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We present a numerical methodology to compute the Nye-tensor fingerprints of dislocation loop absorption
at grain boundaries (GBs) for comparison with TEM observations of irradiated polycrystals. Our approach
links atomistic simulations of self-interstitial atom (SIA) prismatic loops gliding toward and interacting with
GBs in body-centered cubic iron with experimentally extracted geometrically necessary dislocation (GND)
maps to facilitate the interpretation of damage processes. The Nye-tensor analysis is strongly mesh-size
dependent—corresponding to resolution-dependent TEM observations. The method computes GND fingerprints
from discretized dislocation line segments extracted from molecular dynamics simulations of dislocation loops
being absorbed at a GB. Specifically, we perform MD simulation of prismatic loops of two diameters and
monitor the three stages of the absorption process: loop glide, the partial, and full absorption of the loops at
a [1 0 0] symmetric tilt GB. These methods provide a framework for future investigations of the nature of defect
absorption by grain boundaries under irradiation conditions.

DOI: 10.1103/PhysRevMaterials.6.083804

I. INTRODUCTION

Radiation damage in structural materials leads to mi-
crostructural evolution [1–6] and mechanical property
changes [7–11] as a consequence of complex interactions be-
tween radiation-induced defects (vacancies, self-interstitials,
point defect clusters, transmutation elements, ...) and intrinsic
material defects such as dislocations and grain boundaries
(GBs). GBs are particularly powerful defect sinks, absorb-
ing defects from within grain interiors and accommodating
these within the GB structure [12–17]. Carefully tailored GB
microstructures have the potential to confer high irradiation
resistance to structural materials [14,18–20].

Experimentally, a telltale signature of defect adsorption is
the observation of denuded (i.e., defect-free) zones adjacent
to the GBs [13,14,21]. A denuded zone is a region of finite
spatial extent over which defect concentrations decay from
their bulk values to near zero. The denuded zone size may be
used as a measure of GB sink efficiency; albeit an indirect one.
Denuded zone size has been shown to vary based on a variety
of factors, including but not limited to specific GB type (five
macroscopic degrees of freedom), material, type of defect,
defect transport coefficients and generation rates within the
bulk, point defect interactions with each other, and type and
extent of irradiation, necessitating a more robust method for
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the quantification of defect absorption by GBs [13,14,21–24].
A more direct marker of defect absorption by GBs would
allow a more robust characterization of sink efficiency, as well
as characterization of absorption response and understanding
of the denuded zone phenomenon. Because modifications of
GB macrostates necessarily result in lattice curvature changes,
a popular technique to characterize these changes is to infer
the density of geometrically necessary dislocations (GNDs)
from lattice curvature measurements; this is commonly repre-
sented as a spatial map of the Nye tensor [18,25–28]. Strictly
speaking, GNDs are associated with slip gradients in lattice
plastic rotations in the lattice; these are seen as net nonzero
Burgers vector densities [28]. Changes in measured Burgers
vector distributions and the resultant Nye tensor distribution
provide a direct means of characterizing GB point defect
absorption. In this paper, we explore GND measurements as a
direct method of characterizing defect absorption by GBs by
linking atomistic descriptions of defect absorption with exper-
imental observations of changing Nye tensor measurements.

Primary radiation damage is characterized by the intro-
duction of equal numbers of vacancies and self-interstitial
atoms (SIAs) [29–31]. In sufficiently dense displacement cas-
cades, vacancy clusters assemble into small compact voids
or stacking fault tetrahedra, depending on whether irradiation
takes place in high [e.g., body centered cubic (bcc) crystals]
or low [face centered cubic, fcc] stacking fault energy met-
als, respectively [32–34]. SIA clusters, on the other hand,
tend to assemble into prismatic dislocation loop structures
which are highly mobile, diffusing rapidly in the direction
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FIG. 1. Schematic illustration of the computational workflow of
the methods developed in this paper.

parallel to their Burgers vector.1 There have been sporadic
observations of vacancy platelet collapse into dislocation
loops as well, both in bcc and fcc metals. In bcc metals, these
glissile loops have a Burgers vector of (a0/2)〈111〉, where
a0 is the lattice parameter. Therefore, the only feature in the
bulk capable of contributing a GND signal to the Nye tensor
analysis is prismatic loops. Here, we use molecular dynamics
(MD) simulations of these loops bcc iron to illustrate these
ideas.

