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In this paper, we investigate the dynamics of a fourth-order normal form near a double Takens-
Bogdanov bifurcation. The reduced system of this normal form possesses eight pairs of homoclinic
orbits for certain parameter values. The nonlinear time transformation method is applied to obtain an
analytical approximation of the homoclinic orbit in the perturbed system and to construct the homo-
clinic bifurcation curve as well. Using numerical continuation, period-doubling and homoclinic-
doubling cascades emanating from a codimension-2 bifurcation point are found. A codimension-2
homoclinic-gluing bifurcation point at which several homoclinic orbits concerning the origin glue
together to form a new homoclinic orbit is also obtained. It is shown that in the vicinity of these
bifurcation points, the system may exhibit chaos and chaotic attractors. Published by AIP Publishing.
https://doi.org/10.1063/1.5030692

Homoclinic orbits play an important role in the study of
nonlinear dynamical systems as they provide useful infor-
mation on the organization of chaotic behavior of the
system. In this paper, we investigate homoclinic-doubling
and homoclinic-gluing bifurcations of a fourth-order nor-
mal form near a double Takens-Bogdanov bifurcation.
A nonlinear time transformation method is applied to
obtain an analytical solution of the homoclinic orbit in
the perturbed system. Codimension-2 bifurcation points at
which period-doubling and homoclinic-doubling cascades
occur are predicted accurately as arbitrarily high-order
approximation can be found using the method. Since there
are several pairs of homoclinic orbits in this system, it
is observed from numerical simulation how one pair of
homoclinic orbits glue together to form a large-amplitude
homoclinic orbit, deform in shape and, at the end, join
together to form another pair or a few pairs of homoclinic
orbits at some codimension-2 bifurcation points where
both homoclinic-doubling and homoclinic-gluing bifurca-
tions occur. Chaotic attractors are detected in the vicinity
of these bifurcation points.

I. INTRODUCTION

Period-doubling sequences or cascades leading to chaos
are observed in many physical phenomena and engineering
problems and have been the subject of intensive analytical and
numerical investigations; see Refs. 1–4. Period-doubling cas-
cades require a single parameter to be varied. As a second
parameter is varied, a 2i(i ∈ N)-periodic orbit in the cascade
may collide with a saddle equilibrium with real eigenvalues

a)Author to whom correspondence should be addressed:
makchung@cityu.edu.hk

to form a homoclinic orbit. Such homoclinic or heteroclinic
orbits play an important role in applications (see, for instance,
Refs. 5–10). The existence of a homoclinic or heteroclinic
orbit in a system of ordinary differential equations implies
the existence of a coherent structure such as a soliton in cer-
tain partial differential equations.11–13 For instance, they form
the profiles of traveling wave solutions in reaction-diffusion
problems.14 In static-dynamics analogies, a homoclinic orbit
corresponds to a spatially localized post-buckling state.15

Other applications can be found in Refs. 16 and 17.
Homoclinic-doubling cascades, the analog of period-

doubling cascades for homoclinic orbits, provide another
mechanism in the dynamics transition and are obtained in the
limit, leading to the death of the cascade in its entirety. While
the scaling constant of the successive periodic doublings is the
well-known Feigenbaum constant,2,3 the scaling constants for
homoclinic-doubling depend on the eigenvalues of the saddle
equilibrium.

The study of homoclinic-doubling bifurcation is impor-
tant as it provides useful information on the organization of
a chaotic behavior of the system. Theoretical investigation
of homoclinic-doubling bifurcations and cascades is usu-
ally restricted to specific systems. Sandstede18 constructed
a class of three-dimensional ordinary differential equations
having homoclinic bifurcation points of codimension two.
By considering the orientation and twistness of a homo-
clinic orbit, he derived the conditions for the existence of
homoclinic-doubling bifurcations and homoclinic-doubling
cascades. Oldeman et al.19 described a general numerical pro-
cedure for computing homoclinic-doubling cascades using the
package AUTO which includes the homoclinic continuation
code HomCont.20 Sandstede’s system in Ref. 18 was used as
an illustrative example, and homoclinic-doubling bifurcation
curves were constructed.
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Moreover, Homburg21 gave an overview of the theory of
homoclinic-doubling cascades and discussed universal scal-
ing properties obtained from a renormalization theory, while
Homburg et al.22 investigated the existence of cascades of
homoclinic-doubling bifurcations which occurred persistently
in two-parameter families of three-dimensional vector fields.
A continuation theory for homoclinic orbits was developed
in order to follow homoclinic orbits through infinitely many
homoclinic-doubling bifurcations.

In the above investigation for the existence of
homoclinic-doubling cascades,18,21,22 a geometric approach
is employed where the inclination-flip and the orbit-flip are
detected at resonant eigenvalues. This approach is mainly
based on numerical simulations performed with AUTO/
HomCont,20 while the analytical approximation of homo-
clinic orbits, curves of homoclinic bifurcations, and curves of
homoclinic-doubling cascades are far from being an easy task.
To the best of our knowledge, there is no analytical attempt to
obtain an approximation of these homoclinic-doubling curves
in a specific system.

Several perturbation methods were proposed in recent
years to construct analytically homoclinic and heteroclinic
orbits of strongly nonlinear oscillators. The analytical solu-
tions were expressed using Jacobian elliptic functions23 and
hyperbolic functions.24,25 In this paper, we will adopt an
algebraic approach to construct analytically the homoclinic
bifurcation curve using the nonlinear time transformation
(NTT) method proposed by Cao et al.26 in which an analytical
solution is expressed using trigonometric functions. Note that
for planar systems, accurate approximation can be achieved
with relatively few harmonic terms even for large bifurcation
values. To confirm the efficiency of the NTT method, the ana-
lytical prediction will be compared with the numerical results
obtained from MatCont27/AUTO (specifically, all the numer-
ical results have been obtained by MatCont and most of them
have also been confirmed by AUTO). The system we consider
is the normal form of the Takens-Bogdanov bifurcation with
D4 symmetry proposed by Rucklidge,28 which is used as an
illustrative example. The Takens-Bogdanov is a codimension-
two bifurcation which occurs when the linearization matrix of
an equilibrium has a double-zero eigenvalue with geometric
multiplicity one. In the past few decades, this bifurcation has
been studied in a large number of systems (see, for instance,
Refs. 29–42). That normal form was obtained from a con-
vection problem of a square container. Rucklidge28 showed
that the dynamics of this normal form is governed by a one-
dimensional map near the homoclinic bifurcation and near the
O(2) integrable limit, rather than a three-dimensional map.
Some early numerical results can be found in Ref. 43.

