam keeps the same trend before and after including
the perfectly matched layers at the same frequency. Thus, in the
following analysis, the perfectly matched layers are removed.
Figure 4 illustrates the trapping positions for the lowest seven
cutoff frequencies by recording the positions of the maximum dis-
placement amplitudes. It can be observed that the trapping position
almost changes in a linearly decreasing manner with the cutoff fre-
quency. The larger the cutoff frequency causes the trapping posi-
tion closer to the excitation end. The distance between two
trapping positions at neighboring cutoff frequencies is approxi-
mately equal to 13a, which is exactly the length of one periodic
segment. This variation property indicates that one can manipulate
the rainbow trapping positions by modifying the length of each
periodic segment. On the other hand, when designing the geomet-
rically graded beam in practical scenarios, one should note that (i)
the number of unit cells in one segment cannot be too small in

order to make the bandgaps and cutoff frequencies effective and
(ii) the difference of thickness between neighboring segments
cannot be too small to exceed the mechanical processing precision.

B. Resonance frequencies

Although the rainbow trapping at the cutoff frequencies con-
fines the flexural wave energy in specific locations and amplifies
the wave magnitude dramatically even after a long propagation dis-
tance (see Fig. 3), the amplification is still not optimal for energy
harvesting, since the cutoff frequencies are not necessarily the res-
onance frequencies of the finite beam. To activate a more violent
vibration in the trapping region and maximize the capacity of
energy harvesters, we need to search for the frequencies at which
the system resonates and still maintains the rainbow trapping
effect. Thus, an intriguing question remains to be answered: Will
there be such resonance frequencies for rainbow trapping? Or, in
other words, will the rainbow trapping mode still occur at the reso-
nance frequencies? The answer is “Yes.” To verify this conclusion,
taking the lowest cutoff frequency (i.e., 28 808 Hz) as a representa-
tive example, we first perform the eigenfrequency analysis for the
metamaterial beam and find the resonance frequencies for the flex-
ural mode shapes around the cutoff frequency. Figure 5 shows two
neighboring flexural mode shapes around this cutoff frequency. The
corresponding resonance frequencies are 27 710Hz and 28 466 Hz,
respectively. These mode shapes exhibit the characterization of the

FIG. 9. Displacement field intensity of flexural waves at different resonance rainbow trapping frequencies in the proposed metamaterial beam. (a) The resonance rainbow
trapping frequency of 27 710 Hz. (b) The resonance rainbow trapping frequency of 36 620 Hz. (c) The resonance rainbow trapping frequency of 44 718 Hz. (d) The reso-
nance rainbow trapping frequency of 53 314 Hz.
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FIG. 10. Sketch of the metamaterial beam with piezoelectric patches. (a) The periodically perforated graded beam with several pairs of piezoelectric patches attached to
it. Without loss of generality, four pairs in total are attached in segments 1–4, respectively, in this study. The distance from the piezoelectric patches to the right end of the
corresponding segment is li = kia, (i = 1–4), where ki takes integers. (b) The circuit connection of one pair of piezoelectric patches. The i-th pair of piezoelectric patches
separately connects in parallel to an external load resistance Ri.

FIG. 11. Frequency responses of the output power for the metamaterial beam with piezoelectric patches when the ranges of four rainbow trapping frequencies individually
vary within the width of 100 Hz. (a) 27.7 kHz–27.8 kHz with the resonance frequency of 27 758 Hz. (b) 36.6 kHz–36.7 kHz with the resonance frequency of 36 634 Hz. (c)
44.75 kHz–44.85 kHz with the resonance frequency of 44 788 Hz. (d) 53.3 kHz–53.4 kHz with the resonance frequency of 53 336 Hz. The resistance is set to be 100 kΩ.
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rainbow trapping phenomenon. Then, we illustrate the frequency
spectrum around this cutoff frequency in Fig. 6. Since the inherent
losses in structures may largely degrade the performance of
devices,36 at this stage, we also take the mechanical damping into
consideration. It can be found that there are more than one dis-
placement resonant peaks around the cutoff frequencies and the
frequencies for the peaks are the resonance frequencies (see
Fig. 5). The results in Figs. 5 and 6 indicate the occurrence of res-
onance rainbow trapping. In addition, the damping ratio has little
influence on the rainbow trapping effect when it is smaller than
10−3. Thus, we will not consider the mechanical damping effect in
the following study. Another interesting point is that the number
of resonance rainbow trapping frequencies near the corresponding
cutoff frequency can be increased when raising the unit cell
numbers in segments. Figure 7 plots the frequency spectrum when
the number of cells in each segment is 5, 13, and 25, respectively.
This property allows us to tune the resonance rainbow trapping
frequencies for various ambient environments.

