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We study the classification of interacting fermionic symmetry-protected topological (SPT) phases with
both rotation symmetry and Abelian internal symmetries in one, two, and three dimensions. By working out
this classification, on the one hand, we demonstrate the recently proposed correspondence principle between
crystalline topological phases and those with internal symmetries through explicit block-state constructions. We
find that for the precise correspondence to hold it is necessary to change the central extension structure of the
symmetry group by the Z2 fermion parity. On the other hand, we uncover new classes of intrinsically fermionic
SPT phases that are only enabled by interactions, both in 2D and 3D. Several 3D Majorana-type fermionic SPT
phases are identified. Moreover, several new instances of Lieb-Schultz-Mattis-type theorems for Majorana-type
fermionic SPT phases are obtained and we discuss their interpretations from the perspective of bulk-boundary
correspondence.

DOI: 10.1103/PhysRevB.105.195154

I. INTRODUCTION

A. Background and motivation

Symmetries can greatly enrich gapped phases of quantum
matter. In condensed matter systems, crystalline symmetries
of lattice systems are among the most common symmetries,
besides a few internal symmetries such as charge or spin
conservation and time reversal. Recently, a rich variety of
crystalline symmetry-protected topological (SPT) phases have
been discovered and classified [1–13], in particular for band
insulators of noninteracting electrons, culminating in exhaus-
tive lists of possible topological materials [14–16]. Similar
phases for interacting bosonic/spin systems have also been
constructed, and systematic classifications have been achieved
in some cases [17–19].

Investigations of bulk-boundary correspondence in crys-
talline SPT phases have also been fruitful. For SPT phases
with internal symmetries, it is known that the boundary
must have ’t Hooft anomalies and can not have symmet-
ric short-range entangled (SRE) boundary states [20–22].
As a result, SPT boundaries can have gapless excitations,
spontaneously break the protecting symmetries, or develop
symmetric gapped states with topological order when the spa-
tial dimension of the boundary is greater than 1 [23]. The same
principle applies to crystalline SPT phases as well, as long as
the boundary preserves the protecting crystalline symmetries.
However, the fact that symmetries involve spatial coordinate
transformations do bring in new twists to the bulk-boundary
correspondence. For instance, in many cases, boundaries of
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crystalline SPT phases admit tensor product structure both for
the Hilbert space and the boundary symmetry action and can
be viewed as a well-defined lattice systems on their own. In
these cases, ’t Hooft anomalies lead to various generalizations
of Lieb-Schultz-Mattis-Oshikawa-Hastings theorems [18,24–
32]. Moreover, it is realized that if one allows nonuniformity
on the boundary, one can trivially gap out almost everywhere
except certain lower-dimensional regions, i.e., corners or
hinges. This phenomena was dubbed “higher-order” boundary
states [33–42].

In this work, we consider interacting fermionic SPT
(FSPT) phases protected by spatial rotation and internal sym-
metries. Many previous works studied either free fermions
or bosonic systems with rotation symmetry. The physics of
strongly interacting fermionic phases remains a major open
question. We focus on rotation, a basic point group op-
eration, to develop systematic understanding of crystalline
fermionic SPT phases. More concretely, we study fermionic
systems with the symmetry group CM × G, where G is an
Abelian internal symmetry group, and CM denotes M-fold
rotations.

Another motivation for this work is to gain insight into the
classification of interacting FSPT phases with internal sym-
metry only. Much progress has been made on this problem,
for example a complete picture of how interactions affect the
periodic table for topological band insulators and supercon-
ductors has been obtained [43,44]. Outside the periodic table,
theories of FSPT phases with Z f

2 × G symmetry with a gen-
eral finite G have also been developed [45–48]. However, they
often involve complicated constructions of exactly-solvable
models [45,48], or employ sophisticated algebraic topology
techniques [44,46], and it is not straightforward to extract
physical properties for such FSPT phases. Recently, it has
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FIG. 1. Dimensional reduction procedure for C4 rotation SPT phase.

become clear that the topological classifications for gapped
phases with spatial symmetries is closely related to those with
internal symmetries, as long as the abstract group structures
match [27,49]. It is perhaps clearer for orientation-preserving
symmetries, since one can introduce lattice defects serving
as fluxes of the symmetries to probe the topological prop-
erties. Such correspondence is formalized as a “crystalline
equivalence principle” in Ref. [49]. In fermionic systems, the
global symmetry group is a central extension of the physical,
“bosonic” symmetry group by the Z f

2 fermion parity. We
will show that the equivalence between classifications with
crystalline and internal symmetries requires a change in the
group extension structure.

The goal of this paper is to apply the dimensional reduc-
tion approach [6] to interacting FSPT phases with CM × G
symmetry, in particular 3D FSPT phases which are much
less explored, to study their classification and physical prop-
erties. We also aim to explore the crystalline equivalence
principle for FSPT phases and find that it comes with a new
feature compared to the bosonic version (see Sec. II C for
a summary). In addition, we study Lieb-Schultz-Mattis-type
theorems associated with Majorana-type FSPT phases and
discuss their interpretations from the perspective of bulk-
boundary correspondence. In the rest of the introduction, we
describe the general idea of the dimensional reduction ap-
proach in Sec. I B and summarize our main results in Sec. I C.
We discuss organization of the paper in Sec. I D

B. Classification scheme

We study the classification of interacting fermionic SPTs
with both rotation and internal Abelian symmetry. We will
follow the dimensional reduction approach introduced in
Ref. [6]. In a crystallgraphic symmetry group, the only al-
lowed rotations are CM with M = 2, 3, 4, and 6. In this work,
the only spatial symmetry under consideration is rotation, so
there is no limitation on the values of M. We will take any
value M > 1. In addition to rotation, we also consider an
internal symmetry group G, such that the whole symmetry
group is CM × G (with fermions, we need to specify how
rotations are extended by the fermion parity Z f

2 , which we
will define more precisely in Sec. II A).

Let us lay out the general principles of dimensional re-
duction for rotation symmetry in d spatial dimensions. Even
though we always consider lattice systems, let us assume the
space is Rd for a moment to describe the general principles.
We first divide the space into open disjoint regions related to

each other by the point group symmetries, labeled by M j (see
Fig. 1). For example, in 2D with polar coordinates,

M j =
{

(ρ, θ )
∣∣∣ρ > 0,

2π ( j − 1)

M
< θ <

2π j

M

}
, (1)

where j = 1, . . . , M. Note that this leaves out the origin ρ =
0, and M half lines ρ > 0, θ = 2π j

M . We will denote them
by M, the complement of

⋃
j M j . For physical reasons, it

is convenient to “thicken” M, e.g., we take M to be the
union of a small disk around the rotation center, plus narrow
strips centered at the rays θ = 2π j

M . Generalizations to higher
dimensions are straightforward.

The dimensional reduction procedure takes three steps to
study rotation SPT phases (Fig. 1). First, consider one of
the regions, M j . The state on M j may already be an SPT
state protected by the onsite symmetry G. In addition, we will
also consider the case that M j hosts an invertible topological
phase, e.g., 1D Majorana chain and 2D p + ip superconduc-
tors, which do not need any symmetry for protection. (It is
generally believed that there is no invertible topological phase
in 3D [44,46]. We will take this assumption throughout this
work.) Due to rotation symmetry, other regions must be in
the same SPT/invertible phase. An important question that we
need to check is whether this whole state is compatible with
the rotational symmetry, when all regions {M j} are combined.
We answer this question constructively: When the regions
{M j} are disconnected from each other, they have nontriv-
ial boundary states. We can then glue the boundary states
together from neighboring regions, in a rotation symmetric
way. Notice that this is always possible because neighboring
boundaries have opposite orientations. The only subtlety here
arises near the rotation center, where one may find some
remaining symmetry-protected low-energy modes. In some
cases, one can remove the degeneracies by introducing lower-
dimensional SPT states in M (one such example is discussed
in Appendix E 4). If not, we conclude that the bulk SPT phase
is not compatible with the rotation symmetry, and should be
excluded from the classification. However, as we will discuss,
in two dimensions where the rotation center is 0D, we can also
interpret such an obstruction to having rotationally invariant
SPT phases as instances of LSM-type theorems for the inter-
nal symmetry SPT phase.