To construct homoclinic/heteroclinic orbits as well as
homoclinic bifurcation curve in the Takens-Bogdanov normal
form with D4 symmetry, the NTT method will be performed.
The efficiency of this approach has been demonstrated in
one of the classical problems in the theory of dynamical
systems, namely, the analytical prediction of heteroclinic con-
nections in the 1:4 resonance problem which is considered
as one of the most intriguing and unsolved problems in non-
linear dynamical systems for which a rigorous proof is still
incomplete.44 Indeed, analytical prediction of both square

and clover heteroclinic connections was obtained near the
1:4 resonance45 in a specific self-excited nonlinear oscillator
subject to parametric excitation.46

The application of the NTT method to approximate
heteroclinic connections in the 1:4 resonance problem was
motivated by a first attempt that uses the collision crite-
rion (between the limit cycle and the saddles involved in the
bifurcation47). This criterion was successfully used to approx-
imate homoclinic bifurcation in a three-dimensional system.48

However, the analytical approximation of the square hetero-
clinic connection obtained using the collision criterion46 has
been substantially improved by applying the NTT method.
Moreover, the NTT method was also able to predict the clover
heteroclinic connection, which has not been tackled by the
collision criterion using the method of multiple scales.49 Note
that in Ref. 50, the triangle and clover heteroclinic bifur-
cations were also predicted accurately in the 1:3 resonance
problem using the NTT method, improving also the results
given by the collision criterion.51

The remaining of the paper is organized as follows.
Section II describes the novel construction of homoclinic
orbits in the four-dimensional normal form system. The
results obtained from the NTT method are compared with the
results provided by numerical analysis using MatCont/AUTO.
In Sec. III, two cases are studied numerically. Period-doubling
and homoclinic-doubling cascades are found showing that the
system exhibits chaotic behavior in one case. Some conclu-
sions are given in Sec. IV.

II. HOMOCLINIC ORBITS AND HOMOCLINIC
BIFURCATION

The system we consider consists of a three-dimensional
flow confined to an L × L × 1 container with square cross
section, reflections, and 90◦ rotation symmetries (which gen-
erate the group D4). This leads to the following fourth-order
normal form [Eqs. (1) and (2) of Ref. 28]

ü = −λu + κ u̇ + Pu3 + Qu2u̇ + Ruv2 + Suvv̇

+ Tv2u̇ + Uvu̇v̇, (1a)

v̈ = −λv + κ v̇ + Pv3 + Qv2v̇ + Rvu2 + Svuu̇

+ Tu2v̇ + Uuv̇u̇, (1b)

where u and v represent the amplitude of the two marginally
stable modes of convection, κ , λ, P, . . . , U are system param-
eters, and the over-dots denote the differentiation with respect
to real time t. The linearization matrix of the origin has two
pairs of double-zero eigenvalues when the parameters κ and λ

vanish, that is, a double Takens-Bogdanov bifurcation exists.
Therefore, this normal form is near the Takens-Bogdanov
bifurcation. The two reflections γ1 and γ2 that generate the
group D4 act on the mode amplitudes u and v as

γ1 : (u, v) → (−u, v), γ2 : (u, v) → (v, u). (2)

We study the system under condition λ < 0 and P < 0
throughout the paper. Besides the origin, this system pos-
sesses eight equilibria when R < −P, namely (u, u̇, v, v̇) ∈
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{(
±

√
λ
P , 0, 0, 0

)
,
(

0, 0, ±
√

λ
P , 0

)
,
(
±

√
λ

P+R , 0, ±
√

λ
P+R , 0

)}
.

The characteristic polynomial of the linearization matrix at the
origin is given by

p(δ) = (δ2 − δκ + λ)2. (3)

We note that the origin is always a saddle point for λ < 0.
The eight non-trivial equilibria lie in the invariant subspaces
v = 0, u = 0, and u = ±v, respectively. The behavior of equa-
tions restricted to these subspaces is well understood.52 The
characteristic polynomial of the linearization matrix at the
equilibria in the subspaces v = 0 and u = 0 is given by

p(δ) = F1(δ)F2(δ)

P2
, (4)

where

F1(δ) = Pδ2 − (Pκ · · · + (P − R)λ),

F2(δ) = Pδ2 − (Pκ · · · − 2Pλ).

These equilibria exhibit a Hopf bifurcation when the condi-
tion Pκ + Qλ = 0 or Pκ + Tλ = 0, R < P holds. The peri-
odic orbit arising from the Hopf bifurcation undergoes a
symmetry-breaking bifurcation. It collides with the origin and
becomes a homoclinic orbit. We are going to investigate vari-
ous types of homoclinic bifurcations in the rest of this paper.
It is the knowledge of these planar homoclinic connections
existing in the invariant subspaces that serves as a starting
point for their study in the complete four-dimensional space.

Quantitative description of the bifurcation sequence in
system (1) has been performed in Ref. 28 considering sim-
plified dynamics governed by a one-dimensional map. Here,
we develop analytical approximation of the homoclinic orbits
and the homoclinic bifurcation curves using NTT, and we per-
form numerical continuation to detect homoclinic-doubling
bifurcations and homoclinic-doubling cascades in system (1a)
and (1b). The NTT method was first presented to approxi-
mate the periodic solutions of nonlinear autonomous systems
with many degrees of freedom,53 and it was extended to
approximate the homoclinic/heteroclinic orbits in Ref. 26.
This method can be viewed as a modification of the Krylov-
Bogoliubov-Mitropolsky (KBM) method and provides an
asymptotic expansion to approximate both limit cycles and
homoclinic/heteroclinic orbits. Following the notation of
Ref. 26, we introduce a nonlinear time transformation ϕ(t) of
the form

dϕ

dt
= �(ϕ), �(ϕ + 2π) = �(ϕ). (5)

Assume that Eqs. (1a) and (1b) possess a homoclinic orbit
such that ϕ(0) = ϕ0 and ϕ(t) → ϕ± as t → ±∞. Integrating
Eq. (5), we obtain

t =
∫ ϕ

ϕ0

dθ

�(θ)
. (6)

Since the integral in (6) must diverge, we need to have

�(ϕ±) = 0, (7)

which is a condition that should be imposed on the function
�(ϕ).

FIG. 1. The projection of eight pairs of homoclinic orbits of unperturbed
system (9a) and (9b) onto (u, v)-plane.

Proposition 1. For λ < 0, R = 3P < 0, and κ = Q =
S = T = U = 0, there exist eight pairs of planar homoclinic
orbits for system (1a) and (1b) (see Fig. 1), namely

(i) u = 0, v = a sin ϕ, (8a)

(ii) u = a sin ϕ, v = 0, (8b)

(iii) u = a

2
sin ϕ, v = u, (8c)

(iv) u = a

2
sin ϕ, v = −u, (8d)

(v) u = 1

2

(
a sin ϕ +

√
λ

P

)
, v = u −

√
λ

P
, (8e)

(vi) u = 1

2

(
a sin ϕ −

√
λ

P

)
, v = u +

√
λ

P
, (8f)

(vii) u = 1

2

(
a sin ϕ +

√
λ

P

)
, v =

√
λ

P
− u, (8g)

(viii) u = 1

2

(
a sin ϕ −

√
λ

P

)
, v = −u −

√
λ

P
, (8h)

where a =
√

2λ

P
.

