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Robust entangling gate for capacitively coupled few-electron singlet-triplet qubits
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The search for a sweet spot, the locus in qubit parameters where quantum control is first-order insensitive
to noises, is key to achieve high-fidelity quantum gates. Efforts to search for such a sweet spot in conventional
double-quantum-dot singlet-triplet qubits where each dot hosts one electron (“two-electron singlet-triplet qubit”),
especially for two-qubit operations, have been unsuccessful. Here we consider singlet-triplet qubits allowing
each dot to host more than one electron, with a total of four electrons in the double quantum dots (“four-electron
singlet-triplet qubit”). We theoretically demonstrate, using configuration interaction calculations, that sweet spots
appear in this coupled qubit system. We further demonstrate that, under realistic charge noise and hyperfine
noise, a two-qubit operation at the proposed sweet spot could offer gate fidelities (∼99%) that are higher than
the conventional two-electron singlet-triplet qubit system (∼90%). Our results should facilitate realization of
high-fidelity two-qubit gates in singlet-triplet qubit systems.

DOI: 10.1103/PhysRevB.106.075417

I. INTRODUCTION

Spin qubits based on quantum dots (QDs) are promising
candidates for realization of large-scale quantum computa-
tion. In semiconductor double-quantum-dot (DQD) devices,
previous works have mostly focused on singlet-triplet qubits
defined by two-electron spin states [1–12], or three-electron
spin states in the large detuning regime, the so called “hybrid
qubit” [13–17]. Although high-fidelity single-qubit gates with
long coherence time have been achieved in these systems,
the two-qubit gate is still a key obstacle toward realization of
quantum algorithms since the effect of charge noises prevents
high-fidelity quantum control [18–24].

Two-qubit gates between singlet-triplet qubits can be gen-
erally divided into two classes: capacitive gates and exchange
gates. Capacitive gates are achieved by introducing charge
dipoles to the logical states, usually by modifying the DQD
detuning, while suppressing the electron tunneling between
DQDs such that the interaction between qubits is solely
mediated by the capacitive Coulomb interaction [2,25–39].
Exchange gates, on the other hand, are mediated by the
exchange coupling between two neighboring spins between
DQDs, which can be manipulated by inter-DQD exchange
interaction [40–46]. Practically, capacitive gates are easier
to implement [2,25] as their realization allows for a reason-
able inter-DQD distance, which is relatively easy to fabricate
while the capacitive crosstalk can be suppressed [38]. More-
over, leakage into energetically accessible nonlogical Sz = 0
states is forbidden due to the absence of inter-DQD elec-
tron tunneling. In contrast, exchange gates require a much
more complicated experimental setup, including a nonuni-
form magnetic field across four dots in a double-DQD device
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(DDQD) to suppress leakage and pulse design [9,40,43,44] to
reduce the crosstalk effect by both exchange and capacitive
interaction. In this work, we focus on capacitively coupled
singlet-triplet qubits.

Although being free from leakage by inter-DQD tunneling,
capacitive gates suffer from charge noises that arise from
the coupling between the charge dipoles introduced during
manipulation of the DDQD device and nearby charged impu-
rities. Researchers therefore have been actively searching for a
sweet spot, where the control fidelity is first-order insensitive
to charge noises, to operate capacitive gates [32,34,47,48]. In
some of these works, a simplified version of the configuration
interaction (CI) method is employed to study the possible ex-
istence of sweet spots for two-qubit capacitive gates between
a pair of singlet-triplet qubits. As an example, Ref. [34] has
shown that the effective exchange energy of a qubit is insensi-
tive to the corresponding DQD detuning. As another example,
Ref. [32], by balancing the local exchange energies and ca-
pacitive shift by inter-DQD Coulomb interaction, has shown
that the effective exchange energies of two qubits can be made
simultaneously insensitive to both DQD detunings. However,
a more rigorous calculation based on the full CI shows the
sweet spots are absent under the same dot parameters [49].

Other works attempt to establish a sweet spot for the single-
qubit operation in the presence of charge dipoles. Reference
[47] has proposed that, under a relatively large external mag-
netic field gradient, sweet spots for a singlet-triplet qubit can
be found in the detuning regime where the doubly occupied
singlet is energetically accessible to introduce a charge dipole.
Reference [48] has shown that the “hybrid qubit” can similarly
be operated in the detuning regime where logical states and
leakage states are highly mixed, forming charge dipoles. It
is however challenging to ramp the system into and out of
the proposed sweet spots adiabatically, which may lead to
leakage.
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Departing from two- or three-electron systems, some
works have shown that single-triplet qubits hosted in multi-
electron systems offer a higher degree of protection against
charge noises due to the screening effect [50–52]. However,
in the regime where charge dipoles are present, sweet spots
are not found. Therefore, capacitive gates performed in those
multielectron systems are still expected to be sensitive to
charge noises.

Recent experimental and theoretical works show that by
populating more electrons into QDs, the exchange energy
may change nonmonotonically due to additional magnetic
correlations among the electron spins [53–55], suggesting
the existence of sweet spots. Inspired by these works, we
would like to study the effect of multiple electrons on the
exchange interaction under a multiqubit situation. In this pa-
per, we show, by projecting full CI results of a few-electron
singlet-triplet qubit onto the capacitive Coulomb integrals,
effective single-qubit exchange energy sweet spots appear in
the coupled singlet-triplet qubits system. Furthermore, these
sweet spots lie very closely to the sweet spots for capacitive
gates, enabling high-fidelity manipulations. We demonstrate
that operating at the sweet spots yields entangling gates with
high fidelities (>99.9%), even under realistic noise environ-
ments. Our results should facilitate realization of high-fidelity
two-qubit gates in singlet-triplet qubit systems.