Interactions of dislocations and GBs have been ob-
served both experimentally in TEM [35–38] and in simula-
tion [39–42], but direct effects of these interactions in large
volumes are not yet fully understood and require a method
of direct observation at larger scales. A number of indirect
measures of defect absorption effects and absorption cor-
relations have been presented, including but not limited to
characterizations of the denuded zone [13,14,21], effects of
grain boundary structure on sink efficiency [22], and effect of
grain boundary character on sink efficiency [14]. In this paper,
we present a direct method for detecting dislocation loop
absorption by GBs, which provides a framework to further
quantify the absorption response.

The procedure to extract GND densities from MD simula-
tions, i.e., linking atomic-level information with experimental
measurements of Nye tensor signals, involves the integration
of different approaches, as shown in Fig. 1: (1) MD simula-
tions of SIA loop structures and kinetics at/near the GB, (2)
conversion of spatial coordinate information (from MD) into
a dislocation line representation, (3) spatial discretization of
dislocation lines into volumetric cells, and (4) calculation of
GND densities in each discrete cell. Of particular interest are
the differences in the GND footprint of bulk loops, partially
absorbed loops into the GB, and fully absorbed loops; all
scenarios in irradiated microstructures. Our correlation be-
tween simulated prismatic loop absorption and experimental
observables provides a method of detection and fingerprinting
of absorption phenomena at GBs.

1There have been sporadic observations of vacancy platelet col-
lapse into dislocation loops as well, both in bcc and fcc metals.

II. EXPERIMENTAL OBSERVATIONS

Nanocrystalline (NC) Fe specimens for transmission elec-
tron microscopy (TEM) analysis were created from 100-150-
nm thick magnetron sputtered iron thin-films on 〈100〉 NaCl
substrates. Final cross sections were prepared by focused ion
beam (FIB) milling. For irradiation, thin planar iron films
were mounted on 200 mesh TEM grids. The as-deposited
films were annealed in situ using a Gatan 628 TEM heating
stage at 675 ◦C in preparation for irradiation. The annealing
conditions were chosen to obtain stable grain structures of
appropriate grain sizes (comparable to bulk samples).

The large grain, NC Fe samples were irradiated using
a Hitachi H-9000NAR IVEM-Tandem at Argonne National
Laboratory using 1 MeV Kr2+ ions accelerated using a 650-
kV ion implanter at 300 ◦C to damage levels of 5 dpa. The
substrate temperature during deposition was maintained at
about 370 ◦C [43–45]. Postirradiation orientation data was
acquired using NanoMEGAS ASTAR(TM) precession elec-
tron diffraction and ASTAR(TM) ACOM-TEM systems on a
JEOL 2100 Lab6 TEM operated at 200 kV with a spot size of
15 nm, step size of 5 nm, and precession angle of 0.60◦.

Orientation data was analyzed using the EDAX TSL OIM
Analysis software package. The deformations associated with
lattice curvature were deduced using local orientation spread
and kernel averaged misorientation [46]. Each point in the im-
age was treated as a kernel with a specified number of nearest
neighbors and the misorientation between each point is aver-
aged for each given kernel. Contortion tensors for each center
of a kernel (at its nearest-neighbor points) were used to esti-
mate the GND density using a least-squares fitting procedure.
The least-squares contortion values were used to calculate
a single Nye tensor, describing the state of dislocation sur-
rounding each point [27]. The lower bound GND density is
calculated using a dislocation density tensor normalized by
the Burgers vector [47,48], assuming a dislocation Burgers
vector of (a0/2)〈111〉 for bcc Fe [27]. Estimated lower-bound
GND densities were then generated in ORIGIN for direct com-
parison to the TEM micrograph region of interest [27].

Results

The left-hand side of Fig. 2 shows bright field micrographs
of a grain containing an (a0/2)〈111〉 prismatic dislocation
loop being absorbed into a 〈110〉, 25◦ [1 −3 −6] grain bound-
ary. Contortion measurements were conducted as described
above to produce a Nye tensor map and estimated GND
density at discrete points [27]; the results are shown in the
right image of Fig. 2 after the absorption of the dislocation
loop. The observed processes suggest a number of questions
that are challenging to address exclusively experimentally.
However, they provide an excellent platform from which to
start looking at these complex processes from a computational
point of view. We perform atomistic and mesoscale simula-
tions of the phenomenon captured in the experiments, i.e., full
prismatic loop absorption. Our goal is the development of a
computational methodology needed to interpret Nye tensor
signals associated with dislocation absorption for future ex-
periments.
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FIG. 2. Bright field micrographs of a grain with (a0/2)〈111〉
Burgers vector dislocation loop being absorbed onto a 〈110〉 GB
plane. Nye dislocation tensor map generated from PED ACOM
orientation data highlighted increased signal at the 25◦ [1 −3 −6]
GB [27].