Proof. For λ and P < 0, let κ = Q = S = T = U = 0 and
R = 3P. Then, the system is reduced to

ü = −λu + Pu3 + 3Pv2u, (9a)

v̈ = −λv + Pv3 + 3Pu2v. (9b)

Adding Eqs. (9a) and (9b) and subtracting Eq. (9b) from
Eq. (9a) lead to the following equation:

ü ± v̈ = −λ(u ± v) + P(u ± v)3. (10)

We note that Eq. (10) is Hamiltonian of (u ± v, u̇ ± v̇), and it
possesses a pair of homoclinic orbits concerning the origin.
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Transforming it into the ϕ domain, we obtain

�2(u ± v)′′ + 1

2
(�2)′(u ± v)′ = −λ(u ± v) + P(u ± v)3,

(11)

where primes denote the differentiation with respect to ϕ.
Assume that the pair of homoclinic orbits approaches the ori-
gin as ϕ → 0, ϕ → π , and ϕ → 2π . Then, the following
expression can be used to approximate the pair of homoclinic
orbits

u ± v = a sin ϕ, a ∈ R
+, (12)

and the associated �(ϕ) should satisfy the condition

�(0) = �(π) = �(2π) = 0. (13)

Multiplying both sides of Eq. (11) by (u ± v)′ and integrating
it with respect to ϕ to obtain

[(u ± v)′�]2 = −λ(u ± v)2 + P

2
(u ± v)4 + b, b ∈ R.

(14)

Substituting ϕ = 0 and ϕ = π

2
into Eq. (14), we obtain

a =
√

2λ

P
, b = 0. (15)

It follows from Eq. (14) that

�2(ϕ) = −λ sin2 ϕ. (16)

Solving u and v from Eq. (12) and the constant solution u ±
v = 0, u ± v =

√
λ

P
, and u ± v = −

√
λ

P
, one can find eight

pairs of planar homoclinic orbits as stated in this proposition.
This completes the proof. �

We note that for cases (i)–(iv), the pair of homoclinic
orbits involve the origin, while for cases (v)–(viii), the orbits
involve the equilibria

(u, u̇, v, v̇) =
(

±1

2

√
λ

P
, 0, ±1

2

√
λ

P
, 0

)
,

see Fig. 1.
Next, we consider a perturbation of the system (1a) and

(1b) and construct the homoclinic bifurcation curve by impos-
ing the condition of persistence of these homoclinic orbits. In
particular, we investigate the bifurcation arisen from the pair
of homoclinic orbits (ii). The bifurcation corresponding to the
other cases can be studied in a similar way. We consider the
following transformation of the system parameters:

λ = −1, P = −1, R = −3 + R∗ = −3 + εR̃, κ = εκ̃ ,

Q = εQ̃, T = εT̃ , S = εS̃, and U = εŨ , (17)

where ε is a small bookkeeping parameter (note that this trans-
formation is singular at ε = 0). Substituting Eq. (17) into

Eqs. (1a) and (1b) and transforming them into ϕ domain give

u′′�2 + 1

2
u′(�2)′ − u + u3 + 3uv2

= ε

(
κ̃u′� + Q̃u2u′� + R̃uv2 + S̃uvv′�

+ T̃v2u′� + Ũvu′v′�2

)
, (18a)

v′′�2 + 1

2
v′(�2)′ − v + v3 + 3vu2

= ε

(
κ̃v′� + Q̃v2v′� + R̃vu2 + S̃vuu′�

+ T̃u2v′� + Ũuv′u′�2

)
. (18b)

Now we will construct analytically the bifurcation curve in the
(κ , R∗)-plane for the pair of homoclinic orbits (ii) when ε is
nonzero. Assume that the analytical solution can be expressed
by power series of ε as

u =
∞∑

i=0

εiui, v =
∞∑

i=0

εivi, �2 =
∞∑

i=0

εi�2i,

� =
∞∑

i=0

εi�1i, κ̃ =
∞∑

i=0

εiκ̃i and R̃ =
∞∑

i=0

εiR̃i, (19)

where κ̃i and R̃i ∈ R, and ui, vi, �2i, and �1i are 2π -periodic
functions in ϕ. Quite often, �2 is a smooth function, while
� is not differentiable at some points. Therefore, expanding
�2 in power series as well as � is easy to handle. One can
compute �1i from the relation

�2 =
( ∞∑

i=0

εi�1i

)2

=
∞∑

i=0

εi�2i. (20)

For instance,

�20 = �2
10 and �21 = 2�10�11. (21)

Since we assume that the pair of homoclinic orbits approaches
the origin as ϕ → 0, ϕ → π , and ϕ → 2π , it follows from
(19) that

ui(ϕ) = vi(ϕ) = �2i(ϕ) = �1i(ϕ) = 0

for ϕ ∈ {0, π , 2π}, i ∈ N. (22)

In general, we assume that u(ϕ) has the following expression:

u(ϕ) =
∞∑

i=0

εiui =
∞∑

i=0

εiai sin ϕ, ai ∈ R. (23)

As we consider the persistence condition of the homoclinic
orbits (8b), the zero-order solution should satisfy the follow-
ing equations:

�20u0
′′ + 1

2
�′

20u′
0 − u0 + u3

0 = 0 and v0 = 0. (24)

It follows that

u0 =
√

2 sin ϕ, v0 = 0, and �10 =
√

�20 = sin ϕ.
(25)
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The zero-order solution in the ϕ domain describes the right
homoclinic orbit (u ≥ 0) in the same direction as that in the
t domain from 0 to π and describes the left one (u ≤ 0) in a
reverse direction from π to 2π .

Substituting (19) into (18a) and (18b) and equating the
coefficient of εi (i ∈ Z

+) lead to the following equations for
order O(εi):

1

2
u0

′�2i
′ + u0

′′�2i + �20u′′
i + 1

2
�′

20u′
i + (3u0

2 − 1)ui = gi,

(26a)

�20v′′
i + 1

2
�′

20v′
i + (3u0

2 − 1)vi = fi, (26b)

where

gi =
{

gi(uj, vj, �2j, κ̃j) for i = 1, 2,

gi(uj, vj, �2j, κ̃j, R̃m) for i > 2,

fi =
{

0 for i = 1,

fi(uj, vj, �2j, κ̃n, R̃n) for i > 1,

with indices j = 0, 1, . . . , i − 1; m = 0, 1, . . . , i − 3; and
n = 0, 1, . . . , i − 2. The functions gi and fi represent the
remaining terms in the corresponding order which are found
iteratively. For the sake of simplicity and convenience, we
simply use gi(ϕ) and fi(ϕ) hereafter.