Second, if the state in M j is trivial, it can be transformed
into a product state by a finite-depth local unitary that pre-
serves all the internal symmetries. Let U be the local unitary
applied to region M1. Because of the rotation invariance, we
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can apply R jUR− j to disentangle M j+1, where R is the rota-
tion operator. When combined, the local unitary

∏
j R jUR− j

respects both G and CM . Now entanglement remains only in
the M region. If we focus on one of the hyper half-planes
away from the rotation center, we can ask whether there is
a nontrivial SRE phase in this (d − 1)-dimensional system.
With rotations, all the (d − 1)-dimensional hyper half-planes
must have the same SRE states on them. Importantly, their
(d − 2)-dimensional boundaries must meet near the rotation
center, so we should impose the condition that M copies
of these boundary states can be gapped out preserving the
internal and the CM symmetry. That is, it is required that we
are able to glue the (d − 1)-dimensional half-plane symmet-
rically. We will see that in many cases, certain (d − 1) SPT
phases cannot be glued in a symmetric way.

Third, if the (d − 1)-dimensional half-planes are topolog-
ically trivial, we can disentangle the states on them using
symmetric local unitary, similar to above. Then, we further
ask whether the (d − 2)-dimensional rotation center is in an
SRE phase or not. At the center, rotation becomes an internal
symmetry. Accordingly, the (d − 2)-dimensional SRE phases
should have ZM × G internal symmetry, where we use ZM to
reflect the fact that rotation acts as an internal symmetry.

When describing the dimensional reduction approach
above, we have used some constructive viewpoints. In fact, the
whole procedure can be “inverted” and viewed constructively:
d-dimensional rotation SPT phases with CM × G symmetry
can be built out of d-dimensional and lower dimensional
G symmetric block states by gluing them together in cer-
tain rotation symmetric fashion. Therefore, depending on
which building blocks are used, we define the following three
groups.

(1) G0, the group of d dimensional SPT phases protected
by G and compatible with the CM symmetry. When building
these d dimensional “block states”, lower dimensional states
may also be used to successfully glue the blocks.

(2) G−1, the group of (d − 1) dimensional block states,
built from (d − 1)-dimensional SRE states with the internal
symmetry group G, by gluing M copies of them together while
preserving both G and rotation.

(3) G−2, the group of (d − 2) dimensional block states,
which are basically a (d − 2) dimensional SRE states with
ZM × G internal symmetry, located at the center of rotation.

A special attention should be paid to the states in G−2.
One should notice that there are additional equivalence re-
lations between these phases, so G−2 is generally different
from the actual classification for (d − 2)D SRE phases with
ZM × G symmetry. The additional equivalence relations lead
to the trivialization of certain (d − 2) dimensional block
states, which are nontrivial as SPT states with strictly internal
ZM × G symmetry.

Generally speaking, SPT phases form an Abelian group
under the stacking operation. Thus the remaining task in the
classification problem is to determine the group structure of
the SPT phases. We have already identified three subgroups:
G0, G−1, and G−2. Their own group structures can be de-
rived from the known classification of (internal symmetry)
SPT phases in the corresponding dimensions, modulo further
trivialization mentioned above. Let us denote the group of all
CM × G SPT phases by G , and all SPT states consisting of

(d − 1) and (d − 2) block states by G�−1 (in this notation
G ≡ G�0). There is no general formula to determine G from
the known subgroups, and the problem has to be solved on a
case-by-case basis. However, we do know that these groups
should fit into the following two short exact sequences:

1 → G−2 → G�−1 → G−1 → 1,

1 → G�−1 → G → G0 → 1. (2)

Both group extensions are central. See Appendix A for a brief
review of group extension. In general, these two sequences do
not necessarily split. Physically, the first short exact sequences
essentially says that if we stack two (d − 1) dimensional
block states, the result must be another (d − 1)-dimensional
block state, possibly with a (d − 2) dimensional block state.
The second short exact sequence is similar. It is worth point-
ing out that in the bosonic case, with CM × G symmetry the
extensions are all trivial. However, as we will see later, for
fermions this is not the case.

To summarize, our task is to (i) obtain the groups G0, G−1,
and G−2 and (ii) work out the group extensions in Eq. (2).
We remark that this dimension reduction or “gluing” approach
works for both bosonic and fermionic systems. We have ap-
plied it to bosonic SPT phases with CM × G symmetry in
Appendix B, and find that the group extensions in Eq. (2)
are always trivial. That is, for bosonic SPT phases, we always
have G = G0 × G−1 × G−2. Nevertheless, we will see that for
FSPT phases, the extensions in (2) may be nontrivial. We
also remark that given G0, G−1, and G−2, Eq. (2) alone does
not determine G . Mathematically, there could be many G ’s
satisfying Eq. (2). To determine G , we need to study physical
properties of FSPT phases which vary in dimensions (see, e.g.,
Sec. III B for a 1D example and Sec. V B 4 for a 3D example).

Note that we will include the Majorana chain into G0 for
1D fermionic SPTs, as Majorana chains do extend other SPT
phases. However, we will not include p + ip superconductors
into G0 for 2D fermionic SPTs. This is because p + ip su-
perconductors are chiral and of infinite order. They do not
extend SPT phases which are nonchiral and always have fi-
nite order. Combining the 2D block SPT states and p + ip
superconductors gives a G0 × Z classification. (A single layer
of p + ip superconductor may not be compatible with the
rotation symmetry, so there is a subtlety on what is the root
state of Z. See Appendix D for a discussion.)

C. Main results

Based on the dimensional reduction approach explained
above, we derive a systematic classification for FSPT phases
protected by CM × G symmetry with G being a unitary fi-
nite Abelian group. While the counterparts of 1D and 2D
FSPT phases with internal symmetries were known previ-
ously, our work provides an alternative viewpoint and makes
a connection between SPT phases with internal and spatial
symmetries. For 3D FSPT phases, many of our results are
new, whose counterparts with internal symmetries are not well
understood. Examples of our classification are summarized in
Tables I–III.

While the basic construction is parallel to the bosonic case,
fermionic systems exhibit several notable new features and
subtleties. We summarize a few important results as follows.
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TABLE I. Examples of classifications of 1D and 2D FSPT phases
with inversion or rotation symmetry.

Dimension Symmetry G Comments

1D I2 = 1 Z2

I2 = Pf Z8

2D C−
M ZM M odd

C−
M Z4M M = 2(mod 4)

C−
M Z2M × Z2 M = 0(mod 4)

C+
M ZM/2 M even

C+
M ZM M odd

(1) We construct intrinsically fermionic crystalline SPT
phases which can only exist with strong interactions. We
show that this is the case for all nontrivial rotational FSPT
phases with Abelian internal symmetries in 3D, and discuss
one example in 2D where the internal symmetry is the BDI
class in the periodic table. We find obstructions in the di-
mensional reduction construction that prevent gluing together
lower-dimensional block states while preserving rotation sym-
metries. No such obstructions were present in bosonic systems
previously studied [18,19].

(2) We formulate the precise correspondence between
classifications with rotation symmetry and those with only
internal symmetry, which can be used to map out the clas-
sification of 3D interacting fermionic SPT phases protected
by internal Abelian unitary symmetries. The correspondence
is stated in Sec. II C.