The remainder of the paper is organized as follows.
Section II presents the model of the capacitively coupled
few-electron singlet-triplet qubits, including the effective
Hamiltonian of the two-qubit system (Sec. II A), the CI
method to obtain the eigenvalues of the logical states as a
function of control parameters (Sec. II B), and the analytical
interpretation of the qubit parameters based on the extended
Hubbard model (Sec. II C). Section III shows the results,
including exchange energy sweet spots and the corresponding
capacitive coupling (Sec. III A), the phonon-mediated deco-
herence effect (Sec. III B), and the simulated two-qubit gate
fidelities under a noisy environment (Sec. III C). In the end,
we summarize our results in Sec. V.

II. MODEL

A. Two-qubit Hamiltonian

We consider a pair of capacitively coupled singlet-triplet
qubits realized in a DDQD device, with each DQD hosting
a four-electron singlet-triplet qubit, as shown schematically in
Fig. 1. The two-qubit Hilbert space is spanned by the products
of single-qubit logical states: the spin-singlet |S〉 and the un-
polarized spin-triplet state |T 〉 (Sz = 0). Hence, the two-qubit
logical states are |SS〉, |ST 〉, |T S〉, and |T T 〉. Under this set of
bases, the system Hamiltonian is written as [31–33]

H (εL, εR, hL, hR)

=
∑

j∈{L,R}

[(
Jj (ε j )

2
− β j (εL, εR)

)
σ ( j)

z + h j

2
σ ( j)

x

+ α(εL, εR)σ (L)
z σ (R)

z

]

FIG. 1. Schematic illustration of the DDQD device, where L and
R DQD denote left and right DQD, respectively, with x = 0 being
the boundary between them. The potential function of each DQD is
shown in Eq. (2). The label, � j , denotes the orthonormalized F-D
states.

=
∑

j∈{L,R}
Jeff

j (εL, εR)σ ( j)
z + h j

2
σ ( j)

x

+ α(εL, εR)σ (L)
z σ (R)

z , (1)

where the index j denotes left (L) and right (R) DQD (de-
noted by DQD-L and DQD-R, respectively). In Eq. (1), �σ ( j)

are the Pauli operators of a singlet-triplet qubit in the DQD
labeled by j (DQD- j), and Jj and h j are the local exchange
energy and magnetic field gradient for the same DQD, respec-
tively. The inter-DQD Coulomb interaction does two things:
it introduces a shift β j in the local exchange energy, and at
the same time gives rise to interqubit capacitive coupling, α,
resulting in the effective single-qubit exchange energy, Jeff

j ,
where Jeff

j = Jj/2 − β j .

B. Configuration interaction, exchange energies,
and interqubit interaction

We consider an n-electron system H = h0 + hC = ∑
h j +∑

e2/4πκ|r j − rk| with the single-particle Hamiltonian h0 =∑
h j = ∑

(−ih̄∇ j + eA)2/2m∗ + V (r) + g∗μBB · S.
The confinement potential of the left (L) and right (R)

double-quantum-dot device (DQD) can be modeled as (cf.
Fig. 1) [56]

VL(r) =
{

V (r| − Rout, ωout), x < x′
L,

V (r| − Rin, ωin ), x′
L < x < 0,

VR(r) =
{

V (r|Rin, ωin ), x′
R > x > 0,

V (r|Rout, ωout ), x > x′
R,

(2)

where

V (r| R̃, ω̃) = 1
2 m∗ω̃2(r − R̃)2, (3)

r = (x, y) is the vector in x-y plane, Rout = (R0 + 2x0, 0) and
Rin = (R0, 0) are the minima of the parabolic wells, m∗ is
the effective mass, and ω̃ is the confinement strength. The
potential cut, x′

L (x′
R), is determined by locating the value

of x at which the potential values of left and right dot in
DQD-L (R) are equal at y = 0. The parameters used in this
work are m∗ = 0.067me (me: electron mass) and κ = 13ε0

(ε0: vacuum permittivity) in GaAs, εL > 0, εR > 0, h̄ωin =
7.5 meV, h̄ωout = 4 meV, h j = 0.124 μeV = 2π × 30 MHz
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[2], x0 = 40 nm. The qubit parameters in Eq. (1) are obtained
based on the results extracted from CI calculation, for which
the details are outlined in the following sections (Sec. II B 1
and Sec. II B 2).

1. Single-qubit exchange energy

We consider a singlet-triplet qubit formed by four electrons
occupying a DQD with one electron occupying the smaller
quantum dot (QD), h̄ωin, while three electrons occupying the
larger QD, h̄ωout [57]. The single-qubit exchange energy, Jj ,
of four-electron states in a DQD is obtained using full CI
method by taking [50]

Jj = E|T 〉 − E|S〉, (4)

where E|S〉 and E|T 〉 are the eigenvalues of the lowest singlet
and unpolarized triplet states, respectively. We retain 6 Fock-
Darwin (F-D) states for the QD with a single electron and 10
F-D states for the QD with three electrons, and our experience
with full CI calculations indicates that this is sufficient for
convergence [57]. The eigenvalues of the system are obtained
by diagonalizing the Hamiltonian written in the bases of all
possible four-electron Slater determinants for a given number
of F-D states.