III. THEORETICAL BACKGROUND

GNDs are dislocations that accommodate lattice curva-
ture due to nonuniform plastic deformation. These dislocation
have net nonzero Burgers vector and do not contribute to
plastic strain per se (although they can contribute to strain
hardening [49,50]). As a consequence, GNDs are a measure of
plastic distortion and can thus provide useful information on
lattice rotation associated with slip, grain boundary motion, or
plastic strain gradients. GND may be characterized by the Nye
tensor (also referred to as the dislocation density tensor or the
GND tensor), which can be obtained as a line integral over all
dislocations within a volumetric element (of volume V ). If �b
is the Burgers vector of a dislocation with local unit tangent
line direction �t , the Nye tensor, α is defined as [51]

α = V −1
∫

L

(�b ⊗ �t)dl, (1)

where the differential dl runs along the entire dislocation line
length L ∈ V . When L is discretized into N piecewise seg-
ments of length �l inside the volume element, as is common
in dislocation dynamics simulations, Eq. (1) can be expressed
as a discrete sum where each segment i is represented by �bi

and a segment length vector �li = �l�ti:

α = V −1
N∑
i

(�bi ⊗ �li
)
. (2)

As such, a closed loop (all segments with identical �bi) fully en-
closed in the volume V necessarily leads to zero GND signal
due to the mutual cancellation of contribution from segments
with positive and negative �ti projections. When representing
the GND tensor graphically, it is customary to plot the L1
norm of α: |α|1 = maxn

∑
m ‖αnm‖. The connection between

Eq. (2) and this norm and the scalar dislocation density ρ used
in plasticity is given in Appendix A [52].

The GND tensor can also be obtained from lattice curva-
ture measurements as

α = κT − Tr(κ )I, (3)

where κ is the lattice curvature tensor and I is the identity
matrix. �κ is a measure of the spatial gradient of the lattice
orientation, i.e.,

κi j = ∂ωL
i

∂x j
≈ δωe

i

δx j
.

Here, �ωe is the rotation axis (i.e., part of the axis-angle pair
of the crystal with respect to a fixed reference). δωe

i is the
misorientation between each point and its neighbors [27,53]
separated by distance δx j . Equation (3) is known as Nye’s
formula and links the dislocation density tensor and the lattice
curvature in the context of small elastic strains and rota-
tions. Full derivations of these equations are provided in
Appendix A. In essence, the method presented here provides
a physical connection between the representations of the dis-
location density tensor encoded in Eqs. (2) and (3).

Disconnections are line defects that are contained to lie
along interfaces/GBs that have both Burgers vector and step
character [54]. While Burgers vectors of common lattice dis-
locations are determined by the slip planes of the crystal
structure and material, disconnection Burgers vectors are de-
termined by displacement-shift-complete (DSC) vectors of
the bicrystal. Since the DSC vectors are determined by the
relative orientations of the crystals involved, the possible
disconnection Burgers vectors of different GBs will differ.
Disconnection Burgers vectors and step heights are pairs in
the sense that each Burgers vector has a discrete set of possible
step heights and vice versa. A step accounts for the shift
in the coincidence site lattice (CSL) produced by the DSC
vector translation. Lattice dislocations can be expressed as
DSC vector sums, and these lattice Burgers vectors when
intact create a special case of disconnection where the step
height is zero [54].

IV. COMPUTATIONAL METHODS

A. Atomistic

Dislocation loops were created in a simulation cell with
relaxed GBs which were subsequently absorbed by the GBs
during MD simulations. A (012)[100] symmetric tilt grain
boundary was constructed in bcc Fe and energy minimized
in LAMMPS [55] using an interatomic potential for Fe se-
lected for its ability to reproduce defect formation energies,
dislocation kink formation energies, and general dislocation
dynamics parameters [56]. Simulation cell dimensions were
determined, consistent with CSL requirements for periodic
boundary conditions. The simulation cell size was fixed such
that the dimensions of the grains were at least three times
the diameter of the dislocation loop to avoid overlap of dis-
placement fields between the loop and its periodic images.
Vacancy and interstitial dislocation loops of radii 20 Å and 80
Å were constructed by either removing or inserting circular
discs of three {111} planes of atoms, then performing an
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energy minimization of the immediate surrounding region to
produce dislocation loops with (a0/2)〈111〉 Burgers vectors.
Loops were initially located 20 Å from the grain boundary
to facilitate absorption. The dislocation loop/GB simulations
were performed using molecular dynamics at 1300 K for 1 ns
beyond the time required for complete dislocation absorption
by the GBs using with a timestep of 1 fs.