(3) We identify several new instances of Lieb-Schultz-
Mattis (LSM) type theorems for 2D FSPT phases. Roughly
speaking, certain FSPT phases are only compatible with rota-
tion symmetry projectively represented. Otherwise there has
to be “anomalous” degrees of freedom at the rotation center.
These LSM theorems also indicate that there exist 3D “trivial”
bulk states, whose boundary states are symmetric SRE, but
can not be realized in strictly 2D systems (unless under the
LSM-type conditions [50]).

D. Organization of the paper

The rest of the paper is organized as follows. In Sec. II,
we discuss a few generalities including symmetry groups in
fermionic systems, a subtlety of the trivial state in crystalline
topological phases, and the crystalline equivalence principle
of FSPT phases that we obtain. In Secs. III, IV and V, we
apply the general classification scheme in Sec. I B to various
examples of interacting crystalline FSPT phases in 1D, 2D,
and 3D, respectively. We discuss several new instances of
Lieb-Schultz-Mattis type theorems for 2D FSPT phases in
Sec. VI. We conclude in Sec. VII. Appendix A gives a brief
review of group extension. Appendix B includes a study on
bosonic rotation SPT phases through the dimension reduction
approach. We review some 1D and 2D FSPT phases with
internal symmetries in Appendix C, and discuss the com-
patibility of p + ip superconductors with rotation symmetry
in Appendix D. More 2D and 3D examples are studied in
Appendices E and F, respectively.

II. GENERALITIES

A. Symmetries in fermionic systems

We make some general remarks here regarding symmetries
in fermionic systems. Our remarks apply to any symmetries,
but we will focus on the rotation. For fermionic supercon-
ductors, it is important to distinguish two cases: RM = 1 or
RM = Pf . (For insulators, one can simply redefine R by a
U(1) rotation, and the two cases become equivalent.) We will
also refer to them as C±

M regarding the action on single-particle
states. To be precise, the fermion creation/annihilation opera-
tors transform linearly under rotation:

RcxR−1 = UR(x)cR(x). (3)

Here UR is a unitary transformation, and we suppress the
spin/orbital/· · · indices. RM = (±1)Nf correspond to

M∏
j=1

UR(R j (x)) = ±1. (4)

Note that for odd M, we could simply redefine R by RPf

so the two choices are equivalent. Mathematically, these
choices correspond to possible central extensions of CM by
the fermion parity symmetry (i.e., H2[ZM,Z2] = Z(M,2)).

For example, if the rotation only operates on the spatial
degrees of freedom, then we expect to have RM = 1. On the
other hand, for spin-1/2 electrons, naturally rotation affects
both the orbital and spin degrees of freedom, so should satisfy
RM = Pf because 2π spin rotation results −1. In this case,
we can also combine R with a 2π/M spin rotation in the
opposite direction to get RM = 1. Even for spinless fermions,
if an odd-parity pairing order parameter is present the rotation
symmetry has to satisfy RM = Pf . Therefore, in this paper, we
will consider both C±

M symmetries.
We also include an Abelian internal symmetry group G.

In principle, one also has to specify how G is extended by
the fermion parity, but for simplicity, we will just consider
the trivial extension for G in this work. In fact, this form
of symmetry already allows to compare to the most general
FSPT phases with Abelian internal symmetries.

B. Trivial states

We now discuss what it means for a state to be trivial in
systems with point group symmetries. Usually, trivial states
are defined to be those that can be adiabatically connected to
a product state (i.e., an atomic insulator in the context of band
insulators). However, for SPT phases protected by point group
symmetries, we need to refine the notion of triviality.

First of all, we allow for a more general notion of trivial
states. This was discussed in Ref. [6] for mirror reflection
symmetry. Consider a state of the following form: in any of
the Mi, we place a lower-dimensional short-range entangled
phase (which may be a nontrivial invertible phase), denoted
by A, and use the point group to fill the other regions. This
state can be made into a true product state by the following
transformation. We fill the rest of ∪iMi with product states.
We then adiabatically generate pairs of A and A from the
product state. We can then pair annihilate all A and A’s adi-
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TABLE II. (Top) Classification of 3D FSPT phases with C−
M × ZN symmetry, where M = 2m, N = 2n with m, n � 1. The superscript “NA”

means that the generator is a non-Abelian (Majorana) FSPT phase. This classification should be the same as that with the internal symmetry
Z f

2 × ZM × ZN . (Bottom) Few examples.

G−2 G−1 G

n = 1 Z(M,8) Z2 × Z(M,8)

m = 1, n = 2 Z2 Z4 × Z2

m = 1, n � 3 Z(2M,N ) Z2 × ZNA
2 Z2 × ZNA

8

m � 2, n � 2 Z(M,2N ) × ZNA
2 Z(2M,N ) × Z(M,2N ) × ZNA

2

Symmetry G
C−

2 × Z2 Z2 × Z2

C−
4 × Z2 Z2 × Z4

C−
8 × Z2 Z2 × ZNA

8

C−
16 × Z2 Z2 × ZNA

8

C−
2 × Z4 Z2 × Z4

C−
4 × Z4 Z4 × Z4 × ZNA

2

C−
8 × Z4 Z4 × Z8 × ZNA

2

C−
16 × Z4 Z4 × Z8 × ZNA

2

C−
2 × Z8 Z2 × ZNA

8

C−
4 × Z8 Z4 × Z8 × ZNA

2

C−
8 × Z8 Z8 × Z8 × ZNA

2

abatically. Essentially we move the A’s to infinity using this
procedure. We will consider states of this form trivial.

Another subtlety is that there can be topologically distinct
classes of product states, in particular in one and two dimen-
sions [18]. That is, two product states can not be adiabatically
connected preserving the symmetry. This situation occurs
when there are degrees of freedom in the rotation center. For
simplicity, we will assume that the microscopic degrees of
freedom do not live exactly on the rotation center to avoid
this subtlety.

C. Relation to FSPT phases with internal symmetries

A close relation between bosonic topological phases
protected by crystalline symmetries and those by internal
symmetries was recently identified, dubbed as “crystalline
equivalence principle” by Else and Thorngren in Ref. [49].
The equivalence principle states that the classification of crys-
talline topological phases (both SPTs and SETs) of symmetry
G is the same as that of topological phases with internal
symmetry G. For this equivalence to work, an orientation-
reversing spatial symmetry should be mapped to antiunitary
internal symmetry. In Appendix B, we show explicitly that

TABLE III. Classification of 3D FSPT phases with C+
M × ZN

symmetry, where M = 2m, N = 2n with m, n � 1. The general
formula is G = Z(M,N )/2 × Z(M,2N ) (see Appendix F 2 for detailed
discussions). Note that none of them are Majorana FSPT phases.

Symmetry G

C+
2 × Z2 Z2

C+
4 × Z2 Z4

C+
8 × Z2 Z4

C+
2 × Z4 Z2

C+
4 × Z4 Z2 × Z4

C+
8 × Z4 Z2 × Z8

the classifications of dD bosonic SPT phases protected by
CM × G symmetry are identical to Hd+1[CM × G, U(1)], for
d = 2 and 3.

The crystalline equivalence principle is expected to hold
for fermionic topological phases too. We now state the precise
form of the correspondence for rotation FSPT phases: the
Cn × G SPT classification for RM = (±1)Nf is equivalent to
ZM × G SPT classification with gM = (∓1)(M−1)Nf , where g
is the generator of ZM.

That is, for even M, the two possible extensions of CM by
the fermion parity get swapped, when mapped to internal ZM

symmetry. Intuitively, the difference should be attributed to
the topological spin of fermions, i.e., a 2π rotation results
in −1 phase factor. A similar twist of signs is known to
occur for the correspondence between reflection symmetry
and time-reversal symmetry. This correspondence is obtained
from all the examples that we work out. We do not have a
mathematically rigorous proof without working out individual
examples.