The eigenstates of the lowest |S〉 and |T 〉, written in the lin-
ear combination of four-electron Slater determinants formed
by orthonormalized F-D states, are

|S〉 =
∑
j,m

CSj,m |S(↑ j↓ j )〉m

+
∑
j,k,m

CSj,k,m |S(↑ j↓k )〉m + · · · ,

|T 〉 =
∑
j,k,m

CTj,k,m |T (↑ j↓k )〉m + · · · , (5)

respectively, where

|S(↑ j↓ j )〉m = |↑ j↓ j↑m↓m〉,
|S(↑ j↓k )〉m = |↑ j↓k↑m↓m〉 + |↑k↓ j↑m↓m〉, (6)

|T (↑ j↓k )〉m = |↑ j↓k↑m↓m〉 − |↑k↓ j↑m↓m〉,
while the normalization conditions hold ( j, k, m are different
integers):∑

S j,m

∣∣CSj,m

∣∣2 +
∑
S j,k,m

∣∣CSj,k,m

∣∣2 +
∑

|· · · |2 = 1,

∑
Tj,k,m

∣∣CTj,k,m

∣∣2 +
∑

|· · · |2 = 1. (7)

In Eq. (6), |↑k↓l↑m↓n〉 is a four-electron Slater determinant
with two spin-up electrons occupying the k and m orthonor-
malized F-D states, denoted as �k and �m, respectively, while
another two spin-down electrons occupying �l and �n states;
cf. Fig. 1. In Eq. (5), (· · · ) indicates other possible singlet
and triplet configurations which contribute less than those ex-
plicitly shown. The components of |S〉 and |T 〉 can be further
divided as

|S〉 = CS(1,3)|S(1, 3)〉 + CS(0,4)|S(0, 4)〉 + · · · ,

|T 〉 = CT (1,3)|T (1, 3)〉 + CT (0,4)|T (0, 4)〉 + · · · . (8)

In Eq. (8),

|S(1, 3)〉 =
∑

j∈{RL1,RL2,··· ,RL6},
k∈{RR2,RR3,··· ,RR10},
m∈{RR1,RR2,··· ,RR9},

m �=k

CSj,k,m

|CS(1,3)| |S(↑ j↓k )〉m

+ · · · , (9a)

|T (1, 3)〉 =
∑

j∈{RL1,RL2,··· ,RL6},
k∈{RR2,RR3,··· ,RR10},
m∈{RR1,RR2,··· ,RR9},

m �=k

CTj,k,m

|CT (1,3)| |T (↑ j↓k )〉m

+ · · · , (9b)

|S(0, 4)〉 =
∑

{ j,k}∈{RR2,RR3,··· ,RR10},
m∈{RR1,RR2,··· ,RR9},

j=k or j �=k,m �= j,m �=k

CSj,k,m

|CS(0,4)| |S(↑ j↓k )〉m

+ · · · , (9c)

|T (0, 4)〉 =
∑

{ j,k}∈{RR2,RR3,··· ,RR10},
m∈{RR1,RR2,··· ,RR9},

j �=k �=m

CTj,k,m

|CT (0,4)| |T (↑ j↓k )〉m

+ · · · , (9d)

where (nRL, nRR) indicates the electron occupation of the
left (L) and right (R) QD in DQD-R, respectively. Phys-
ically, |S(1, 3)〉 and |S(0, 4)〉 [|T (1, 3)〉 and |T (0, 4)〉] are
singlets (triplets) with dot occupation of (nRL, nRR) = (1, 3)
and (0,4), respectively. Equations (8) and (9) are obtained
for DQD-R; similar expressions can be obtained for DQD-
L by making the following replacements: S(0, 4) → S(4, 0),
T (0, 4) → T (4, 0), S(1, 3) → S(3, 1), T (1, 3) → T (3, 1),
RR → LL,RL → LR, nRL → nLR, and nRR → nLL.

2. Interqubit interaction and capacitive shift

The interqubit parameters, β j and α, are obtained by
projecting the two-qubit logical states onto the inter-DQD
Coulomb interaction [31–33], giving

βL = 1
4 (−V|SS〉 − V|ST 〉 + V|T S〉 + V|T T 〉), (10a)

βR = 1
4 (−V|SS〉 + V|ST 〉 − V|T S〉 + V|T T 〉), (10b)

α = 1
4 (V|SS〉 − V|ST 〉 − V|T S〉 + V|T T 〉), (10c)

where

V| jk〉 = 〈 jk|HC | jk〉, (11)

and { j, k} ∈ {S, T }. Note that for a traditional singlet-triplet
qubit formed by two singly occupied QDs in a DQD, only the
singlet states hybridize with each other while the triplet states
are typically well separated in energy and do not hybridize.
However, in this case, both |S〉 and |T 〉 involve hybridization
between states of (nRL, nRR) = (1, 3) [(nLL, nLR ) = (3, 1)]
type and the states of (0,4) [(4, 0)] type.
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C. Extended Hubbard model and interqubit interaction

It is helpful to obtain the physical descriptions of the qubit
parameters in Eq. (1) based on the extended Hubbard model.
We confirm the accuracy of the model by comparing results
derived from it to full CI calculations (cf. Sec. VI in the
Supplemental Material for details [58]). The explicit form
of the effective Hamiltonian given by the extended Hubbard
model is presented in Sec. IV D in the Supplemental Material
[58]. Here for clarity, we show the effective Hamiltonian with
a truncated number of bases that is sufficient to understand the
qualitative behavior of qubit parameters. Written in the bases
of |S(1, 3)〉, |S(0, 4)〉, |T (1, 3)〉, |T (0, 4)〉 [cf. Eq. (9)], with a
global energy shift of Eshift = URL1,RR2 + εR, we have