Multiplying both sides of Eqs. (26a) and (26b) by u′
0 and

considering Eq. (24), we obtain

1

2
(u0

′)2�2i
′ + u0

′u0
′′�2i + u0

′�20u′′
i + 1

2
u0

′�′
20u′

i

+ (3u0
2 − 1)u0

′ui

= 1

2
(u0

′)2�2i
′ + u0

′u0
′′�2i + u0

′�20u′′
i

+ [u0
′′�20 + u′

0�
′
20 + u3

0 − u0]u′
i + (3u0

2 − 1)u0
′ui

=
[

1

2
(u0

′)2�2i + u0
′�20ui

′ + (u3
0 − u0)ui

]′
= giu0

′,

(27a)

and

u0
′�20v′′

i + 1

2
u0

′�′
20v′

i + (3u0
2 − 1)u0

′vi

= u0
′�20v′′

i + [u0
′′�20 + u′

0�
′
20 + u3

0 − u0]v′
i

+ (3u0
2 − 1)u0

′vi

= [
u0

′�20vi
′ + (u3

0 − u0)vi
]′ = fiu0

′. (27b)

Integrating Eqs. (27a) and (27b) with respect to ϕ, we obtain

1

2
(u0

′)2�2i + u0
′�20ui

′ + (u3
0 − u0)ui =

∫ ϕ

0
gi(τ )u′

0(τ )dτ ,

(28a)

u0
′�20vi

′ + (u3
0 − u0)vi =

∫ ϕ

0
fi(τ )u′

0(τ )dτ . (28b)

Substituting ϕ = π

2
into Eq. (28a) and considering the fact

that u′
i

(π

2

)
= 0 (i ∈ N), we obtain

√
2ai =

∫ π
2

0
giu0

′dϕ, (29)

from which ai can be determined. Once ai is determined, �2i

can be found immediately from Eq. (28a) and �1i can be
found from Eq. (20).

Proposition 2. �2i obtained from Eq. (28a) is smooth at

ϕ = π

2
and

3π

2
.

Proof. We demonstrate this proposition only for ϕ = π

2

because the case for ϕ = 3π

2
can be proven similarly. From

Eq. (28a), �2i can be expressed as

�2i =
√

2

∫ ϕ

0 gi(τ ) cos τdτ − ai sin4 ϕ

cos2 ϕ
≡ G(ϕ)

cos2 ϕ
. (30)

In order to prove that �2i is continuous and bounded at

ϕ = π

2
, we are going to show that the numerator G(ϕ) in

Eq. (30) vanishes at ϕ = π

2
at least with the same multiplicity

as the denominator cos2 ϕ. G
(π

2

)
= 0 can be immediately

derived from Eq. (29). The first-order derivative of G(ϕ) can
be obtained as

G′(ϕ) =
√

2 cos ϕ(gi − 4ai sin3 ϕ), (31)

which vanishes at ϕ = π

2
. The second-order derivative of

G(ϕ) can be obtained as

G′′(ϕ) = −
√

2 sin ϕ(gi − 4ai sin3 ϕ)

+
√

2 cos ϕ(g′
i − 12ai sin2 ϕ cos ϕ). (32)

By L’Hospital’s rule, we have

lim
ϕ→ π

2

�2i(ϕ) =
√

2

2

[
4ai − gi

(π

2

)]
. (33)

Thus, �2i is continuous and bounded at ϕ = π

2
, and it implies

that �2i is smooth at ϕ = π

2
. �

To find vi, we multiply both sides of Eq. (28b) by
1

�3
10(u0

′)2
and substitute Eq. (24) into it to obtain

v′
i

�10u′
0

− �10u′′
0 + �′

10u′
0

�2
10(u

′
0)

2
vi

=
(

vi

�10u′
0

)′
= 1

�3
10(u0

′)2

∫ ϕ

0
fi(τ )u′

0(τ )dτ . (34)

Integrating Eq. (34) with respect to ϕ, we obtain

vi

�10u0
′ =

∫ (
1

�3
10(u0

′)2

∫ ϕ

0
fi(τ )u′

0(τ )dτ

)
dϕ, (35)

from which vi can be found. It can be proven by mathematical
induction that ui, vi, and �1i are odd functions and �2i are
even functions for i ∈ N. Thus, the right-hand side of Eq. (34)
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FIG. 2. Homoclinic bifurcation curves of the considered homoclinic orbits
when Q = 0, T = −0.15, S = U = 1. Solid curve: Numerical simulation by
MatCont; xx: 5th-order analytical approximation; oo: 22nd-order analytical
approximation.

is an odd function and the integration of it with respect to ϕ

over [0, 2π ] is equal to zero. Consequently, vi is a 2π -periodic
function. Our computation shows that f1 = 0, and it follows
from Eq. (35) that

v1 = C cos ϕ�10 = C sin ϕ cos ϕ, C ∈ R, (36)

in which C is an arbitrary constant. Note that the perturbed
homoclinic orbit remains in the subspace v = 0 if C = 0.
Otherwise, we obtain a homoclinic orbit in 4-dimensional
space.

Since the homoclinic orbit approaches the equilibrium as
ϕ → π , Eq. (22) should be satisfied so that the orbit persists
in the perturbed system. Substituting this condition and ϕ = π

into Eqs. (28a) and (28b), we obtain
∫ π

0
giu0

′dϕ = 0, (37a)

FIG. 3. Hn and PDn curves in system (1a) and (1b) with the set of parameters
(43) and (Q, T) = (0, −0.15).

∫ π

0
fiu0

′dϕ = 0. (37b)

According to the definitions of gi(ϕ) and fi(ϕ) in Eqs. (26a)
and (26b), we can obtain one algebraic equation from
Eq. (37a) for each i ∈ Z

+. The unknowns of the alge-
braic equations are κ̃j with indices j = 0, 1, . . . , i − 1 (i ≥ 1)

and R̃m with indices m = 0, 1, . . . , i − 3 (i ≥ 3). The relation

κ̃0 = −4

5
Q can be easily obtained when i = 1. Similarly,

for each i ≥ 2, we can also obtain one algebraic equation
from Eq. (37b) with unknowns κ̃n and R̃n with indices n =
0, 1, . . . , i − 2. In each order O(εi) (i ≥ 2), the coefficient of
the unknown κ̃i−1 in Eq. (37a) is given by∫ π

0
(u′

0)
2�10dϕ = 4

3
, (38)

and the coefficient of the unknown R̃i−2 in Eq. (37b) is given
by ∫ π

0
v1u2

0u′
0dϕ = 8

√
2

15
C. (39)

Note that C is nonzero which is the condition that the per-
turbed homoclinic orbit lies in the 4-dimensional space. Fur-
thermore, for the algebraic equation obtained from Eq. (37b),
there is a factor C to each term at the left-hand side and it can
be deleted. Then, these two equations are linear with respect
to κ̃i−1 and R̃i−2, respectively. Therefore, for i ≥ 2, the values
of κ̃i−1 and R̃i−2 can be determined from Eqs. (37a) and (37b)
iteratively.