III. INVERSION FSPT PHASES IN 1D

As a warm-up exercise, we study 1D FSPTs with rotation
symmetry. In 1D, the only sensible rotation symmetry is in-
version I (notice that the inversion is orientation-reversing,
unlike rotations in higher dimensions). In fermionic systems,
there exist two possibilities, I2 = 1 and I2 = Pf . Below we
derive the classification of inversion FSPTs following the
general classification principles outlined in Sec. I B. While
most results in this section are not new [51,52], the deriva-
tion touches on conceptual subtleties that will be important
for higher-dimensional systems, so we include them here for
pedagogical purpose.

According to the correspondence principle in Sec. II C,
the classification of inversion FSPTs in the two cases should
be the same as the classification of 1D time-reversal FSPT
phases with T 2 = Pf and T 2 = 1, respectively. The latter
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classifications are known to be Z2 for T 2 = Pf , and Z8 for
T 2 = 1 [53]. Our results are completely consistent with the
crystalline correspondence principle.

A. I2 = 1

We first consider I2 = 1. According to the general clas-
sification scheme, we need to consider (i) possible 0D-block
states and (ii) 1D invertible topological phases that are com-
patible with I2 = 1.

For the 0D block, the total symmetry group reduces to
Z f

2 × Z2, where the latter Z2 represents inversion acting on
the 0D block. There are four 0D-block states, corresponding
to the four irreducible representations of Z f

2 × Z2. The two
root states are (1) the fermion parity of the 0D block is odd
and (2) the inversion eigenvalue of the 0D block is −1.

However, the second root state is actually trivial. To see
that, we consider spinless fermions on a chain, with a bond-
centered inversion I defined as IcnI−1 = c1−n. It is easy to
design a gapped Hamiltonian such that the ground state is∏

n c†
n|0〉. This is obviously a trivial state, as there is no entan-

glement between any two fermions. Then, the 0D-block state
with only two sites is

|ψ〉0D = c†
0c†

1|0〉 (5)

Under inversion symmetry, the state |ψ〉0D has an eigenvalue
−1: I|ψ〉0D = c†

1c†
0|0〉 = −|ψ〉0D. Accordingly, the 0D-block

state with inversion eigenvalue −1 does not correspond to any
nontrivial FSPT state.

Now we further show that the first root state with odd
fermion parity in the 0D block is indeed nontrivial. We will
define the following many-body topological invariant: con-
sider an open chain with boundary conditions preserving the
inversion symmetry. It is always possible to lift any degener-
acy (i.e., from accidental zero modes at the ends) and have a
unique, inversion-symmetric ground state. The fermion parity
of the ground state is a many-body topological quantum num-
ber invariant under fermionic finite-depth local unitary circuit,
and distinguishes two phases. Hence, 0D-block states lead to
a Z2 classification.

The only “invertible topological phase” in 1D is the Kitaev
Majorana chain. We argue that the Majorana chain is not
compatible with I2 = 1. To see that, we first imagine cutting
the Majorana chain in the middle (i.e., the inversion center),
which leaves two edge Majorana zero modes γl and γr . Under
inversion symmetry, the two Majorana zero modes transform
into one another:

I : γl ↔ γr . (6)

So far, the full symmetry is preserved. Next, we try to glue
the two half chains, by removing the zero modes γl and γr .
However, the only coupling term iγlγr is odd under I , so we
cannot glue the chains. In fact, the zero modes can never
be removed in an inversion symmetric way, even when ad-
ditional 0D-block states are decorated. This follows from the
observation that the two-dimensional Hilbert space spanned
by |0〉 and a†|0〉, with a ≡ (γl + iγr )/2, forms a projective
representation of Z f

2 × Z2. Indeed, in this Hilbert space, we

have γl = σ x, γr = σ y, Pf = σ z, and

I =
(

0 eiπ/4

e−iπ/4 0

)
, (7)

where σ i are Pauli matrices. This representation fulfils the
transformation (6) and the condition I2 = 1. It is easy to
see that Pf I = −IPf , which is a sufficient condition show-
ing that the Hilbert space is a projective representation of
Z f

2 × Z2. Hence, the twofold degeneracy cannot be lifted,
even if additional 0D-block states (i.e., linear representations)
are attached. Accordingly, 1D Majorana chain is not compat-
ible with I2 = 1.

Combining the above results, we conclude that the classifi-
cation of 1D inversion FSPTs is Z2, the same as the class DIII
superconductors, i.e., T 2 = Pf fermion systems.

B. I2 = Pf

Next we consider I2 = Pf . We need to consider (i) possible
0D-block states and (ii) 1D invertible topological phases that
are compatible with I2 = Pf .

For the 0D block, the symmetry group is the unitary Z f
4 ,

with I being the generator. There are four 0D-block states, cor-
responding to the four irreducible representations of Z f

4 , i.e.,
with inversion eigenvalue being 1, i,−1, and −i, respectively.
Similar trivialization procedures to those in the I2 = 1 case
are attempted, but all the four 0D-block states remain distinct.
It suggests that they represent different FSPT states. Next, we
consider if the 1D Majorana chain is compatible with I2 = Pf .
We follow the same cutting and gluing setting in Sec. III A.
Now, the middle Majorana zero modes γl and γr satisfy the
following inversion transformation

Iγl I
−1 = γr, IγrI−1 = −γl (8)

to comply with the requirement I2 = Pf . The coupling term
−iγlγr is symmetric under I , so we can successfully glue the
two half Majorana chains in the middle. Hence, 1D Majorana
chain is compatible with I2 = Pf .

Combining all together, we have identified eight distinct
phases. The group structure of the eight FSPTs under stacking,
i.e., how the 1D Majorana chain extends the 0D-block states,
remains to be identified. To do that, we consider stacking two
identical Majorana chains (top of Fig. 2). We will show that,
without closing the energy gap and breaking the inversion
symmetry, the double chain can be adiabatically deformed to
a state in which intersite entanglement only exists between
the two sites near the inversion center (bottom of Fig. 2).
To do that, we first consider four Majoranas γ1, γ2, γ ′

1, γ ′
2

and show that there is a smooth deformation between the
following states:

γ1

γ1

γ2

γ2

γ1

γ1

γ2

γ2

(9)

where the ellipses represent that the two Majoranas are paired
up. Indeed, consider the following Hamiltonian

H (θ ) = cos θ (−iγ1γ2 − iγ ′
1γ

′
2) + sin θ (iγ1γ

′
1 − iγ2γ

′
2).

(10)
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one site

inversion symmetric
adiabatic deformation

0D block

FIG. 2. Inversion symmetric adiabatic deformation of a double
Majorana chain (top) to a state (bottom) in which intersite entan-
glement only occurs in the 0D block (gray rectangle). Each dot
represents a Majorana fermion γ , and every two dots connected
by a solid line represent a physical complex fermion. Each lattice
site of the double chain contains two complex fermions. Elliptically
shaded two dots are Majorana fermions that are paired up, where
“blue” represents pairing through −iγ γ ′ and “red” represents pairing
through iγ γ ′.

When θ = 0, the ground state is the one on the left in (9);
when θ = π/2, the ground state is the one on the right of (9).
Note that the sign of iγ1γ

′
1 is positive in (10), represented by

a “red” color in (9) for the ground state. (The key here is that
the signs in front of iγ1γ

′
1 and iγ2γ

′
2 are opposite; it does not

matter which one is positive and which is negative.) It is not
hard to find that energy eigenvalues of H (θ ) are

E = ±
√

2(1 − s), (11)

where s = ±1 is the eigenvalue of the conserved quantity
γ1γ2γ

′
1γ

′
2. The whole spectrum is independent of θ , and the

ground state has energy −2. Accordingly, the two states in
(9) are indeed adiabatically connected. Next, we apply this
smooth deformation to the whole double chain in an inversion
symmetric fashion, and obtain the state at the bottom of Fig. 2.
In this state, the only intersite entanglement occurs between
the two sites near the inversion center. These two sites are
viewed as the 0D block.