H̃ =

⎛⎜⎜⎜⎜⎝
0

√
2tRL1,RR2 0 0√

2tRL1,RR2 ES 0 0

0 0 0 −tRL1,RR3

0 0 −tRL1,RR3 ET

⎞⎟⎟⎟⎟⎠, (12)

where tRL1,RR2 and tRL1,RR3 are the tunneling energies, and
ES = URR2 − (URL1,RR2 + εR) and ET = URR2,RR3 + 
E −
ξ − (URL1,RR3 + εR) are the globally shifted eigenvalues of
|S(0, 4)〉 and |T (0, 4)〉, respectively. 
E = εRR3 − εRR2 is
the orbital splitting of two valence orbitals in DQD-R, ξ

is the ferromagnetic exchange term [53,54] (cf. Sec. IV B in
the Supplemental Material for details [58]), while εR is the
detuning between potential minima in a DQD. The eigenstates
of Eq. (12) are

|S′(1, 3)〉 = − cos
θRS

2
|S(1, 3)〉 + sin

θRS

2
|S(0, 4)〉,

|S′(0, 4)〉 = sin
θRS

2
|S(1, 3)〉 + cos

θRS

2
|S(0, 4)〉,

|T ′(1, 3)〉 = cos
θRT

2
|T (1, 3)〉 + sin

θRT

2
|T (0, 4)〉,

|T ′(0, 4)〉 = − sin
θRT

2
|T (1, 3)〉 + cos

θRT

2
|T (0, 4)〉, (13)

where θRS = arctan(2
√

2tRL1,RR2/ES ) and θRT =
arctan(2tRL1,RR3/ET ) are the admixture angles of |S〉 and
|T 〉, respectively (for more details, see Sec. V F in the
Supplemental Material [58]). The logical subspace is defined
in the (nRL, nRR) ≈ (1, 3) regime, i.e., | sin(θRS /2)|2 � 1
and | sin(θRT /2)|2 � 1, such that |S′(1, 3)〉 and |T ′(1, 3)〉 are
the logical states. Equations (12) and (13) refer to the case
for DQD-R, while the case for DQD-L can be derived using
the replacement rules described at the end of Sec. II B 1.
The admixtures can be alternatively perceived as introduced
dipoles in the logical eigenstates, |S(1, 3)〉′ and |T (1, 3)〉′,
i.e.,

d j
m = sin2

(
θ

j
m

2

)
, (14)

where d j
m is the dipole of the mth logical eigenstate in DQD- j.

Considering the case in which DQD-L and DQD-R are
symmetric, i.e., ε = εL = εR in Fig. 1, the qubit parameters

are

βL(ε, ε) = βR(ε, ε)

≈ 1

2
[sin2 (θS/2) − sin2 (θT /2)]Uint

= 1

2

(√
dL

S dR
S −

√
dL

T dR
T

)
Uint, (15a)

α(ε, ε) ≈ 1

4
[sin2(θS/2) − sin2(θT /2)]2Uint

= 1

4

(√
dL

S dR
S −

√
dL

T dR
T

)2
Uint, (15b)

where the interqubit Coulomb interaction is Uint =
URR2,LL2 + 4URL1,LL1 + URL1,LL2 + URL1,LR1. Uint consists
of the interdot Coulomb integral between two inner dots
(URL1,LR1), the Coulomb integral between a left dot in
DQD-R and a left dot in DQD-L (URL1,LL j), and the
Coulomb integral between two outer dots (URR2,LL2). In
the third line of Eq. (15a) and the second line of Eq. (15b),
we have written the expressions of β j and α in terms of
the dipoles, cf. Eq. (14). In Eq. (15), due to the symmetric
dots and detunings, θLS = θRS = θS and θLT = θRT = θT .
Equation (15) indicates that the main qualitative behavior of
β j and α is given by the difference of the hybridization in the
singlet states, sin(θS/2), and the hybridization in the triplet
states, sin(θT /2), i.e.,

β j (ε, ε) ∝ sin2 (θS/2) − sin2(θT /2), (16a)

α(ε, ε) ∝ [sin2 (θS/2) − sin2(θT /2)]2. (16b)

Equation (15) will be used later to interpret the results (for
details of derivation, see Sec. VII B in the Supplemental
Material [58]). In Eq. (15), the two independent parameters
in the parentheses are the detunings in DQD-L and DQD-R,
i.e., (εL, εR).