Up to the second order, u, �2, and v are given by

u =
√

2 sin ϕ +
√

2ε2

(
Q̃2

75
− C2

4

)
sin ϕ + O(ε3), (40a)

�2 = sin2 ϕ − 4

5
εQ̃ sin2 ϕ cos ϕ + ε2

75
sin2 ϕ

[
4Q̃2 − 75C2

+ (20Q̃2 + 75C2) cos2 ϕ
] + O(ε3), (40b)

v = εC sin ϕ cos ϕ − ε2C

210
sin ϕ

[
35(Q̃ − S̃ + T̃) + 12Ũ cos ϕ

− (196Q̃ − 70S̃ − 140T̃) cos2 ϕ + 60Ũ cos3 ϕ
] + O(ε3).

(40c)

Bifurcation parameters κ̃i and R̃i(i ∈ N) are homogeneous
polynomials of degree i + 1 in Q̃, S̃, T̃ , Ũ , C. We let C∗ = εC
and κi = εi+1κ̃i(i ∈ N), where κ̃i = κ̃i(Q̃, S̃, T̃ , Ũ , C). Then,
from (17), we have

κ = εκ̃ =
∞∑

i=0

εi+1κ̃i(Q̃, S̃, T̃ , Ũ , C) =
∞∑

i=0

κi(Q, S, T , U , C∗).

(41)

Similarly,

R = −3 + R∗ = −3 + εR̃ = −3 +
∞∑

i=0

Ri(Q, S, T , U , C∗),

(42)

where κi and Ri are given in the Appendix for i = 0, 1, 2, 3, 4.
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FIG. 4. The projection of phase
portraits of homoclinic orbits
of a homoclinic-doubling cas-
cade in system (1a) and (1b)
with the set of parameters (43),
(Q, T) = (0, −0.15), and R∗ = −0.03.
The panels show n-homoclinic orbits,
where n = 1, 2, 4, 8, 16, 32 from (a)
to (f). The values of κ from (a) to (f)
are 0.014967, 0.009682, 0.012493,
0.011851, 0.012377, and 0.012366,
respectively.

Applying the NTT method, one can obtain the ana-
lytical approximation up to arbitrarily higher order. For
(Q, T , S, U) = (0, −0.15, 1, 1) and C∗ ≥ 0, the homoclinic
bifurcation curve of the 5th-order and 22nd-order approxima-
tions obtained from the NTT method are compared with that
(solid) from the continuation package MatCont in the (κ , R∗)-
plane as depicted in Fig. 2. It can be seen that the 5th-order
approximation agrees with the numerical simulation when C∗

is very small, while the 22nd-order approximation greatly
improves the accuracy. For instance, it can be seen that the
analytical bifurcation curve of the 22nd-order approximation
is very accurate for C∗ ∈ [0, 0.85]. P1 is the limiting point of
the analytical bifurcation curve for C∗ = 0. From the formulas
of κ̃i and R̃i in the Appendix up to the 4th-order approx-
imation, we have P1 = (κ , R∗) = (0, 0.0056337), while the
limiting point obtained from MatCont is (0, 0.0053200). The
22nd-order approximation of P1 improves the accuracy up to
eight decimal places. We note that P1 lies on the vertical line
κ = 0 which is the bifurcation curve for the pair of homo-
clinic orbits concerning the origin in the subspace v = 0. This
agrees with the analytical result that the perturbed homoclinic

orbit is in the subspace v = 0 when C∗ = 0. We will explore
the interesting property of point P1 in Sec. III.

III. NUMERICAL INVESTIGATION

In this section, we present a numerical investigation of
homoclinic-doubling bifurcations and homoclinic-doubling
cascades occurring in system (1a) and (1b). The continuation
packages MatCont27 in Matlab and AUTO are used to per-
form the numerical computation (in fact, all the results have
been obtained by MatCont, and most of them have also been
validated by AUTO). The approach we apply to find these
cascades was first presented by Oldeman et al.19 Two specific
sets of system parameters are studied in Secs. III A and III B,
respectively.

Starting with the analytical solution obtained in Sec. II for
u ≥ 0 near P1, MatCont can find an exact 4-dimensional peri-
odic orbit which is close to the origin, and it can be used as an
initial solution to find the period-doubling bifurcation and cas-
cade. A homoclinic-doubling cascade can be regarded as the
limit of a period-doubling cascade as the period of its orbits
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FIG. 5. An enlargement of Fig. 3 near P1.

goes to infinity. Following the procedure presented in Sec. 3.2
of Ref. 19, a sequence of period-doubling bifurcations of n-
periodic orbit and n-homoclinic orbits (where n = 2i, i ∈ N)
can be detected, and the continuation of these bifurcations and
orbits can also be performed. To ensure the accuracy of the
continuation, the number of mesh points (NTST) should be
doubled when the period is doubled. Therefore, it is not effi-
cient to perform the continuation for large n. In general, we
find the orbits and bifurcation curves for n ≤ 16.

Next, we investigate the homoclinic-doubling cascade in
system (1a) and (1b) for two sets of system parameters of
(Q, T) by letting

λ = P = −1, R = −3 + R∗, S = U = 1. (43)

All of the continuations are performed in the (κ , R∗)-plane.
Following Ref. 19, we define the notations in the bifurcation
diagrams as

PDn : A period-doubling bifurcation of an n-periodic orbit.

Hn : An n-homoclinic bifurcation.

A. Case 1: (Q, T ) = (0, −0.15)

First, we consider the set of system parameters (Q, T) =
(0, −0.15) which is used in Sec. II. The main structure
of the bifurcation diagram is depicted in Fig. 3. It shows
n-homoclinic bifurcations which are drawn by solid curves
and the period-doubling bifurcations which are drawn by
dashed curves. Different colors correspond to different val-
ues of n (blue: 1; red: 2; green: 4). The vertical line κ = 0
is the bifurcation curve of homoclinic orbits concerning the
origin in the subspaces u = 0 and v = 0 which correspond to
solutions (i) and (ii) in Proposition 1, respectively. The black
curve in the very left is the bifurcation curve of homoclinic
orbits concerning the origin in the subspaces u = ±v.

We start our investigation near point P1. Starting from the
analytical solution up to the 5th order found in Sec. II, an exact
1-periodic orbit can be obtained for parameters (κ , R∗) =
(0.014974, −0.03) in MatCont. Continuing this periodic orbit
with fixed R∗ and varying κ and the period, one can obtain
n-periodic orbits and n-homoclinic orbits. Figure 4 shows
a projection of the phase portraits of n-homoclinic orbits
(n = 2i, i = 0, 1, 2, 3, 4, 5) on the subspace (u, u̇, v, 0) for
R∗ = −0.03 and different values of κ . These homoclinic
orbits can be continued backward and forward in two param-
eters κ and R∗ to obtain n-homoclinic bifurcation curves. The
period-doubling bifurcations can also be followed in the same
way.