It remains to calculate the inversion eigenvalue of the 0D-
block state. This 0D block can be viewed as a single short
Majorana chain with periodic boundary condition. Let us label
the Majorana fermions under the following convention

γ1γ2

γ3 γ4

γ1 γ2

γ3γ4

(12)

The Majoranas are related to the complex fermions in the
following way:

c1 = (γ2 + iγ1)/2, c2 = (γ3 + iγ4)/2,

c′
1 = (γ ′

2 + iγ ′
1)/2, c′

2 = (γ ′
3 + iγ ′

4)/2. (13)

Under inversion symmetry, we have γi → γ ′
i and γ ′

i → −γi.
With the gapping Hamiltonian

H = −iγ1γ
′
1 − iγ4γ

′
4 − iγ2γ3 − iγ ′

2γ
′
3, (14)

it is not hard to find the ground state of the 0D block:

|ψ〉0D = (c†
1 − c†

2 − ic′†
1 + ic′†

2 − c†
1c′†

1 c′†
2 + c†

2c′†
1 c′†

2

+ ic†
1c†

2c′†
1 − ic†

1c†
2c′†

2 )|0〉. (15)

One can easily check that the 0D-block state satisfies

I|ψ〉0D = i|ψ〉0D. (16)

Accordingly, two Majorana chains stack into the root state of
0D-block states.

Hence, the group structure of inversion FSPTs with I2 =
Pf is Z8, agreeing with the classification of 1D T 2 = 1 super-
conductors.

IV. ROTATION FSPT PHASES IN 2D

We now study 2D rotation FSPTs, both with and without
additional Abelian onsite unitary symmetries. We will dis-
cuss the case of FSPT phases with C±

M symmetry only in
the main text, and present an example of intrinsically inter-
acting fermionic SPT phase with C±

M × ZT
2 symmetry. The

classifications are summarized in Table I. We leave the clas-
sifications with an additional Abelian internal symmetries to
Appendix E.

A. C−
M

Let us begin with FSPTs with C−
M symmetry only. Ac-

cordingly to the general classification scheme in Sec. I B, we
need to consider (i) possible 0D-block states, (ii) possible
1D-block states, and (iii) 2D invertible topological phases that
are compatible with C−

M symmetry.
For 0D-block states, the onsite symmetry group is isomor-

phic to Z f
2M with the generator being the rotation R. There

are 2M 0D-block states, with the rotation eigenvalue being
1, eiπ/M , . . . , ei(2M−1)π/M , respectively. These states form a
group Z2M . However, not every 0D-block state represents a
distinct FSPT state, i.e., there exists “trivialization.” Consider
a system with a fermion c j,α on each site, where ( j, α) is the
site index with j = 1, . . . , M and α is an additional label.
Under rotation R, the fermions transform as follows:

c j,α → c j+1,α, 1 � j < M; cM,α → −c1,α. (17)

The “−” sign for transformation of cM,α complies with RM =
Pf . It is easy to design a rotation symmetric gapped Hamil-
tonian such that the ground state is a simple atomic insulator∏

n,α c†
n,α|0〉. Let α = 0 represent the lattice sites closest to the

origin. Then, the 0D-block state is

|ψ〉0D = c†
1,0c†

2,0 . . . c†
M,0|0〉. (18)

It is easy to see that,

R|ψ〉0D = c†
2,0c†

3,0 . . . (−c†
1,0)|0〉 = (−1)M |ψ〉0D. (19)

Accordingly, when M is odd, this 0D-block state has rotation
eigenvalue −1. Hence, the 0D-block states reduce to a ZM

classification. Equation (19) does not lead to trivialization
for even M. We find no other trivialization processes either.
Therefore the classification of 0D-block states remains Z2M

for even M.
Next, we consider 1D-block states. Consider M semi-

infinite 1D lines, arranged in a rotation symmetric way round
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γ1

γ3

γ2

γ4

FIG. 3. Building 1D-block state by gluing half Majorana chains
across the origin in a C−

M symmetric way, for even M. We take M = 4
for illustration.

the origin. On each semi-infinite line, we may have a Ma-
jorana chain. Whether it forms a 1D-block state depends on
whether the Majorana zero modes at the origin can be gapped
out in a rotation symmetric way. When M is odd, there are
odd number of Majorana zero modes at the origin. It is ob-
vious that we cannot gap them out. When M is even, one
can show that the Majorana zero modes can be gapped out
while preserving R. One just needs to glue all pairs of the
half-chains that are opposite to one another (see Fig. 3). More
specifically, denote the Majorana zero modes at the origin by
γ1, γ2, . . . , γM . Under rotation R,

γ j → γ j+1, 1 � j < M; γM → −γ1. (20)

Then, the zero modes can be gapped out by the following
Hamiltonian:

H = −i
M/2∑
j=1

γ jγ j+M/2. (21)

Moreover, H is symmetric under the transformation (20).
Hence, we obtain a rotation symmetric 1D-block state.

Does the 1D-block state extend the 0D-block states? To
obtain the group structure of FPSTs, we consider stacking two
1D-block states (the left panel of Fig. 4). On each axis, we
have a double Majorana chain. We apply a similar adiabatic
deformation as in Fig. 2, using a Hamiltonian like (10). It
is not hard to see that the stacked 1D-block state can be
deformed to the state on the right side of Fig. 4. An important
feature of that state is that intersite entanglement only occurs
in the neighborhood of the origin. We choose these sites as the
0D block. Then, we need to calculate the rotation eigenvalue
of this 0D-block state. The calculation is very similar to that
for 1D inversion FSPTs. In fact, the 0D-block state here is
M/2 copies of the 0D-block state in Fig. 2 [given in Eq. (15)].
With this understanding, we find

R|ψ〉0D = ei π
2 (M−1)|ψ〉0D,

where |ψ〉0D denotes the 0D-block state in Fig. 4. That is, the
0D-block state is nontrivial. However, the rotation eigenvalue
can be modified, if we stack a 0D-block state to the original
1D-block state before stacking. If a 0D-block state with a ro-
tation eigenvalue eiπ p/M is attached to each 1D-block state, the
rotation eigenvalue r of the 0D-block state in Fig. 4 becomes

r = ei π
2 (M−1)+i 2π p

M .

There are two cases: (a) when M = 0 (mod 4), we can take
p = 1

4 (1 − M )M such that r = 1; (b) when M = 2 (mod 4),
there exists no integer p. Therefore, when M is a multiple of
4, there is an appropriate 1D-block state which itself forms a
Z2 structure under stacking. When M is an odd multiple of 2,
1D-block states extend the 0D-block states, and all together
they form a Z4M group.

Finally, we need to consider 2D invertible topological
phases that are compatible with C−

M symmetry. 2D fermionic
invertible topological phases are generated by the px ± ipy

states. Conventionally, they are not considered as FSPTs since
they are topologically nontrivial even in the absence of any
symmetries. We show in Appendix D that px ± ipy are com-
patible with C−

M symmetry. However, since these states form
the group Z which is of infinite order, they can never extend
the 0D- and 1D-block state. The fact that px ± ipy super-
conductors are only compatible with C−

M symmetry will be
important in our later discussions.

rotation symmetric
adiabatic deformation

0D block

FIG. 4. Rotation symmetric adiabatic deformation of two stacked 1D-block states. After adiabatic deformation, intersite entanglement only
occurs in the 0D block (gray square). Physical meanings of the graphs are the same as in Fig. 2.
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adiabatic
deformation

adiabatic
deformation

0D block

FIG. 5. Two smooth deformations of the state on the left. The state on the top right can be further deformed, in a rotation symmetric way, to
the trivial product state. The 0D-block state on the bottom right is a short Majorana chain, arranged rotation symmetrically around the origin,
which is known to have an odd fermion parity. Physical meanings of the graphs are the same as in Fig. 2.