III. RESULTS

A. Exchange energy sweet spot and capacitive coupling

Figure 2 shows the key results of this paper, showing the
composition of the logical states, Coulomb integrals, local
exchange energies, capacitive shifts, and most importantly, the
effective exchange energies and the capacitive coupling, along
with the corresponding sweet spots. The inter-DQD distance,
2R0, is determined at the values where the inter-DQD tun-
neling is absent; see Sec. II in the Supplemental Material for
details [58]. The top panel shows results for the magnetic field
B = 0.174 T while the bottom panel B = 0.319 T. For sim-
plicity, all results shown in Fig. 2 are obtained with symmetric
detuning, i.e., εL = εR = ε. In this case, the local exchange
energies, Jj , and capacitive shift, β j , are also symmetric for
DQD-L and DQD-R, i.e., JL = JR = J , βL = βR = β. The
same also applies to the composition of the logical states
in DQD-L and DQD-R; therefore only results for DQD-R
are shown in Figs. 2(a) and 2(g). The results are obtained
for an eight-electron system in a DDQD device with each
DQD hosting a four-electron singlet-triplet qubit; cf. Fig. 1.
The logical eigenstates of a four-electron singlet-triplet qubit
are obtained using full CI calculations by retaining 10 F-D
states in the few-electron dot (the left and right dot in DQD-L
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FIG. 2. (a), (g) The probabilities of various states P (|S(0, 4)〉) = |〈S|S(0, 4)〉|2, P (|S(1, 3)〉) = |〈S|S(1, 3)〉|2, P (|T (0, 4)〉) =
|〈T |T (0, 4)〉|2, P (|T (1, 3)〉) = |〈T |T (1, 3)〉|2. (b), (h) The inter-DQD Coulomb integral, V| jk〉 [Eq. (11)]. R0 = 40 nm. (c), (i) The local ex-
change energy, J = JL(ε) = JR(ε). (d), (j) The capacitive shift, β = βL(ε, ε) = βR(ε, ε). (e), (k) Effective exchange energy, Jeff = Jeff

L = Jeff
R .

(f), (l) Capacitive coupling, α(ε, ε). All the panels are plotted as function of the detuning, ε. The green star symbols, green line, and the label
ε∗ mark the detuning values at which the sweet spots of Jeff occur. Top panel: (a)–(f) Results for B = 0.174 T. Bottom panel: (g)–(l) Results
for B = 0.319 T.

and DQD-R, respectively) and 6 F-D states in the singly
occupied dot (the right and left dot in DQD-L and DQD-R,
respectively); see Sec. II B 1 for details. The two-qubit param-
eters, i.e., Jeff

j , β j , and α, are then obtained by projecting the
logical eigenstates of two single qubits hosted by two four-
electron systems onto the inter-DQD Coulomb interaction; see
Sec. II B 2 for details.

We first focus on the case for B = 0.319 T (the bottom
panel of Fig. 2). Figure 2(i) shows half the local exchange
energy, J/2, which increases with the detuning when the de-
tuning is small, reaching a maximum value at ε = 8.40 meV,
and sharply drops down beyond that point. The point at
ε = 8.40 meV is therefore the single-qubit sweet spot. Sim-
ilar behavior of J/2 has been observed in experiments for
(nRL, nRR) = (1, N ), where N ranges between 50 and 100
[54,55]. Figure 2(j) shows the capacitive shift, β, also yielding

a turning point at ε ≈ 8.30 meV, for three different values
of R0 as indicated. Furthermore, since V|ST 〉 = V|T S〉 in the
symmetric case, β is essentially V|T T 〉 − V|SS〉 [cf. Eq. (10)].
One may readily verify that the β shown in Fig. 2(j) reflects
the values of V|T T 〉 − V|SS〉 shown in Fig. 2(h) for R0 = 40 nm.

The behavior of β can be understood by looking
into the detailed composition of the logical states [cf.
Fig. 2(g) and Eq. (15a)]. Since P (|S(0, 4)〉) = sin2(θS/2)
and P (|T (0, 4)〉) = sin2(θT /2), as suggested by Eq. (15) and
Eq. (16), Jeff and α are proportional to the difference between
the hybridization in the singlet states and the hybridization in
the triplet states, sin2(θS/2) − sin2(θT /2) [cf. red dashed line
in Fig. 2(g)] [59]. At small ε (ε < 8.30 meV), sin2(θS/2) −
sin2(θT /2) yields an increasing positive value, resulting in β

increasing with ε, as suggested by Eq. (15a). At 8.30 meV <

ε < 8.40 meV, sin2(θS/2) − sin2(θT /2) decreases with ε but is
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still positive, giving positive β with reduced magnitude when
ε increases. At ε > 8.40 meV, sin2(θS/2) − sin2(θT /2) < 0;
hence β switches to negative value. This nonmonotonic be-
havior of J and β in combination leads to the emergence of a
sweet spot for the effective exchange energy Jeff = J/2 − β,
as indicated in Fig. 2(k). In addition, the concurrence between
the locations of the sweet spots ε∗ [Figs. 2(k) and 2(l)] and
the turning point of sin2(θS/2) − sin2(θT /2) [red dashed line
in Fig. 2(g)] suggests that the competition between those two
hybridizations is the main physical mechanism leading to
the existence of the sweet spot, conforming with Eq. (16).
Since the hybridizations can be alternatively interpreted as
the dipoles of the logical eigenstates [Eq. (14)], the existence
of the sweet spots can be attributed to the nonmonotonic
behavior of the difference of dipoles in the logical singlet and

triplet eigenstates, i.e.,
√

dL
S dR

S −
√

dL
T dR

T ; cf. Eq. (15). This
also explains the absence of these sweet spots in conventional
capacitively coupled two-electron singlet-triplet qubits [2,25].
In two-electron singlet-triplet qubits, due to the absence of
hybridizations between triplet states [1,66], the dipole only
exists in the logical singlet state, i.e., d j

S > 0 while d j
T =

0 [Eq. (14)]. This results in β j ∝
√

dL
S dR

S and α ∝ dL
S dR

S

[Eq. (15)], conforming with experimental results of capaci-
tively coupled two-electron singlet-triplet qubits, which state
that the effective exchange energies, Jeff

j = Jj/2 − β j , and ca-
pacitive coupling α exhibit monotonic behaviors with respect
to the detuning values and α ∝ dL

S dR
S [2,25].