We note that all of these Hn and PDn curves emanate
from point P1 as depicted in Fig. 5 which is an enlarge-
ment of Fig. 3 near P1. This result shows that the period-
doubling cascade and homoclinic-doubling cascade exist in
the vicinity of P1. However, this sequence of period-doubling
does not trigger the onset of chaos. For Case 2: (Q, T) =
(1, 0.5), we are able to find chaotic attractor in the vicin-
ity of a codimension-2 bifurcation point, likely an orbit-flip
or an inclination-flip homoclinic bifurcation, where period-
doubling and homoclinic-doubling cascades exist. The differ-
ence between the two cases is discussed in Sec. III B.

It can be seen in Fig. 3 that the curve H2i of homoclinic
bifurcation and the curve PDi (i = 1, 2) of period-doubling
bifurcation approach tangentially the curve Hi. It seems that
they end up at the same point on curve Hi. A similar scenario
is observed in the Sandstede’s model; see Fig. 8 of Ref. 19.
This scenario is associated with a homoclinic flip bifurcation

FIG. 6. The projection of phase portraits
of two homoclinic orbits at P2.
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FIG. 7. The projection of phase portraits
of glued homoclinic orbits on the H2

curve in Fig. 3. Dashed blue: at P2; solid
red: at (κ , R∗) = (0.013704, −0.582896).

of type B which is a codimension-2 bifurcation, and it can be
either an orbit-flip or an inclination-flip. This bifurcation is
well studied in three-dimensional systems,22,54–57 and further
investigation is needed for higher dimensional systems.

Besides these period-doubling and homoclinic-doubling
cascades, we also find the codimension-2 homoclinic-gluing
bifurcation point P2 in Fig. 3 where two or more homoclinic
orbits concerning the same equilibrium glue together to form a
large homoclinic orbit. It is shown in Fig. 3 that there exist two
homoclinic orbits at P2 = (κ , R∗) = (0, −0.710311) since it
is the intersection point of the vertical line κ = 0 and the H1

curve. One is the homoclinic orbit concerning the origin in the
subspace v = 0 (u ≥ 0) and the other one is the 1-homoclinic
orbit on the H1 curve; see Fig. 6. The two homoclinic orbits
glue together at this point in two ways which correspond to
two different bifurcation curves emanated from P2. One is the
H2 curve connecting P1 and P2; see Fig. 3. Figure 7 shows
the projection of the glued homoclinic orbit (solid red) on this
curve. The other curve emanating from P2 is the H2 curve in
Fig. 9. The projection of the glued homoclinic orbit (solid red)
on this curve is depicted in Fig. 8. We obtain this H2 curve
by applying the same algorithm stated in the beginning of
Sec. III starting with an initial 1-periodic orbit at R∗ = −0.5.
As depicted in Fig. 9, we can also find Hn and PDn curves
other than those in Fig. 3.

In the next subsection, we investigate the system for
Q �= 0. In this case, it exhibits more complicated dynamics.

B. Case 2: (Q, T ) = (1, 0.5)

In this section, we fix (Q, T) = (1, 0.5) and apply the
same procedure to investigate the behavior of homoclinic

orbits concerning the origin in this system. The H1 curve
emanating from P4 in Fig. 10 can be approximated by the
analytical solution obtained in Sec. II for small C∗. The ana-
lytical prediction of P4 up to the fifth-order is (κ , R∗) =
(−0.813809, 0.079498).

The main structure of the bifurcation diagram is shown
in Fig. 10. The vertical line κ = −0.813794 is the bifurca-
tion curve of homoclinic orbit concerning the origin in the
subspaces v = 0 and u = 0. The black curve from upper left
to bottom right passing through P3 and P5 is the bifurca-
tion curve of homoclinic orbits concerning the origin in the
subspaces u = ±v.

Similar to case 1, all of the Hn and PDn curves can
be found successively starting with a 1-periodic orbit. The
diagrams near P4 = (κ , R∗) = (−0.813794, 0.079259) and
P6 = (κ , R∗) = (−0.813794, −2.764903) are similar to that
near P1. Period-doubling and homoclinic-doubling cascades
can be observed near these two points, and all of the associ-
ated Hn and PDn curves emanate from them; see Figs. 11(a)
and 11(b). We note that the Hn and PDn curves remain always
very close to H

n
2 and PD

n
2 curves for large n. Therefore, we

only show the curves for small n.
The scenario in the vicinity of P4 and P6 is similar to the

homoclinic flip bifurcation of type C; see Fig. 7 of Ref. 19. It
can be observed that Hn and PDn (n = 2i, i ∈ N) form a fan
of infinitely many bifurcation curves. Thus, period-doubling
and homoclinic bifurcations are separated by a region where
horseshoe dynamics probably is present, and consequently,
the existence of chaotic attractors should be guaranteed.

For instance, we start the numerical computation with
a stable 1-periodic orbit at (κ , R∗) = (−0.81385, 0.077) as
depicted in Fig. 11(a). As the parameter κ increases gradually

FIG. 8. The projection of phase
portraits of glued homoclinic
orbits on the H2 curve in Fig. 9.
Dashed blue: at P2; solid red: at
(κ , R∗) = (−0.006446, −0.631378).
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FIG. 9. Hn and PDn curves in system (1a) and (1b) with the set of parameters
(43) and (Q, T) = (0, −0.15).

along the horizontal line, a sequence of period-doubling bifur-
cations is detected and n-periodic orbits (n = 2i, i ∈ N) are
obtained. After κ crossing the period-doubling cascade, we
observe the chaotic attractor. The projection of the chaotic
attractor is shown in Fig. 12. The period-doubling cascade is
close to the vertical line which is the bifurcation curve of the
homoclinic orbit in the subspace u = 0 and v = 0. Thus, the
chaotic attractor goes around these two subspaces, and it looks
like a “+” sign in the (u, v)-plane due to the symmetry of this
system.

The structure of the bifurcation diagram in the vicin-
ity of P6 is similar to that of P4; period-doubling cascade
also triggers the chaotic behavior. It is shown in Fig. 11(b)
that as κ increases gradually from −0.8155 to −0.813 with
fixed R∗ = −2.65, a period-doubling cascade is found, and
a chaotic attractor is observed after κ crossing the cas-
cade. The projection of the chaotic attractor at (κ , R∗) =
(−0.813, −2.65) is depicted in Fig. 13.

FIG. 10. Hn and PDn curves in system (1a) and (1b) with the set of
parameters (43) and (Q, T) = (1, 0.5).

FIG. 11. A partial enlargement of Fig. 10 near (a) P4; (b) P6.