For simplicity, in the following, we only find one resonance
rainbow trapping frequency at around 1 kHz smaller than each of
the lowest four cutoff frequencies. Figure 8 shows the resonance
peaks in the corresponding frequency ranges for the lowest four
order rainbow trapping frequencies. From Fig. 8, we can observe
that the highest resonance peaks shift from segment 1 to segment 4
when the frequency increases, which indicates that the frequencies
for the highest peaks (i.e., resonance) correspond to the rainbow
trapping frequency ranges. Besides, the resonance displacements
reach tens of μm, which is much larger than those in Fig. 3.
Figure 9 presents the resonance rainbow trapping profiles at the
four resonance frequencies (see Fig. 8). We can find that the wave
localization and the amplification effect are more intense than those
in Fig. 3. This phenomenon indicates that the rainbow trapping
effect is significantly enhanced at the resonance frequencies com-
pared with the cutoff frequencies extracted from the band structure.
Based on this mechanism, we then explore the effective energy har-
vesting method. In the next section, we will investigate the behavior

FIG. 12. The output power of the four pairs of piezoelectric patches at the four resonance trapping frequencies. (a) The output power at 27 758 Hz. (b) The output power
at 36 634 Hz. (c) The output power at 44 788 Hz. (d) The output power at 53 336 Hz. Insets in the subplots show the displacement field distribution in the metamaterial
beam with piezoelectric patches.
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of resonance rainbow trapping and energy harvesting for the system
containing piezoelectric elements.

IV. ENERGY HARVESTING

In Sec. III, we have proved that the rainbow trapping frequencies
of the finite system without piezoelectric elements can cover both the
discrete cutoff frequencies and the resonance frequencies. This section
will demonstrate that the resonance frequencies of the device with pie-
zoelectric elements can also coincide with the rainbow trapping fre-
quencies. This working mechanism allows us to effectively utilize the
rainbow trapping phenomenon to maximize the performance of the
energy harvesters. Different from non-active materials, the constitutive
equations for piezoelectric materials are expressed by37

T
D

� �
¼ cE �e

e εS

� �
S
E

� �
, (2)

where T and S are, respectively, the stress and strain tensor, D is the
electric displacement tensor, and E is the electric field tensor. cE, e,

and εS, respectively, represent the elastic, piezoelectric, and permittiv-
ity constants. Equation (2) will be used in the simulation when model-
ing piezoelectric elements. After finite element discretization and
assembly of the elementary matrices with the consideration of boun-
dary conditions, we obtain the finite element model of the system
with piezoelectric elements as follows:38

M 0
0 0

� �
€u
€w

� �
þ Kuu Kuw

Ktr
uw Kww

� �
u
w

� �
¼ F

Q

� �
, (3)

where M, Kuu, Kuw, and Kww are the mass and stiffness, piezoelectric
coupling, and capacitance matrices, respectively. u represents the dis-
placement fields and w is the electric potentials. F and Q are, respec-
tively, the external forces and electrical charges. tr symbolizes the
transpose of a matrix. The superscript ⋅⋅ denotes the second derivation
with respect to time.