Figure 2(l) shows the results for α versus ε for B = 0.319 T
at three different R0 values as indicated. Similarly to the
above discussions, the behavior of α can be interpreted from
Fig. 2(g) and Eq. (15b). At ε < 8.40 meV, the qualitative
behavior of α is similar to β, in conformity with Eq. (15b).
However, when ε > 8.40 meV, as sin2(θS/2) − sin2(θT /2)
switches from a positive to a negative value, α increases
and maintains a positive value due to the [sin2(θS/2) −
sin2(θT /2)]2 term in Eq. (15b). In addition, due to the higher
exponent of sin θS/T in Eq. (15b) as compared to Eq. (15a),
α � β j and is at the scale of neV. The magnitude of β and α

both show larger values for smaller R0 [cf. Figs. 2(j) and 2(l)],
which is evident from Eq. (15), as smaller R0 yields larger
inter-DQD Coulomb integrals.

We proceed to discuss the results for relatively weaker
magnetic field, shown in the top panel of Fig. 2. As can be
seen by comparing the top and bottom panels, the results
obtained at B = 0.174 T are qualitatively similar to those at
B = 0.319 T, so most of the arguments above apply.

The comparison also shows that α is stronger by more than
two orders of magnitude under B = 0.319 T as compared to
B = 0.174 T. This is due to the fact that the admixture to
the states of (0,4) type, making a major contribution to α
[Eq. (15b)], is larger for B = 0.319 T [compare Figs. 2(a)
and 2(g)]. While this may seemingly suggest that an even
larger α could be achieved by further increasing B, the sit-
uation is unfavorable as sweet spots will enter a regime
where |S(1, 3)〉 and |S(0, 4)〉 or |T (1, 3)〉 and |T (0, 4)〉 are
highly mixed, and a careful design of adiabatic pulse is
required to suppress leakage while ensuring a fast pulse
to minimize the charge noise dephasing effect, which is
challenging.

As discussed in the previous paragraphs, the existence of
the sweet spots for Jeff and α can be attributed to the com-
petition between the hybridizations in the singlet states and
the triplet states, cf. Eq. (16). Since the hybridizations can be
equivalently perceived as dipoles in the system [Eq. (14)], the
existence of those sweet spots can be alternatively attributed
to the nonmonotonic behavior of the difference between
the dipoles in the logical singlet and triplet eigenstates; cf.
Eq. (15). The competition is possible only when the energies
of |S(0, 4)〉 and |T (0, 4)〉 are comparable. In addition, the
turning point of sin2(θS/2) − sin2(θT /2) only exists when the
local exchange energy JL [JR] is negative in the large detuning
regime in which (nRL, nRR) = (0, 4) [(nLL, nLR ) = (4, 0)]
[57]. Such nonmonotonic behaviors of JL and JR have been
demonstrated in experiments [54,55]. Based on the experi-
mentally measured Hubbard parameters [54], we confirm that
results similar to Fig. 2 (lower panel) can be achieved in a
multielectron DDQD device in the detuning regime where
(nLL, nLR, nRL, nRR) = (2N + 1, 1, 1, 2N + 1) for N = 28
(see Sec. VII A in the Supplemental Material [58] for de-
tails). Moreover, as described above, negative local exchange
energies in the fully occupied detuning regimes are part of
the key elements to achieve nonmonotonic behaviors of JL
and JR [59]. It has been theoretically demonstrated that neg-
ative local exchange energies are also achievable in a QD
occupied by 8 and 14 electrons [53]. Therefore, it is pre-
sumed that sweet spots of Jeff

j and α might also exist in a
DDQD device in which the capacitively coupled few-electron
singlet-triplet qubits are operated in the detuning regime
where (nLL, nLR, nRL, nRR) = (N + 1, 1, 1, N + 1) for N ∈
{7, 13}. However, confirming those predictions is out of the
scope of our work since eight- and fourteen-electron singlet-
triplet qubits have not been experimentally demonstrated for
the extraction of Hubbard parameters while the computational
resources required to numerically simulate them are beyond
our capabilities.

Figures 3(a)–3(c) show the effective exchange energies,
Jeff
L and Jeff

R , and the capacitive coupling, α, as functions of the
individual detunings of both DQDs, εL and εR, for inter-DQD
distance 2R0 = 80 nm at B = 0.319 T. Figure 3(a) indicates
that at εL = εR = ε∗ = 8.30 meV, Jeff

L yields a turning point
with respect to εL, and has a relatively flat dispersion with
respect to εR. On the other hand, Fig. 3(b) shows that at
εL = εR = ε∗ = 8.30 meV, Jeff

R yields a turning point with
respect to εR, and has a relatively flat dispersion with respect
to εL. Hence, it can be expected that Jeff

j is insensitive to the
uncorrelated εL and εR noise (the charge noise environment
observed in experiments [60]), featuring a simultaneous sweet
spot with respect to both εL and εR. Figure 3(c) shows that
there exists a sweet spot for α, denoted as a blue star, with
respect to both εL and εR, i.e., ∂α/∂εL = ∂α/∂εR = 0. The
α sweet spot locates at εL = εR ≈ 8.31 meV, which is very
close to the Jeff

j sweet spot at ε∗ = 8.30 meV.
The effect of charge noise can be roughly captured by

evaluating the two-qubit insensitivity, I [32], which is defined
in analogy to the definition for the single-qubit case [61] as

I (εL, εR) = α(εL, εR)

‖ �∇H (εL, εR)‖ , (17)
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FIG. 3. (a) Jeff
L , (b) Jeff