We note that the dynamics near P1 of case 1 is differ-
ent from that near P4 and P6 of case 2. Although there also
exists the period-doubling cascade in the vicinity of P1, the
system does not exhibit chaotic behavior, and we cannot find
chaotic attractors. The numerical investigation shows that the
periodic orbits of the two cases encounter different types of
period-doubling cascade; see Fig. 14. In both cases, as param-
eter κ increases gradually, the Hopf bifurcation of equilibrium
(u, u̇, v, v̇) = (1, 0, 0, 0) yields a stable periodic orbit in the
subspace v = 0, and a 4-dimensional periodic orbit comes into
existence after the symmetry-breaking bifurcation. Then, the
asymmetric periodic orbit in case 2 encounters a sequence of
period-doubling bifurcations, and the stability is transferred at
every bifurcation point. Therefore, there exists a region where
we are able to find a chaotic attractor. On the contrary, the
asymmetric periodic orbit in case 1 encounters a saddle-node
bifurcation first, and a sequence of period-doubling bifurca-
tions occurs in a reverse direction. The periodic orbit after
the saddle-node bifurcation remains always unstable. Thus,
the nearby trajectories are attracted to a 1-periodic orbit or
to an equilibrium or they are rapidly repelled. We note that
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FIG. 12. The projection of the chaotic attractor in the vicinity of P4 at (κ , R∗) = (−0.8137, 0.077).

chaos is always present in the region which is close to the
homoclinic cascades.18,19,21,22 Therefore, it is possible that
a chaotic repeller exists in the vicinity of P1 instead of an
attractor.

The homoclinic-gluing bifurcation is also observed in this
case. We note that P5 = (κ , R∗) = (−0.454311, −0.489780)

is the intersection of the H1 curve (blue) emanating from P4

and the bifurcation curve (black) of homoclinic orbits con-
cerning the origin in the subspaces u = ±v. We investigate
the homoclinic orbit on H1 curve and the one in the sub-
space u = −v for u ≥ 0. It is observed that the two orbits glue
together at this bifurcation point in two ways corresponding
to different bifurcation curves. One is the H1 curve emanat-
ing from P5 to P6. The other one is the H1 curve connecting
P5 and P3; see Fig. 10. An enlargement of Fig. 10 near P5 is
depicted in Fig. 15.

Figure 16 shows an enlargement of Fig. 10 near P3

whose coordinates are (κ , R∗) = (−0.813794, 1.419430). It is
the intersection of the vertical line κ = −0.813794 and the
black curve. At this point, there exist four pairs of homoclinic
orbits concerning the origin in four subspaces u = 0, v = 0,
and u = ±v. The homoclinic-gluing bifurcation also occurs
at this point. Besides the gluing of two homoclinic orbits, we
also observe the gluing of three or more homoclinic orbits.
Therefore, lots of bifurcation curves emanate from P3 corre-
sponding to different homoclinic-gluing bifurcations. We are
going to show some examples. In order to make the diagram

more clear, the bifurcation curves of these gluing bifurcations
are shown in different figures.

The H1 curve emanating from the left of P3 in Fig. 16(a)
is the homoclinic-gluing bifurcation of two homoclinic orbits
in the subspaces v = 0 and u = −v for u ≥ 0; see Fig. 17
(dashed blue). These two orbits glue together at P3 to form
a new homoclinic orbit concerning the origin (solid red). It is
the same as the homoclinic-gluing bifurcations at P2 and P5

where two orbits glue together in two ways. The other way
corresponds to the H1 curve connecting P3 and P5.

The H2 curve emanating from P3 in Fig. 16(a) is the
homoclinic-gluing bifurcation of four homoclinic orbits in the
subspaces u = ±v and v = 0 for u ≥ 0; see Fig. 18 (dashed
blue). We note that the homoclinic orbit in the subspace
u = −v is counted as two orbits. It is observed that the four
orbits glue together to form a 2-homoclinic orbit; see Fig. 18
(solid red).

We have found these bifurcation curves starting from
a stable periodic orbit and applying the same procedure
as stated before. It is shown in Fig. 16(b) that period-
doubling and homoclinic-doubling cascades are present, and
the period-doubling cascade also leads to chaos. This com-
plex behavior obtained by numerical simulation suggests that
some form of chaotic dynamics may occur. Nevertheless,
this observation can be confirmed only by examining, for
instance, Lyapunov exponents or other criterion for the occur-
rence of chaos. There exist four isolated chaotic attractors at

FIG. 13. The projection of the chaotic attractor in the vicinity of P6 at (κ , R∗) = (−0.813, −2.65).



093107-12 Qin et al. Chaos 28, 093107 (2018)

FIG. 14. The bifurcation diagram of periodic orbits in both cases. Solid and dashed curves denote the stable and unstable periodic orbits, respectively. (a) In
the vicinity of P1 of case 1; (b) in the vicinity of P4 and P6 of case 2. SB, symmetry-breaking bifurcation; SN, saddle-node bifurcation; PD, period-doubling
bifurcation.

(κ , R∗) = (−0.862, 1.54), and they are depicted in Fig. 19 in
different colors.

A gluing of three homoclinic orbits in the subspaces
u = ±v (u ≥ 0) and u = 0 (v ≤ 0) can also be observed; see
Fig. 21 (dashed blue). These three homoclinic orbits glue
together at P3 to form a large homoclinic orbit (solid red).
The bifurcation curve emanating from P3 of this homoclinic-
gluing bifurcation is depicted in Fig. 20 (blue). In fact, the
gluing of homoclinic orbits occurs not only for the homo-
clinic orbits in 2-dimensional subspaces but also for some
4-dimensional homoclinic orbits. Due to the symmetry of this
system under reflection (u, v) → (u, −v), there exists a homo-
clinic orbit which is symmetric to the large homoclinic orbit
(solid red) shown in Fig. 21. Figure 22 shows that these two
symmetric homoclinic orbits (dashed blue) glue together at
point a = (κ , R∗) = (−0.830984, 1.474803) to form a new
homoclinic orbit (solid red). As depicted in Fig. 20, the corre-
sponding bifurcation curve of the new homoclinic orbit (red)
emanates from point a.

Besides the mentioned examples, there exist many other
homoclinic-gluing bifurcations at P3 and some of them
involve large numbers of homoclinic orbits. For instance,

FIG. 15. A partial enlargement of Fig. 10 near P5.

Fig. 23 shows a large homoclinic orbit that originally comes
from a gluing of 17 homoclinic orbits. The tremendous
amount of homoclinic-gluing bifurcations makes the dynam-
ics complicated. Thus, a chaotic attractor can also be observed
in the vicinity of P3, and it is shown in Fig. 24.

FIG. 16. Two partial enlargements of Fig. 10 near P3.



093107-13 Qin et al. Chaos 28, 093107 (2018)

FIG. 17. The gluing of two homo-
clinic orbits along H1 curve in Fig. 16.
Dashed blue: at P3; solid red: at (κ , R∗) =
(−0.861621, 1.572900).

FIG. 18. The gluing of four homo-
clinic orbits along H2 curve in Fig. 16.
Dashed blue: at P3; solid red: at (κ , R∗) =
(−0.864360, 1.572900).

FIG. 19. The projection of the four chaotic attractors at (κ , R∗) = (−0.862, 1.54).