Combining these results together, FSPTs with C−
M symme-

try are classified by the following groups under stacking

G =
⎧⎨
⎩
ZM , M is odd
Z4M , M = 2 (mod 4)
Z2M × Z2, M = 0 (mod 4)

. (22)

This agrees with the classification of 2D FSPTs with onsite
unitary symmetry Z f

2 × ZM .

B. C+
M

Let us first consider 0D block state, corresponding to lin-
ear representations of Z f

2 × ZM group. Naively the rotation
eigenvalues are e

i2π l
M where l = 0, 1, . . . , M − 1. However,

we should again consider a state like Eq. (18) which may
trivialize some of the rotation eigenvalues. Indeed, we have

R|ψ〉0D = (−1)M−1|ψ〉0D. (23)

Thus, for even M, the rotation eigenvalue −1 in fact corre-
sponds to a trivial phase. Thus we obtain ZM/2 classification.
For odd M, the classification remains ZM .

The 0D-block state with odd fermion parity can always be
trivialized. It is obvious for odd M. The atomic insulator state
in (18) has odd fermion parity. For even M, it is somewhat

less obvious. Consider a state of M Majorana chains, arranged
in a rotation-symmetric configuration, as illustrated in Fig. 5
for M = 4. We will assume that the system is infinite. On
the one hand, this state can be adiabatically deformed to a
trivial state, by disentangling two neighboring chains. On the
other hand, there exists another adiabatic deformation, namely
choosing an alternative “dimerization” pattern when disentan-
gling neighboring chains, which removes the entanglement
between fermions in a 0D block and those sitting outside. The
remaining state in the 0D block of Fig. 4 is nothing but a single
Majorana chain with periodic boundary condition. (Instead,
if we had C−

M symmetry, the boundary condition would be
antiperiodic.) It is a well-known fact that the ground state of
a Majorana chain with periodic boundary condition has odd
fermion parity. Combining the two adiabatic deformations,
it proves that the 0D block state with odd fermion parity is
indeed trivial. We note that in a finite system, one can start
from a product state, and adiabatically deform it into a state
with odd fermion parity in the origin, and a Majorana chain
sitting on the boundary.

Now we turn to 1D block states. Again consider M semi-
infinite Majorana chains meeting at the rotation center. To
construct a SPT phase, one must be able to gap out the M
Majorana zero modes in a rotationally invariant way. We can
prove that this is impossible. For odd M this is obvious, so we
will assume M is even. Denote the Majorana zero modes by
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γ j, j = 1, 2, . . . , M. Rotation acts on them by R : γ j → γ j+1.
Consider the fermion parity near the rotation center. Without
loss of generality, we have

Pf = iM/2
M∏

j=1

γ j . (24)

It is easy to show that

RPf R−1 = iM/2γ2 · · · γMγ1 = (−1)M−1Pf = −Pf . (25)

The anticommutation between R and Pf forbids a nondegen-
erate ground state.

Lastly we consider 2D block states. In this case, we find
that px ± ipy superconductors (or any state with an odd Chern
number) are not compatible with the C+

M symmetry. Therefore
only those with even Chern numbers are allowed. Interest-
ingly, there is a way around this obstruction: if the system has
a (single) Majorana mode at the rotation center, then one can
realize a px ± ipy superconductor with C+

M symmetry. We will
elaborate more on this in Sec. VI.

To conclude, we have found that the classification is

G =
{
ZM/2 M is even
ZM M is odd . (26)

All these states are characterized by an “angular momentum,”
i.e., rotation eigenvalues. In a sense they are all “bosonic” SPT
phases.

C. CM × ZT
2

In this section, we consider time-reversal symmetry in the
BDI class, i.e., T2 = 1. We will not attempt to give a full
classification, but rather focus on an example of interacting
intrinsically fermionic SPT phase protected by CM and ZT

2 .
We will consider a 1D block state. The blocks are 1D

class BDI topological superconductor, each consisting of ν

Majorana chains [53]. Since the interacting classification for
BDI superconductors is Z8, interactions can gap out the end
states of 8 Majorana modes. Therefore we may construct a
time-reversal invariant SPT state when Mν is a multiple of
8. It remains to check if the gapping interactions can be CM

symmetric. If so, the states obtained this way are only enabled
by strong interactions at the rotation center.

Here we study M = 4, ν = 2 in detail. We show that there
indeed exist CM invariant interactions which gap out the Ma-
jorana zero modes in the rotation center. The edge mode of the
1D BDI superconductor is a complex fermion. We have four
edge modes in the rotation center, c j with j = 1, 2, 3, and 4.
They transform under the time-reversal symmetry as c j → c†

j .
Under C±

4 , they transform as

c j → c j+1, j = 1, 2, 3;

c4 → sc1. (27)

where s = ±1 corresponding to C±
4 .

Let us denote n j = c†
j c j . First let us add the following

interaction to the Hamiltonian:

H1 = U

[(
n1 − 1

2

)(
n3 − 1

2

)
+

(
n2 − 1

2

)(
n4 − 1

2

)]

(28)

with U > 0. With this interaction, one and only one of the two
fermions 1 and 3 is occupied. It is the same for fermions 2 and
4. Then, there is a twofold ground-state degeneracy from 1 and
3, which can be viewed as a spin-1/2 degree of freedom. So
is it for 2 and 4. We will denote the two spins by τ13 and τ24.
More precisely,

τ
μ

ab = (c†
a, c†

b )σμ

(
ca

cb

)
, (29)

where (a, b) = (1, 3) or (2,4), and σμ with μ = x, y, z are
Pauli matrices. Under C4, they transform as

τ
μ
13 → τ

μ
24, τ x

24 → sτ x
13, τ

y
24 → −sτ y

13, τ z
24 → −τ z

13.

(30)
Under the time-reversal symmetry, they transform as

τ
μ

ab → −τ
μ

ab. (31)

Now we further add an additional term H2 to lift the degener-
acy and obtain a unique ground state. For s = 1, we add

H2 = J
(
τ x

13τ
x
24 + τ

y
13τ

z
24 − τ z

13τ
y
24

)
(32)

and for s = −1, we add

H2 = J
(
τ

y
13τ

y
24 + τ x

13τ
z
24 − τ z

13τ
x
24

)
, (33)

where J is positive. It is easy to check that the Hamiltonian H2

preserves all symmetries.
Notice that our Hamiltonian preserves the U(1) symmetry.

Therefore we can also view the system as a topological insula-
tor in class AIII, with U(1) × ZT

2 symmetry (i.e., time-reversal
acts as particle-hole transformation). An example of such 1D
topological insulator is the famous Su-Schriffer-Heeger chain.

We can also check that the 1D block construction goes
through for M = 8, ν = 1 for both C±

M .

V. ROTATION FSPT PHASES IN 3D

We study 3D FSPT phases with C±
M × G in this sec-

tion, where G is a finite Abelian unitary group. It is
known that with only finite unitary symmetry group, there
are no free FSPT phases in 3D [54,55]. We will see that
this is true with rotation symmetry as well, as expected
from the crystalline equivalence principle. We will con-
struct a series of FSPT phases which are all stabilized by
interactions.

For 3D systems, we should consider (i) 3D internal FSPT
phases. (ii) 2D block states and (iii) 1D block states on the
rotation axis.