R , and (c) α as a function of the detuning in DQD-L (εL) and detuning in DQD-R (εR). The green stars mark the
Jeff

j sweet spot detunings, ε∗. The blue star marks the α sweet spot with respect to εL and εR, i.e., ∂α/∂εL = ∂α/∂εR = 0. (d) Two-qubit
insensitivity, I, as a function of the detuning, ε = εL = εR. The parameters are B = 0.319 T, 2R0 = 80 nm.

where the Frobenius norm, ‖ �∇H‖, is defined as

‖ �∇H (εL, εR)‖ �
√√√√√ ∑

{ j,k}
∈{L,R}

(
∂Jeff

k

∂ε j

)2

+
∑

j∈{L,R}

(
∂α

∂ε j

)2

,

where we have included the derivatives of α for completeness.
To ensure that the two-qubit system is robust against the
uncorrelated charge noises in both detunings, εL and εR, the
derivatives in Eq. (18) include the off-diagonal elements of
the gradient tensor. For example, ∂Jeff

L /∂εR for k = L and
j = R indicates the variation of effective exchange energy
in DQD-L, Jeff

L , induced by charge noises in DQD-R, εR.
Figure 3(d) shows I as a function of symmetric detunings,
ε = εL = εR. I sharply peaks near the Jeff

j sweet spot at ε =
ε∗, suggesting an optimal operating point for two-qubit gate
operation.

B. Phonon-mediated decoherence effect

The emergence of an effective exchange sweet spot, ε∗, can
be attributed to the competition between the admixtures with
|S(0, 4)〉 and |T (0, 4)〉, as discussed in detail in Sec. III A.
In the context of a two-electron singlet-triplet qubit formed
by singly occupied dots in a DQD, the admixture with a
doubly occupied singlet was found to be the origin of strong
phonon-induced pure dephasing �ϕ = 1/Tϕ [62]. In addition,
the hyperfine coupling (local magnetic field gradient) and

spin-orbit interaction (SOI) are also found to be the sources
of phonon-induced relaxation �1 = 1/T1 [62]. Hence, the
phonon-mediated decoherence effect has to be taken into
account to provide a more comprehensive picture of the ro-
bustness of the two-qubit gate proposed here. However, we
have found that the decoherence effect by phonons is largely
reduced due to the following factors: (1) Phonon-induced pure
dephasing �ϕ is suppressed as ε∗ is comparatively far from
the transition point to quadruple electron occupation, e.g., be-
tween |T (1, 3)〉 and |T (0, 4)〉, resulting in smaller admixture
with states of (nRL, nRR) = (0, 4) type. The suppression can
also be partially attributed to the smaller interdot distance, 2x0,
adopted in this work. Details on Tϕ are provided in Sec. V F
in the Supplemental Material [58]. (2) The magnetic field
gradient h is much smaller than the local exchange energies
at ε∗, resulting in smaller admixture between |S(1, 3)〉 and
|T (1, 3)〉, which consequently gives a smaller relaxation rate
�1 (see Sec. V G 1 in the Supplemental Material [58] for
details). (3) For a two-electron singlet-triplet qubit, �1 by SOI
arises due to the second-order coupling between the logical
singlet and triplet by SOI integral involving the ground or-
bital (�RR1) and first-excited orbital (�RR2) in the same dot.
In contrast, for the four-electron singlet-triplet qubit in this
work, the ground and first-excited valence orbitals are the
first (�RR2) and second (�RR3) excited orbital respectively,
which yields a negligible SOI integral [63] (see Sec. V G 2
in the Supplemental Material [58] for details). The overall
decoherence time is shown in Fig. S4 in the Supplemental
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Material [58], which is found to be negligible in our system
for the dot parameters, gate time, and temperature of interest.

C. CPHASE gate fidelity

The interqubit coupling, σz ⊗ σz, gives rise to a controlled-
phase (CPHASE) gate [27]. In the simulations of the
CPHASE gate, two noise sources are taken into account,
i.e., magnetic field gradient fluctuations, δhj , and charge
noise fluctuations, δε j (t ). δh j can be considered as quasistatic
during the gate operation as it is contributed by mostly low-
frequency noise with power spectrum S(ω) ∝ 1/ω2.6 [64,65].
We model the hyperfine noise with standard deviation of
δh j = 10 neV, which corresponds to 0.413 mT (as sug-
gested by the measured hyperfine-noise-limited coherence
time, T ∗

2 = h̄
√

2/δh j = 90 ns [66]). δε j (t ) consists of both
a quasistatic component (δεQS

j ) and a high-frequency part

in a 1/ f form [δε1/ f
j (t )]. In our simulation, δε

QS
j is taken

to yield a Gaussian distribution with standard deviation of
8 μV × 1 eV/9.4 V [66], where 9.4 V/1 eV is the lever arm
[66]. δh j and δε j (t ) are assumed to be independent from
each other [60]. Based on the experimental results, δε

1/ f
j (t )

yields a power spectrum of Sε( f ) = 8 × 10−16 V2

Hz ( 1Hz
f )0.7

[66]. δε
1/ f
j (t ) is generated using the Fourier transform of a

discrete Gaussian white noise sequence, which is then scaled
according to Sε( f ) [67] (see Sec. I in the Supplemental Ma-
terial for details [58]). To suppress quasistatic noise, we use
an echo pulse to perform the CPHASE gate [2,25]. The echo
pulse is employed by adding a π pulse about the x axis of
both qubits, exp[−ihtecho(σ (L)

x + σ (R)
x )], at time t = t2π/2 for

h × techo = π/2 and hL = hR = h. We assume that the single-
qubit gates are errorless in the simulations since experiments
have demonstrated fidelities as high as 99% [25]. We note
that although the noises in Jeff can be largely canceled using
the echo pulses, the quasistatic fluctuations on α, denoted as
δαQS, remain (see Sec. IX in the Supplemental Material [58]
for details). However, since the α sweet spot is very close to
ε∗, the effect of δαQS is suppressed as well.