FIG. 20. (a) The homoclinic-gluing
bifurcation curve in the vicinity of P3.
(b) A partial enlargement of (a).
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FIG. 21. The gluing of three homo-
clinic orbits along the red curve in
Fig. 20. Dashed blue: at P3; solid red: at
a = (κ , R∗) = (−0.830984, 1.474803).

FIG. 22. The gluing of two 4-
dimensional homoclinic orbits along the
blue curve in Fig. 20. Dashed blue: at a =
(κ , R∗) = (−0.830984, 1.474803); solid
red: at (κ , R∗) = (−0.813933, 1.42).

FIG. 23. The gluing of 17 homoclinic
orbits observed in the vicinity of P3.

FIG. 24. The projection of the chaotic attractor in the vicinity of P3 at (κ , R∗) = (−0.814, 1.44).
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IV. CONCLUSIONS

In this paper, we present analytical and numerical inves-
tigations of the dynamics of a fourth-order normal form
near a double Takens–Bogdanov bifurcation. In particular,
we focus attention on the homoclinic orbits concerning the
origin. The NTT method is applied to approximate the per-
turbed 4-dimensional homoclinic orbits from an unperturbed
2-dimensional one. It is shown that the analytical approxi-
mation of the homoclinic orbit in the perturbed system can
be used to obtain an accurate approximation of the homo-
clinic bifurcation curve in the normal form near a double
Takens-Bogdanov bifurcation. With the system parameter
values obtained from theoretical investigation, a global bifur-
cation analysis was performed by MatCont/AUTO. In other
words, using a continuation package such as MatCont/AUTO
for homoclinic bifurcation analysis, it is often difficult to
find an initial solution to start the continuation of a specific
branch when several homoclinic orbits coexist near the bifur-
cation point. The analytical approximation, on the other hand,
was able to provide an accurate initial solution which can be
incorporated with a continuation package for the bifurcation
analysis.

From numerical simulation, it is observed that the
bifurcation points P1 and P4 with C∗ = 0 are codimension-
2 bifurcation points (likely an orbit-flip bifurcation or an
inclination-flip homoclinic bifurcation) at which period-
doubling and homoclinic-doubling cascades occur. For some
parameter sets, these cascades leading to the onset of chaos
and chaotic attractors are found. It would be very interesting
to prove this observation rigorously, such that a simple proce-
dure to predict the existence of homoclinic-doubling cascade
can be obtained analytically.

This system also exhibits the homoclinic-gluing bifurca-
tion. This bifurcation occurs many times in the vicinity of
P3 and makes the dynamics complicated. It deserves further

investigation to have a deeper understanding of mechanisms
for this bifurcation. Note that it may be possible to derive a
systematic procedure to obtain the gluing of homoclinic orbits
successively. The gluing may occur infinitely many times, and
it could be a new route to chaos.

As two or more pairs of homoclinic orbits glue together
at the codimension-2 points Pi (i = 1, . . . , 6), we may find
analytical expressions for the glued homoclinic orbits. There-
fore, with additional efforts, the NTT method would be
able to predict such codimension-2 points analytically, and it
could be applied to investigate the homoclinic-doubling and
homoclinic-gluing bifurcations in the vicinity of these points.

The rich dynamics present in this system suggests that
additional investigation is needed. Particularly, the presence
of codimension-2 bifurcation of periodic orbits (for instance,
non-diagonalizable double +1/−1 Floquet multipliers, that is,
Takens-Bogdanov bifurcations) will help to understand the
behavior of the system.
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APPENDIX: THE VALUES OF κi AND Ri FOR
i = 0, 1, 2, 3, 4

κ0 = −4

5
Q,

κ1 = 0,

κ2 = − 184

13 125
Q3 +

(
36

35
Q + 4

35
S − 44

35
T

)
C2,

κ3 =
(

− 5008

11 025
QU + 16

441
SU + 176

441
TU

)
C2,

κ4 = 21 664

103 359 375
Q5 +

(
81 083

91 875
Q3 − 5

441
S3 − 2731

6615
T3 − 1 916 133

826 875
Q2T + 403

11 025
QS2 + 57 857

33 075
QT2 − 77 519

275 625
Q2S

+ 14 746

33 075
QST + 180 608

2 701 125
QU2 − 96 352

3 565 485
TU2 − 4832

324 135
SU2 − 1537

6615
ST2 − 19

1323
S2T

)
C2

+
(

− 106

105
Q − 26

105
S + 158

105
T

)
C4,
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R0 = 1

7
U ,

R1 = − 19

210
Q2 + 2

5
QT − 1

42
S2 + 1

21
ST − 13

42
T2 − 80

1029
U2,

R2 = − 3803

77 175
Q2U + 2

21
QSU − 22

315
QTU − 95

3087
S2U − 2

1029
STU + 137

3087
T2U − 160

184 877
U3 − 64

147
UC2,

R3 =
(

54 496

237 699
U2 + 2141

2205
Q2 − 59

441
S2 + 607

735
T2 + 1654

2205
ST − 118

315
QS − 634

315
QT

)
C2 − 7 453 564

207 986 625
Q2U2

+ 23

185 220
Q2T2 + 211

37 044
S2T2 − 17 510

4 991 679
S2U2 + 34 618

4 991 679
T2U2 + 919

102 900
Q2S2 + 92

13 125
Q3T − 8

945
QS3

− 197

18 522
S3T + 61

6174
ST3 − 22 817

15 435 000
Q4 − 419

74 088
T4 + 1 449 920

9 539 098 569
U4 + 74 446

2 546 775
QTU2 − 919

51 450
Q2ST

+ 7066

231 525
QSU2 − 16

945
QST2 − 133 148

4 991 679
STU2 + 8

315
QS2T ,

R4 = − 53 120

66 773 689 983
U5 − 216 044

12 733 875
Q3SU + 2 594 093

191 008 125
Q3TU + 17 036 687

748 751 850
Q2S2U + 3 140 647

3 743 759 250
Q2T2U

− 254

18 865
QS3U + 171 872

34 034 175
QSU3 − 35 491

2 546 775
QT3U + 166 129 312

14 600 661 075
QTU3 − 51 869

14 975 037
S3TU

− 123 737

9 983 358
S2T2U + 62 113

4 991 679
ST3U − 188 840

66 706 983
STU3 + 742 613 743

187 187 962 500
Q4U − 31 676 619 908

3 026 829 353 625
Q2U3

+ 57 437

19 966 716
S4U + 7 630 708

28 617 295 707
S2U3 + 36 119

59 900 148
T4U − 159 734 044

28 617 295 707
T2U3 − 5 369 177

170 170 875
Q2STU

+ 57 313

2 546 775
QS2TU + 29 872

2 546 775
QST2U +

(
− 8 435 836

9 904 125
Q2U − 5252

64 827
S2U − 96 192

132 055
T2U − 80 977 216

1 362 728 367
U3

+ 1 051 768

2 546 775
QSU + 1 321 396

848 925
QTU − 881 836

3 565 485
STU

)
C2 − 800

3773
UC4.
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