The dislocation structure was observed using OVITO and
its dislocation line representation obtained using dislocation
extraction algorithm (DXA) [57,58] (based upon a Burgers
circuit construction). Sequences of atomistic frames with high
time resolution were inspected in OVITO to track absorption
and identify disconnections within the GB and/or metastable
states present. Disconnections were located by detecting shifts
in the grain boundary plane, after which their Burgers circuits
and corresponding steps were determined.

B. Discrete GND analysis

The final stage of the modeling sequence involves the cal-
culation of spatially resolved GND signals from DXA-filtered
loop configurations. This effectively links atomic-level infor-
mation (where fundamental loop properties are defined) with
experimental measurements of Nye tensor signals based on
lattice curvature gradients (see Sec. II). To mimic the spatial
discretization in precession electron diffraction tests, we use
a three-dimensional tessellation of the MD supercells. We
study GND footprints using both regular structured meshes
(uniform cell size and shape) as well as general Voronoi tessel-
lations with fixed average cell size. Subsequently, we perform
a cell edge detection procedure by overlaying DXA-filtered
three-dimensional supercells on the discretized meshed vol-
ume, followed by Nye tensor determination according to
the methods described in Sec. III. The GND signal is then
obtained as the L1 norm of the Nye tensor, and final intensities
are represented as smeared versions of discrete signals using
a normalized Gaussian spread function.

The Voronoi tessellations were performed using the poly-
tope bounded Voronoi diagram MATLAB library [59]. The
main controlling parameter for the cell volume is the con-
centration of individual cell generators, i.e., the number
of spatially random points introduced as centroids of each
Voronoi cell.

V. RESULTS

A. Molecular dynamics simulations

The process of GB absorption of the dislocation loop con-
sists of three stages: (i) period preceding dislocation contact
with the GB, (ii) partial absorption of the dislocation loop,
and (iii) loop fully absorbed into the GB. Figures 3(a) and
3(b) show atomistic images obtained using common neighbor
analysis of MD of stages (i) and (ii).

DXA analysis of the atomic configuration data is used to
transform the three-dimensional atomic configurations into a
sharp dislocation line representation. DXA results for stages
(i) and (ii) are shown in Fig. 3, while the fully absorbed state
is given in Fig. 4.

The colors in Figs. 4(a) and 4(b) represent the following:
green segments indicate a dislocation line with Burgers vector

FIG. 3. (a) Atomistic and (b) discrete line representation of an
80-Å(a0/2)[111] loop before absorption. (c) Atomistic and (d) dis-
crete line representation of the partial absorption stage.

of (a0/2)[111], magenta represents [100] Burgers vectors, the
array of GB dislocations are shown in dark blue, and red lines
represent dislocation segments with Burgers vectors which
DXA was unable to identify.

After loop absorption, the MD simulations show the de-
composition of the original Burgers vector into a pair of
disconnection loops (similar for both the 20-Å and 80-Å
radius loops). The decomposition of the original dislocation
loop into disconnections is shown in Fig. 5 and consistent with
the following Burgers vector reaction:

a0

2
[111] → a0

10
[531] + a0

5
[012]. (4)

These disconnection Burgers vectors are consistent with an
analysis of the DSC vectors of the bicrystal. The discon-
nections remained intact after annealing for 1 ns at the

FIG. 4. Two oblique views of the fully absorbed loop and the
grain boundary using a DXA representation.
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FIG. 5. Absorbed dislocation loops in bcc Fe with original Burg-
ers vector (a0/2)[111] and initial radii of (a) 20 Å and (b) 80 Å.
The resulting disconnection loops and their corresponding Burgers
vectors are shown and labeled.

simulation temperature, indicating a stable absorption re-
action as suggested by the simple application of Frank’s
rule (i.e., no further disconnection decomposition into other
bicrstyallography-allowed disconnections occur).

Note that in the preceding MD results, the dislocation
loop absorption occurred at a grain boundary that had not
previously absorbed point defects, dislocations, or disloca-
tion loops (this was done to clarify dislocation loop/GB
interactions). In irradiation experiments, a GB will likely be
less perfect; having previous absorbed other defects and/or
exhibit a distribution of microstates [20,60]. Such struc-
tural inhomogeneities/defects within the GB may affect
subsequent dislocation loop absorption. During irradiation
experiments, the grain boundary structure may achieve a
steady-state distribution of such inhomogeneities/defects. On
the other hand, periodic denuded zone collapse may imply that
a true steady-state GB structure is never achieved. While this
is beyond the scope of the present paper, we will return to
some of these issues in Sec. VI. In any case, the single loop
absorption case is used to showcase that a change in GND
signal results from the presence of a Burgers vector in the
grain boundary. The single loop absorbed by a perfect grain
boundary allows better characterization of the incoming and
resulting Burgers vectors, which are then used to generate the
GND signal.