Let us first consider 3D block states. These are internal
FSPT phases with Z f

2 × G symmetry. Recently complete clas-
sifications of such phases have been proposed in Refs. [47,48],
extending an earlier partial classification based on group
super-cohomology [45]. We conjecture that all 3D internal
FSPT phases with Abelian unitary symmetries are consis-
tent with the C−

M symmetry. More specifically, as we will
argue later (see Sec. VI), the “beyond-supercohomology”
FSPT phases, or Majorana-decorated SPT phases, are only
compatible with C−

M symmetry. We conjecture that the group
supercohomology phases can be compatible with both C±

M
symmetries.
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Let us comment on the general strategy to study 2D block
states. It turns out that for our purpose, all relevant 2D block
states have free fermion realizations, so we can easily obtain
low-energy theories of 1D gapless edges. They are either
Majorana or Dirac fermions. Let us set up some notations
that will be used throughout the section. The chiral Majorana
edge mode of a px + ipy superconductor is denoted by γ ,
and the Majorana edge mode of a px − ipy superconductor is
denoted by γ which has opposite chirality to γ . The chiral
Dirac edge mode of a Chern insulator with Chern number
C = 1 is denoted by ψ , while ψ denotes the chiral Dirac edge
modes for C = −1.

In order to build a fully gapped bulk phase, we demand that
these edges can be gapped out without breaking the internal
symmetries or the CM symmetries. Once we focus on the
edges, we can imagine “folding” all the half planes so that they
can be treated as a multilayer system, and the rotation acts as a
cyclic permutation of layers, i.e., an internal symmetry. Then
the requirement is that the multilayer system is a trivial SPT
phase under all the symmetries.

The 1D block states are 1D FSPT phases with only internal
symmetries, as C±

M acts as internal symmetry on the rotation
axis. Another issue one needs to deal with is the possible
group extension of G−1 by G−2. Some 2D block states may
stack into 1D block states, leading to nontrivial group exten-
sion of G−1.

In the main text, we consider the classifications of FSPT
phases with C±

M symmetry only, and those with C−
M × ZN sym-

metry, to highlight the main technicalities and the subtleties
that may arise. To simplify our discussions, we will assume
that the orders of groups are all powers of 2, i.e.,

M = 2m, N = 2n, (34)

with m � 1 and n � 0. We have also considered other Abelian
internal symmetries and the details can be found in Ap-
pendix F. We summarize the classification s for C±

M × ZN in
Tables II and III, which we believe are complete.

A. C−
M

When only the rotation symmetry is present, there is no
need to consider 3D block states. For 1D block states, the
rotation symmetry becomes an internal symmetry Z f

2M . This
case is covered by Sec. V B 1 below. It turns out that there is
no nontrivial 1D block states. Furthermore, we do not have to
consider 2D block states, since they would have to be a class
D topological superconductor which is classified by Z. There
is no way that their chiral edge modes near the rotation axis
can be gapped out, and thus can not be used to build 2D block
states. In conclusion, we find that there are no nontrivial FSPT
phases in this case.

B. C−
M × ZN

We now study FSPT phases with C−
M × ZN symmetry. All

nontrivial FSPT phases found here are enabled by strong
interactions. The classification is summarized in Table II.

1. 1D block states

In a 1D block state, the internal symmetry on the rotation
axis is Z f

2M × ZN . Hence, we need to deal with 1D FSPT
phases with Z f

2M × ZN internal symmetry, which we review
in Appendix C. The “bosonic” part of the symmetry group is
Gb = ZM × ZN . It is extended nontrivially by Z f

2 . The group
extension can be described by a 2-cocycle ν ∈ H2[Gb,Z2].
We label the group elements of Gb by a = (a1, a2) where
a1 ∈ Z/MZ, a2 ∈ Z/NZ, and group multiplication is denoted
additively. Then, an explicit representation of ν is

ν(a, b) = a1 + b1 − [a1 + b1]M

M
. (35)

where [. . . ]M denotes “modulo M.”
As reviewed in Appendix C, we have three types of 1D

FSPT phases: (i) the Majorana chain, (ii) FSPT phases de-
scribed by μ ∈ H1[Gb,Z2], and (iii) bosonic SPT phases
described by an element in H2[Gb,U (1)]. It is known from
Ref. [53] that the Majorana chain is not compatible with
a nontrivial ν, which is exactly our case. So, we do not
need to consider the Majorana chain. Next, we pick a μ ∈
H1[Gb,Z2] for the second type of FSPT phases (i.e., μ is a
homomorphism Gb → Z2). However, not all μ’s are valid.
Mathematically, μ leads to an FSPT phase only if the so-
called the obstruction class [O] ∈ H3[Gb, U(1)] is a trivial
3-cocycle (see Appendix C). More explicitly, O is given by

O(a, b, c) = 1

2
μ(a)ν(b, c)

= μ(e1)

2M
a1(b1 + c1 − [b1 + c1]M )

+ μ(e2)

2M
a2(b1 + c1 − [b1 + c1]M ), (36)

where e1 = (1, 0) and e2 = (0, 1). To determine whether [O]
is trivial or not, we compute the invariants for group cohomol-
ogy classes defined in Ref. [56]:

�1 = πμ(e1), �2 = 0, �12 = πN

(M, N )
μ(e2), (37)

where (M, N ) denotes the greatest common divisor of M and
N . It was shown in Ref. [56] that [O] is trivial if and only if all
the above invariants vanish. Therefore we must have μ(e1) =
0 and

μ(e2) =
{

0, 1 if m < n
0 if m � n

. (38)

For the nontrivial case μ(e2) = 1 when m < n, we also
have to consider bosonic SPT phases. They are classified by
H2[ZM × ZN , U(1)] = Z(M,N ) = ZM . It can be shown that
the FSPT phases and bosonic SPTs together form a Z2M group
under stacking. Hence, the overall classification is given by
Z2M with a root fermionic SPT when m < n, and Z(M,N ) =
ZN for m � n with all SPTs being bosonic. Putting the two
cases together, the classification of codimension-2 SPT phases
is given by G−2 = Z(2M,N ). These 1D block states cannot be
trivialized.

We note that none of the 1D SPT phases with 1 � m <

n can be realized in noninteracting systems. The reason is
that for free fermions, Z f

2M with M even is automatically
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enhanced to a U(1) symmetry. We can then diagonalize the
single-particle Hamiltonian according to eigenvalues of the
ZN symmetry, and in each subspace with a given eigenvalue,
the single-particle Hamiltonian falls in class A, which has no
nontrivial states in 1D. An interacting commuting projector
model for Z f

4 × Z4 1D SPT phase is recently presented in
Ref. [57].

2. 2D block states for n = 1

We now turn to 2D block states. The situations for n =
1 and n > 1 are different. We discuss the n = 1 case in this
subsection, and leave the latter to the next subsection. On the
half planes are 2D FSPT phases with Z2 symmetry, whose
classification is reviewed in Appendix C. The key question
is whether we can glue the 2D blocks at the rotation axis by
gapping out the edge modes without breaking the symmetries.

To see whether the gapless edge modes can be gapped
out preserving all symmetries, we fold the 2D blocks to a
multilayer system. Then, the rotation symmetry becomes the
cyclic permutation of layers, i.e., an internal Z f

2M symmetry.
The gappability of the edge modes is equivalent to that the
multilayer state is topologically trivial. This can be checked
by computing the topological response through inserting sym-
metry defects with fluxes corresponding to g and R, the
generators of Z2 and C−

M respectively. The SPT phase is trivial
if and only if the topological response of these defects are
“trivial”. The precise meaning of “triviality” will be clear be-
low. More specifically, according to Ref. [58], the SPT phase
with Z f

2M × Z2 symmetry is trivial as long as the topological
twists of the g and R are trivial, which we calculate now.