In the proposed energy harvesting system, for simplicity but
without loss of generality, we use four pairs of piezoelectric patches in
the trapping zones of periodic segments 1–4 to illustrate the multiple-

FIG. 13. Variation of the output power vs the resistance Ri at different resonance rainbow trapping frequencies. (a) The output power of pair #1 at 27 758 Hz. (b) The
output power of pair #2 at 36 634 Hz. (c) The output power of the piezoelectric patches in pair #3 at 44 788 Hz. (d) The output power of pair #4 at 53 336 Hz.
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band and the multiple-position energy harvesting performance.
But, in addition to the passive energy harvesting used in this
study, the active control,39–41 which may significantly enhance the
trapping effect and energy harvesting efficiency, by exploiting the
piezoelectric circuit, may also be an alternative to modulate the
resonance rainbow trapping. The study of active control is out of
the scope of this paper and may be studied in future work. As
shown in Fig. 10, each pair of piezoelectric patches is, respectively,
attached to the two sides of the joint of two neighboring unit cells
in one segment with the distance of kia (ki takes integers) from
the patches to the right end of the corresponding segment. Each
pair of piezoelectric patches separately connects in parallel to
external load resistance [see Fig. 10(b)] and is represented by pair
#i (i = 1, 2, 3, 4). We select PZT-5H as the piezoelectric material.
The physical parameters of PZT-5H are directly selected from the
material library in COMSOL Multiphysics®. The polarization
direction of the piezoelectric patches is along the z direction in
the simulation. The thickness of the piezoelectric patches is 0.2 mm.
It can be inferred that the stiffness and further the natural frequencies

of the beam structure will be slightly shifted after introducing the
piezoelectric patches. However, we can expect that the deviation
will not dramatically affect the effective frequency range for the
rainbow trapping due to the small size and number of piezoelec-
tric patches compared with the unit cells in each segment. Thus,
the trapping frequencies in the system with piezoelectric patches
can overlap those of the device without piezoelectric patches
when carefully designing the size, number, and positions of pie-
zoelectric patches. Based on these characteristics, we now aim to
find the resonance trapping frequencies of the structure with pie-
zoelectric patches to enhance the energy harvesting performance
in the desired way.

Figure 11 plots the frequency responses of the output power
for the metamaterial beam with piezoelectric patches when the
ranges of four rainbow trapping frequencies individually vary
within the width of 100 Hz. In the simulation, the resistance for
each pair of piezoelectric patches is set to be 100 kΩ and l1∼ l4 are
8a. These four rainbow trapping frequency ranges correspond to
the rainbow trapping occurrence in segments 1–4, respectively. As

FIG. 14. Robustness of output power responses to the position perturbation of the piezoelectric patches li at four rainbow trapping frequency ranges. (a) 27.7 kHz–
27.8 kHz for pair #1. (b) 36.6 kHz–36.7 kHz for pair #2. (c) 44.75 kHz–44.85 kHz for pair #3. (d) 53.3 kHz–53.4 kHz for pair #4. The resistance is set to be 100 kΩ.
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indicated by the highest peaks in each subplot, each of the ranges
covers the resonance frequencies of the beam with piezoelectric
patches. We can observe from Fig. 11 that at the resonance fre-
quencies, which are also the frequencies of rainbow trapping (see
insets in Fig. 12), the harvested energy power reaches the magni-
tude of milliwatts. Besides, the power at the resonance trapping fre-
quencies is much higher than that at the off-resonance trapping
frequencies, exhibiting the superiority of the resonance trapping
frequencies. Therefore, by designing structures with the resonance
frequencies in the rainbow trapping frequency ranges, the system
resonance and the rainbow trapping are now successfully realized
and energy harvesting performance is largely improved. To further
scrutinize the electric responses for different pairs of piezoelectric
patches at each resonance trapping frequency, Fig. 12 compares the
output power of these patches at the resonance frequencies of
27 758 Hz, 36 634 Hz, 44 788 Hz, and 53 336 Hz, respectively. The
insets in Fig. 12 show the displacement field intensities at the corre-
sponding resonance trapping frequencies. It can be found that the

largest power occurs in the flexural wave trapping region, while the
power harvesting from the patches in the other non-trapping
regions is much insignificant.