B. GND density calculations

Nye tensor calculations are highly sensitive to the size of
the mesh employed in the spatial discretization (as discussed
above). The natural upper bound of such a discretization is
a mesh with a single element (i.e., no discretization of the
supercell volume), while the number of elements divergent
as the mesh size tends to zero. We now analyze the GND
signal of the 20 and 80-Å loops during the three stages of
loop-GB interactions, i.e., preabsorption, partial absorption,
and full absorption.

Equation (2) implies that a closed dislocation loop gener-
ates no net GND signal. In a numerical sense, a discretized
closed loop may not strictly cancel due to limitations on nu-
merical precision; this nonzero value constitutes the numerical
zero of the structure. As such, our first calculation involves a
single volumetric element consisting of the entire MD simu-
lation cell; this serves as the floor value of the GND signal.
Our calculations based on the MD loop data yield an average

FIG. 6. (a) Cells containing net dislocation loop segment length
for an 8.0-nm Voronoi discretization of the full 80-Å loop. (b) Heat
map of the full loop according to the GND intensity of the loop.

GND density of 1.15 × 1010 m−2; this may be considered the
zero GND signal for numerical purposes. Regions with GND
signals below this threshold are shaded gray in subsequent
figures.

We obtain the average signal contributed by loops as a
function of the mesh size used in the tessellation of the three-
dimensional space. Figure 6(a) shows an image of the 80-Å
prismatic loop highlighting only the cells that contain disloca-
tion loop segments for a particular Voronoi representation of
the MD supercell with an average mesh size of 8.0 nm. A heat
map of the GND intensity of the loop is given in Fig. 6(b).

Repeating this process as a function of tessellation cell size
leads to the results shown in Figs. 7(a) and 7(b) for the 80-
and 20-Å loops, respectively. The average cell size is defined

as d̄ = ∑
i

v
1/3
i
N , where N is the total number of cells and vi,

i = 1, . . . N , is the volume of each cell. The error bars shown
in the figure reflect the variability in tessellation morphology
for a constant average mesh size. The smallest mesh size
considered corresponds to the estimated resolution limit of
≈ 10 nm from our experimental measurements, as discussed
in Sec. II A. For internal verification, we compare the analysis
of loops using regular hexahedral regular meshes [translucent
lines in Figs. 7(a) and 7(b)] in addition to the Voronoi tes-
sellation; very good agreement between both approaches is
obtained.

Unlike for the full prismatic loop, the partially absorbed
loop does contribute a nonzero GND signal (the volume con-
tains the entire partial loop). For this case, the GND density
converges to a finite nonzero value above a threshold mesh
size, as shown in Fig. 7. Figure 8 shows the highlighted
Voronoi cells containing net dislocation content colored by
the value of its GND density for both cases. The case for the
fully absorbed loop is more difficult to analyze; it is not a full
bulk crystal dislocation loop even though it represents a closed
linear structure in the GB plane.

The present results indicate that the mean GND density for
the full loop (before absorption) decreases toward zero as the
mesh size increases, while the partially and fully absorbed
cases converge to a nonzero GND value. These results cor-
relate the GND signal to the loop radius (defect size) and the
mesh size (volumetric spatial resolution) and, as such, can be
used to interpret the experimental observations. In particular,
these correlations are quantitative when the experimental res-
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FIG. 7. Normalized GND density for the (a) 80-Å and (b) 20-Å
loops before, during and after absorption by the GB as a function
of average Voronoi cell size. The error bars reflect the variability
in tessellation morphology for a constant average mesh size. The
shaded region represents the GND signal detection limit, while the
translucent lines show the GND signal calculated based on regular
hexahedral meshes for reference.

olution limit is known. TEM analysis can be correlated to
simulation by utilizing comparable mesh sizes (10–70 nm)
and PED-ACOM step sizes (5 nm) to effectively replicate the
resolution at which experimental data was captured. Our re-
sults indicate that the experimental spatial resolution of 30 nm
(at which the crossover in GND signal between the full loop
and the partially absorbed loop takes place) or less is needed to
capture the closed nature of the full 80-Å loop, and of 17 nm
or less for the 20-Å loop. The experimental system reports
nominally higher GND intensity, which could be due to a
number of factors: larger loop size than simulation, thin film
sample curvature and texture that contribute to an inherently
higher GND density (opposed to a perfect bicrystal in the sim-
ulated case), or smaller step size that could correspond to an
increase in fraction of dislocation observed [27]. A difference
in GND intensity is also recognizable in Figs. 7 and 8, which
show calculations of an intensity based on the entire simula-
tion volume, about 2 × 108 Å, and based on the discretization