The simulation of the noisy evolution is performed
by adding the noisy terms into the control parameters,
i.e., ε j (t ) → ε j (t ) + δε

QS
j + δε

1/ f
j (t ) and h j → h j + δh j . For

each iteration, ε
QS
L , ε

QS
R , δhL, and δhR are randomly extracted

from a Gaussian distribution with a standard deviation as
explained before, while δε

1/ f
L (t ) and δε

1/ f
R (t ) are randomly

chosen from a sample of generated sequences of size 5000.
Figure 4 shows, for B = 0.319 T, the CPHASE gate infi-

delity 1 − F [68] as a function of half inter-DQD distance,
R0. We first focus on 1 − F under the effect of charge noises
and hyperfine noises on the qubit parameters; cf. blue circles
in Fig. 4. It can be observed that the gate fidelity is enhanced
for smaller R0 due to shorter gate time, t2π . The shorter gate
time is due to the increase of α for a decreasing R0, as dis-
cussed in Sec. III A. Since the echo pulses effectively cancel
quasistatic noises, δεQS

j and δh j , gate infidelity essentially can
be attributed to the degree of exposure to the 1/ f charge
noises. When the gate time, t2π , is longer, the accumulated
1/ f charge noise dephasing effect is more pronounced, re-
sulting in a lower gate fidelity. Next, we take into account the

FIG. 4. CPHASE gate infidelities (1 − F ) and gate time (t2π =
2π h̄/α; red circles) as a function of half inter-DQD distance R0. 1 −
F shows the average of 5000 iterations. Blue circles show 1 − F
under charge noises and hyperfine noises while black circles show
results with an additional inclusion of magnetic field noises on Jeff

j

and α, denoted as δJeff
j (δB) and δα(δB), respectively. The magnetic

field is B = 0.319 T; cf. Fig. 2 (lower panel).

magnetic field noises δB (hyperfine noises, δhj) on Jeff and
α. Different values of Jeff and α for different magnetic field
strengths B as shown in Fig. 2 suggest that the variations of Jeff

j

and α induced by δB, denoted as δJeff
j (δB) and δα(δB), will

contribute to the increase of 1 − F . Figure 4 (black circles)
shows the inclusion of δJeff

j (δB) and δα(δB) results in around
an order of increase for the gate infidelities 1 − F . Never-
theless, 1 − F remains lower than 10−2. It can be observed
that 1 − F slightly decreases as a function of R0 for smaller
R0 (R0 < 100 nm). This can be attributed to the decrease of
δJeff

j (δB) and δα(δB), for a fixed δB, as a function of R0 (see
Figs. S8(a) and S8(b) in Sec. X in the Supplemental Material
for details [58]). On the other hand, as a result of longer
gate time (longer exposure to environmental noises), 1 − F
slightly increases as a function of R0 for larger R0 (R0 > 100
nm). The gate fidelities can be further improved by operating
the CPHASE gate at a smaller applied magnetic field, e.g.,
B = 0.290 T, which results in 1 − F ∼ 10−3 under the effect
of δε

QS
j , δε

1/ f
j , δh j , δJeff

j (δB), and δα(δB) (see Fig. S9 in
Sec. X in the Supplemental Material for details [58]).

IV. SWEET SPOTS OF Jeff AND α IN OTHER SYSTEMS

In the previous sections, we have presented the results
showing, in a GaAs DDQD device, that sweet spots can be
found for a pair of capacitively coupled four-electron singlet-
triplet qubits and robust CPHASE gates can be performed at
those sweet spots. We have also found out that similar results,
including the existence of sweet spots of Jeff and α and largely
enhanced α at the sweet spots, can be achieved for silicon
and germanium quantum dots. In particular, we have shown
that those features can be found in a pair of capacitively cou-
pled four-electron (four-hole) singlet-triplet qubits in a silicon
(germanium) DDQD device (see Sec. XI in the Supplemental
Material for details [58]).

V. CONCLUSION AND DISCUSSION

We have shown, based on full CI calculations of a few-
electron singlet-triplet qubit and projection of the logical
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eigenstates to inter-DQD Coulomb interaction, that effective
exchange energy sweet spots appear in the coupled few-
electron singlet-triplet qubit systems. The sweet spots at the
same time are also very close to the capacitive coupling sweet
spot. We further show that the sweet spots of the effective
exchange energies and capacitive coupling arise due to the
competition between the hybridization in the singlet states
and the hybridization in the triplet states. The competition
is only made possible by a negative local exchange energy
in the single-qubit case when all the electrons occupy a QD
in a DQD device. These results are in contrast to the two-
electron case, in which the local exchange energy is positive
in a fully occupied dot [2,9,25,66]. Therefore, these sweet
spots are not found for a pair of capacitively coupled two-
electron singlet-triplet qubits [2,25]. By operating CPHASE
gates at the effective exchange energy sweet spots, we have
demonstrated that gate fidelities above 99% can be achieved

in the presence of charge noises and hyperfine noises. Our
results therefore should facilitate realization of high-fidelity
two-qubit gates in coupled singlet-triplet qubit systems.
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