Figure 13 investigates the influence of the resistance on the
output power at four resonance rainbow trapping frequencies. We
can see from Fig. 13 that the optimal resistance and the corre-
sponding maximal output power of the four pairs of piezoelectric
patches are different at the corresponding resonance rainbow trap-
ping frequencies. Although the output power in Fig. 11 shows an
upward trend with the increasing resonance rainbow trapping fre-
quency under the same resistance of 100 kΩ, the trend may not
remain the same when the resistance increases. As indicated in
Fig. 13, the resistance connected in different segments should be
flexibly tuned to proper values to scavenge the most electric energy
when the device works at different resonance trapping frequencies. It
should be noted that we only consider the electrical damping in the
simulation. In real situations, energy loss and material damping will
inevitably be involved in dynamical systems, especially when such

FIG. 15. Displacement field intensity at different resonance frequencies for different l1 in segment 1, i.e., l1 = 7a, 8a, 9a, 10a along the red arrow. (a) The resonance fre-
quency of 27 712 Hz. (b) The resonance frequency of 27 758 Hz. (c) The resonance frequency of 27 714 Hz. (d) The resonance frequency of 27 756 Hz.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 129, 064505 (2021); doi: 10.1063/5.0040029 129, 064505-11

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


systems vibrate at high frequencies. Thus, the resistance in the exper-
iments may be different from that obtained in this study, which is
out of the scope of this paper and will be studied in future work.

To further explore the robustness of the proposed piezoelec-
tric energy harvester, we study the position perturbation of the
piezoelectric patches on the performance of the device, as shown
in Fig. 14. In each simulation, we successively change the position
of one pair of piezoelectric patches, while keeping the positions of
others the same as 8a. It can be observed from Fig. 14 that the
resonance trapping frequencies and the highest output power are
slightly influenced by the variation of patch position li. For
example, the resonance frequency shift for the case of l1 = 7a is
only around 50 Hz compared with that of l1 = 8a. This shift is
mainly caused by the edge effect since the trapping region at the
lowest frequency range is near the free end of the graded beam. In
other cases, the shift is even much smaller. To explain why the
piezoelectric patches are attached to the joint of two unit cells
rather than other positions, Fig. 15 illustrates the displacement
distribution at different resonance frequencies obtained in Fig. 14(a)
as the representative examples. In Fig. 15, we use an arrow to point
out the position variation of the piezoelectric patches. We can
observe that the positions of the piezoelectric patches are exactly on
the antinodes of the trapped flexural waves where the largest energy
can be scavenged. This is also the reason why ki is chosen as inte-
gers in our study.

V. CONCLUSIONS

In this study, we simultaneously achieve the flexural wave
rainbow trapping and resonance in the designed metamaterial
beam. Based on the analysis of the band structure of the unit cell,
we first realize the rainbow trapping phenomenon at various cutoff
frequencies and show the spatial separation and localization of flex-
ural waves. We then find that the rainbow trapping frequency
ranges cover the resonance frequencies in the carefully designed
metamaterial beam. Compared with cutoff frequencies, the rainbow
trapping effect at the resonance frequencies is largely enhanced,
characterized by the significantly localized and amplified flexural
waves. Based on the property, we implement multiple-band and
multiple-position piezoelectric energy harvesting by attaching four
pairs of the piezoelectric patches onto the metamaterial beam. The
simulation results show the superiority of the resonance rainbow
trapping phenomenon for energy harvesting compared with the
off-resonance rainbow trapping and non-trapping counterparts.
We also obtain the optimal resistance and the optimal positions for
different pairs of piezoelectric patches and demonstrate the robust-
ness of the metamaterial beam for energy harvesting.

This work shows the feasibility and superiority of combining
the rainbow trapping and resonance to design energy harvesting
devices. The demonstrated concept will be beneficial for developing
a new generation of multiple-band and multiple-position piezoelec-
tric energy harvesters.
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