FIG. 8. Highlighted Voronoi cells with net dislocation content
for the (a) partially and (b) fully absorbed loops. The corresponding
regular hexahedral mesh representations are given in (c) and (d), re-
spectively. Cells are colored according to their GND density (shown
in the color bars in units of m−2).

volume, between 5000 and 3 × 107 Å for the regular mesh
cases, respectively. While the model and experiment may not
exhibit the same fingerprint for loop absorption, this paper
presents the case of a fingerprint for GB-loop interaction
with a simulated proof that structural changes in a GB after
loop absorption produce a GND signal change. Based on our
analysis, the spatial resolution under which lattice orientation
measurements are provided has a noticeable impact on the
final result of the GND tensor.

As is common in computational methods that depend on
spatial resolution, the CPU cost of the approach presented
here displays a strong mesh dependence. The computational
efficiency of these calculations is discussed in Appendix B.

VI. GENERAL DISCUSSION

The main goal of the present paper is to link atom-
istic representations of irradiation defects with experimental
measurements of GND densities based on lattice curvature.
We developed software to determine scalar projections of
the Nye tensor for prismatic loops as a function of the
scale of the spatial discretization. The input to the model is
a line representation of dislocation structures filtered from
atomic configurations. The output is the scalar norm of the
Nye (GND) tensor, which may be directly compared with
experiments. In this way, the atomistic scale, at which irra-
diation defects are unequivocally defined, can be connected to
experimental-level observations from which radiation damage
features may be inferred. While the grain boundary studied
here was perfect and only absorbed a single dislocation loop,
these results affirm the effect of a change in Burgers vector
on the GND signal produced. The idea is then to estab-
lish a rigorous link between atomic models and TEM-based
observations, and to enable further analysis of defect-GB
interactions than would be possible through direct TEM char-
acterization; for example, in identifying defect absorption

083804-6



GEOMETRICALLY NECESSARY DISLOCATION … PHYSICAL REVIEW MATERIALS 6, 083804 (2022)

locations and effects in GBs with existing structural defects
or in analysis over length scales that do not lend themselves
to direct structural analysis of the GB.

Thus, our approach addresses several outstanding ques-
tions on the interpretation of experimental measurements.
First, are the line and the curvature representations of the
GND tensor interchangeable? While addressing this is beyond
the scope of this paper, our methodology is a step in the direc-
tion of clarifying this point. Second, does the GND fingerprint
of absorbed loops provide information about intrinsic GB
states? Thus far, we can conclude that—-perhaps as one might
expect—that is not the case. However, our calculations reveal
some interesting features of these structures, e.g., the apparent
dual nature of these absorbed loops, which, on one hand, yield
a net nonzero GND fingerprint, while on the other, they are
fully closed in the GB plane. We understand that this is a direct
consequence of how the atomistic→line conversion used in
this paper (DXA method) interprets loops fully absorbed by
the GB. As such, additional research is required to validate
and catalog GND fingerprints and to establish whether they
have an interpretable experimental equivalent signal.

The experimental results shown here prompt a number of
additional questions that remain unanswered at this point in
the development of our computational tools. For example,
how is a finite concentration of semiabsorbed loops with some
degree of overlap manifested in terms of a GND signal? How
do potential changes in the microstates of the GBs due to
sustained loop absorption affect GND density fingerprints?
How can the formation and disappearance of dislocation loop
denuded zones near a GB at high dose be observed by Nye
tensor characterizations? These questions are part of a longer-
term research effort to quantitatively interpret experimental
TEM images to shed light on the interactions between radi-
ation damage and grain boundary sink behavior.

VII. CONCLUSIONS

The major elements of this research report may be summa-
rized as follows:

(1) We developed a numerical approach to aid the inter-
pretation of experimental measurements of changes in GND
density observed under irradiation conditions.

(2) Our approach connects atomic-scale information and
experimental measurements by linking MD simulations of
prismatic loop structures with spatial representations of the
scalar norm of the GND tensor.

(3) Analysis of 20 and 80 Å loops indicates a strong
dependence of the GND signal on the discretization mesh
size/experimental resolution.

(4) A change in the GND signal does not, on its own, pro-
vide a unique description of GB phenomena associated with
dislocation loop absorption, but does confirm the change of
Burgers vector(s) on the GB associated with defect absorption
from the abutting grain lattices.
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APPENDIX A: KINEMATIC AND PHYSICAL
DEFINITIONS OF THE NYE TENSOR

1. Derivation of the dislocation density tensor

Nye’s theory relating lattice curvature to dislocation den-
sity has been discussed, at length, in the literature [61–64].
The total deformation gradient F is a compatible field which
may be written in terms of the displacement vector field
�u = �x − �X as

F = ∇�x = ∇( �X + �u
) = I + ∇�u = I + E, (A1)

where E = ∇�u is the strain tensor [65] Following standard
notation, differential operators may be written in terms of the
initial coordinates �X or with respect to the current coordinates
�x of the material points. In the former case, the notation ∇,
Grad, Div, and Curl are used, while in the latter, ∇�x, grad,
div, and curl are used. The compatibility of F implies that
Curl F = 0. However, under the multiplicative decomposition
generally adopted in finite deformation theory, F = FeFp, nei-
ther the elastic nor the plastic deformation gradients, Fe and
Fp need be compatible. Multiplicative decomposition takes
the system from initial to final configurations by way of an
arbitrary intermediate configuration (represented by the coor-
dinate vector �ξ ) that, in crystal plasticity, has the meaning of
pure plastic slip,

F =
(

d�x
d�ξ

)(
d�ξ
d �X

)
, (A2)

where d�ξ = Fpd �X and d�x = Fed�ξ .
The potential incompatibility of the plastic deformation

leads to a closure failure of a suitable Burgers circuit C, de-
fined as the change in length of a path on the surface enclosed
by the circuit S associated with generation of dislocations
in a given volume V (see Fig. 9). In terms of the deformed
configuration �x, this closure failure is

�b =
∮
C

d�ξ =
∮
C

Fe−1d�x, (A3)

where we have used

d�ξ = Fpd �X = (Fe−1F)d �X = Fe−1 d�x
d �X d �X = Fe−1d�x.

Application of Stokes theorem converts Eq. (A3) into a sur-
face integral:

�b =
∮
C

Fe−1d�x = −
∫

S
(curlFe−1)�nds =

∫
S
α · �nds,
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C

S

FIG. 9. Dislocation lines crossing surface S bounded by closed
circuit C.

where �n is a unit vector normal to S. This expression contains
the definition of the dislocation density tensor:

α = −curl Fe−1
. (A4)

Figure 9 shows a schematic illustration with dislocation lines
crossing surface S bounded by closed circuit C. The Burgers
vector can also be computed by means of a closed circuit C0

in the reference configuration:

�b =
∮
C

Fe−1d�x =
∮
C0

Fe−1Fd �X =
∮
C0

Fpd �X

= −
∫

S0

(Curl Fp) �dS. (A5)

Using Nanson’s formula �ds = JF−T · �dS [where J = det(F)
is the Jacobian], one can express the dislocation density tensor
with respect to the reference configuration as

α = −J−1(Curl Fp) · FT . (A6)

For a discrete representation of dislocation segments, the
dislocation density tensor in volume V takes the form given
in Eq. (2). This may be generalized, in the language of crystal
plasticity, as the (ensemble) average of the contributions from
all slip systems β in the volume to the closure failure in circuit
C,

α = V −1
∑

β

〈�bβ ⊗ �lβ〉 =
∑

β

〈�bβ ⊗ �ρβ〉, (A7)

where �ρ = V −1�l is the line density crossing surface S. Note α

has units of inverse length rather than length squared, as does
traditional dislocation density in plasticity, ρ.

The connection between the dislocation density tensor and
ρ (the scalar quantity that is invariant with respect to the frame
of reference) may be understood from the autocorrelation
function of the Nye tensor,

〈α(�x) · α(�x′)〉 = 〈�b(�x) ⊗ �ρ(�x) ⊗ �b( �x′) ⊗ �ρ(�x′)〉 = �(�x, �x′),

which is a fourth order tensor (�i ji j (�x, �x) = χi j (�x)). χ (�x) = 1
when there is a dislocation at �x and is 0 otherwise. The inte-
gral of this quantity over the volume V yields the invariant

quantity:,

1

V

∫
V
�(�x, �x)dv = 1

V

∫
V
χ (�x)dv = L

V
= ρ,

where L is the total line length enclosed in volume V .

2. Dislocation density tensor: Small deformation limit

In the small deformation limit, we adopt an additive de-
composition of the strain tensor, E, into elastic and plastic
parts,

E = Ee + Ep,

which in turn may be decomposed into symmetric ε and anti-
symmetric ω (rotation) parts:

Ee = εe + ωe,

Ep = εp + ωp.

By definition, F = I + E, such that

F = I + E = I + εp + ωp + εe + ωe.

Assuming that εe, ωe, εp, and ωp are all small, and neglecting
second-order terms, we may make the approximation:

I + εp + ωp + εe + ωe ≈ (I + εp + ωp)(I + εe + ωe ).

By equivalence with the multiplicative decomposition of the
deformation gradient, F = FeFp, the above expression implies
that

Fe ≈ I + Ee,

Fp ≈ I + Ep,

and thus, from Eq. (A6),

α ≈ −Curl Ep = Curl Ee, (A8)

since Curl E = 0 due to the compatibility of the deformation
gradient.

3. Dislocation density and lattice curvature

Experimental techniques like EBSD provide the lattice ori-
entation field and, consequently, the lattice rotation Re during
deformation. Invoking the polar decomposition of Eq. (A4),
we may write the dislocation density tensor as

α = −curlF−1
e = −curl

(
U−1

e RT
e

)
.

In the small elastic strain limit,

α ≈ −curlRT
e .

If, in addition, elastic rotations are small, we have

α ≈ −curl(I − ωe ) = curl ωe, (A9)

where

ωe =

⎛
⎜⎜⎜⎜⎝

0 −
×
ωe

3

×
ωe

2

×
ωe

3 0 −
×
ωe

1

−
×
ωe

2

×
ωe

1 0

⎞
⎟⎟⎟⎟⎠ (A10)
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is a skew-symmetric matrix containing the principal rotation

axis
×
�ωe and which, as indicated in Sec. III, is obtained from

the axis-angle pair of the crystal at every spatial point.
The gradient of the lattice rotation field delivers the lattice

curvature tensor. In the small deformation limit, the gradient
of the rotation tensor is represented by the gradient of the axial
vector

κ := ∇�x
×
�ωe, (A11)

i.e.,

κi j = ∂
×
ωe

i

∂x j
.

Expanding the curl of ωe [Eq. (A9)] using Eq. (A10) yields

curl ωe =

⎛
⎜⎜⎜⎜⎜⎝

− ∂
×
ωe

3
∂x3

− ∂
×
ωe

2
∂x2

∂
×
ωe

2
∂x1

∂
×
ωe

3
∂x1

∂
×
ωe

1
∂x2

− ∂
×
ωe

3
∂x3

− ∂
×
ωe

1
∂x1

∂
×
ωe

3
∂x2

∂
×
ωe

1
∂x3

∂
×
ωe

2
∂x3

− ∂
×
ωe

1
∂x1

− ∂
×
ωe

2
∂x2

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎝

−(κ33 + κ22) κ21 κ31

κ12 −(κ11 + κ33) κ32

κ13 κ23 −(κ22 + κ11)

⎞
⎟⎠

= α. (A12)

In tensorial form, this is equivalent to

α = κT − Tr(κ )I, (A13)

which is Nye’s formula [28,66], given as Eq. (3) in Sec. III.

APPENDIX B: CPU COST OF NYE TENSOR
EXTRACTION SOFTWARE

The scaling of the computational cost associated with mesh
size in our GND tensor analysis is shown in Fig. 10 (for the
80-Å loop calculations). The two main trends observed in the
figure are:

(1) There is a clear association between CPU cost and
mesh size, characterized by an inverse nonlinear law (contin-
uous lines in the figure). Above approximately a mesh size of
30 nm, the CPU cost saturates at values of 0.3 s per nm of
dislocation segment length. This occurs as a consequence of
the fact that mesh elements fully contain the loop beyond that
size.

(2) The CPU cost tCPU is seen to decay exponentially with
mesh size. However, the decay rate falls into two different
regimes punctuated by a critical mesh size x∗. Accordingly,
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h
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FIG. 10. CPU cost per (dislocation segment length) of the GND
analysis software for the three cases considered in the main text of
this paper.

we fit the tCPU data points to general exponential functions of
the form

tCPU =
{

a1eb1x+c1 x < x∗

a2eb2x+c2 x � x∗.
(B1)

The fitting coefficients are given in Table I. The transition at
x∗ takes place when the number of segment-cell intersections
reaches a critical value, and is likely to be loop-size and -shape
dependent.

(3) Involving the grain boundary in the analysis results in
a two- to threefold increase in CPU cost. This is related to the
increased overhead associated with GB dislocations and extra
cell-segment intersections.

The trends shown in the figure are virtually independent of
supercell volume, as the code can parse through empty cells
very quickly at practically no cost. They can be used a priori
to estimate the CPU overhead of larger-scale computation
involving high numbers of dislocation segments.

TABLE I. Fitting parameters for CPU cost versus mesh size.

Loop case a1 b1 c1 a2 b2 c2 x∗ (nm)

Before absorption 11.63 −0.23 1.37 11.43 −0.12 −0.93 21.5
Partially absorbed 16.70 −0.21 −0.16 16.57 −0.11 −2.42 22.5
Fully absorbed 8.30 −0.23 1.99 11.41 −0.10 −1.15 22.3
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