To do that, we first describe how the edge modes trans-
form under the symmetries. 2D FSPT phases with internal
Z2 symmetry are classified by Z8. The edge of a nontrivial
SPT phase contains ν pairs of counter-propagating Majornana
modes, γa and γ a, where a = 1, . . . , ν and ν = 1, 2, . . . , 7.
Since we have M copies of 2D blocks, there are Mν pairs
of Majorana modes, γ j,a and γ j,a, with j = 1, . . . , M. Under
rotation R, they transform as

γ j,a → γ j+1,a, 1 � j � M − 1,

γM,a → −γ1,a. (39)

The transformations of {γ j,a} are the same. At the same time,
under the Z2 symmetry g, they transform as

γ j,a → −γ j,a, γ j,a → γ j,a. (40)

That is, γ j,a is neutral while γ j,a is charged under Z2 symme-
try.

To proceed, we transform the Majorana fields to an eigen-
basis of the rotation symmetry. We define the following Dirac
fermion modes:

ψl,a =
M∑

j=1

ω−l jγ j,a, ψ̄l,a =
M∑

j=1

ω−l j γ̄ j,a, (41)

where ω = e
iπ
M and l is an odd integer. Without loss of gener-

ality, we take l = 1, 3, . . . , M − 1 and there are M/2 distinct
values of l . It is straightforward to check these fermions sat-
isfy the anticommutation relations of Dirac fermions. Under

rotation R,

ψl →
M−1∑
j=1

ω−l jγ j+1 − ω−lMγ1

=
M∑

j=2

ω−l ( j−1)γ j + γ1

= ωl
M∑

j=1

ω−l jγ j

= ωlψl , (42)

where we have omitted the index a for clarity. It is the same
for the symmetry transformation of ψ l,a. Accordingly, in this
basis, all Dirac fermion modes transform diagonally under the
rotation R. It is obvious that the Dirac fermions also transform
diagonally under the Z2 symmetry g.

To check whether the SPT phase is trivial or not, we cal-
culate the topological spins corresponding to g and R fluxes.
A basic fact that will be used (and repeatedly used later) is
the following: in a Chern insulator with Chern number C, a
2πφ flux, where φ is a rational number, has a topological
twist factor eπ iCφ2

. In this section (as well as continuations
in Appendix F), we denote topological twist factor as e2π ih

where h is the topological spin. According to (40), the g flux
corresponds to the collection of π fluxes from the ψl,a modes,
each corresponding to a C = 1 Chern insulator. Hence, we
have

hg = νM

16
. (43)

The triviality of the multilayer SPT phase requires that 2hg ≡
0 modulo integers. The factor of 2 follows from the fact that
g is an order-2 group element (cf. Refs. [58,59]). Hence, νM
should be a multiple of 8. This is just saying that M copies of
the 2D SPT states must be trivial. To calculate the topological
spin of the R flux, we notice that ψl,a and ψ l,a transform in
the same way under R. However, they contribute oppositely
to the topological spin of R. Accordingly, we have

hR = 0. (44)

Hence, the overall requirement for the multilayer SPT to be
trivial is Mν ≡ 0 (mod 8).

To summarize, as long as the 2D SPT blocks satisfy the
“fusion” requirement Mν ≡ 0 (mod 8), they can be glued to-
gether to form a 3D FSPT phase. The group structure follows
immediately from that of the 2D phases.

(1) For m = 1, the root state corresponds to ν = 4 on the
half plane, forming a Z2 subgroup. This is in fact a bosonic
SPT.

(2) For m = 2, the root state corresponds to ν = 2 on the
half plane, forming a Z4 subgroup. This phase corresponds
to the interacting FSPT phase found in Ref. [60] with Z f

2 ×
Z2 × Z4 symmetry.

(3) For m � 3, the root state corresponds to ν = 1 on the
half plane, forming a Z8 subgroup. This phase corresponds
to the interacting “beyond-supercohomology” FSPT phase
found in Refs. [48,61] with Z f

2 × Z2 × Z8 symmetry.
In a closed form, the classification is G−1 = Zgcd(M,8).
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Finally, we need to check the overall group structure of
SPTs under stacking operation, after taking both 1D and 2D
block states into consideration. This is discussed in Sec. V B 4.
The result is that there is no group extension, so the overall
classification is given by

G = G−1 × G−2 = Z2 × Zgcd(M,8). (45)

The results are summarized in Table II.

3. 2D block states for n � 2

When n � 2, 2D FSPT phases with ZN internal symmetry
are classified by Z2 × Z2N . Here the Z2 subgroup is gen-
erated by the so-called “non-Abelian” root SPT phase, with
Majorana edge modes. The Z2N subgroup is generated by
an “Abelian” SPT phase with Dirac edge modes (however,
two copies of the root state is equivalent to a bosonic state).
Both root phases admit free fermion realizations, which are
reviewed in Appendix C.

First, we consider the 2D blocks to be in the Z2 Majorana
root state. As long as m � 1, the edge modes at the rotation
axis all together can be gapped out. One just needs to check
whether they can be gapped out without breaking symmetries.
According to Ref. [58], the edge theory of each 2D FSPT
block consists of N2/4 chiral Majorana edge modes γ ja, with
j = 1, . . . , M and a = 1, . . . , N2/4, and N2/8 chiral Dirac
edge modes Ψ jb for b = 1, . . . , N2/8. Note that γ ja and Ψ jb

have opposite chiralities. Again, let us denote g as the genera-
tor of ZN symmetry and R as the rotation. Under g, the fields
transform as

γ j,1 → −γ j,1,

γ j,a → γ j,a, a � 2,

Ψ j,b → ei2π/NΨ j,b. (46)

Under rotation R, we have

γ j,a → γ j+1,a, Ψ j,b → Ψ j+1,b, j � M − 1,

γM,a → −γ1,a, Ψ M,b → −Ψ 1,b (47)

We define the following complex fermions to diagonalize the
rotation symmetry transformation:

ψla = 1√
M

M∑
j=1

ω−l jγ ja,

ψ pb = 1√
M

M∑
j=1

ω−p jΨ jb, (48)

where ω = eiπ/M , l is an odd integer taking values in the range
1, 3, . . . , M − 1, and p is also an odd integer taking values
in the range 1, 3, . . . , 2M − 1. Under the rotation R, these
complex fermions transform as

ψla → ωlψla, ψ pa → ωpψ pa. (49)

With the above preparation, we now check if the 2D blocks
can be glued at the rotation axis while preserving the symme-
tries. It is equivalent to check if the edge of the multilayer
system, obtained by folding the 2D blocks, can be gapped

out without breaking R and g, i.e., if the multilayer sys-
tem is topologically trivial. The symmetries become internal
Z f

2M × ZN symmetry in the multilayer system. According to
Refs. [58,59], to see if the SPT is trivial or not, it is enough
to check the topological spins of the R, g and gR fluxes. With
similar calculations as in Sec. V B 2, it is easy to check that

hg = hR = 0. (50)

To calculate the topological spin of the gR flux, we first
write down how the complex fermions transform under the
combined gR symmetry:

ψl1 → −ωlψl1,

ψla → ωlψla, a � 2,

ψ̄pb → ei2π/Nωpψ̄pb. (51)

We can then obtain

hgR = 1

2

[∑
l

(
M + l

2M

)2

+
∑

l

(
N2

4
− 1

)(
l

2M

)2]

− N2

16

∑
p

(
1

N
+ p

2M

)2

= − M

64
(N2 + 4N − 4)

= − M

16

[(N

2

)2

+ N − 1

]
. (52)

Notice that ( N
2 )2 + N − 1 is an odd integer. For the SPT phase

to be trivial, we should have

hgR × [2M, N] = 0, (mod 1),

where [. . . ] stands for “least common multiple.” The factor
[2M, N] is the order of the group element gR. This factor is
needed for the purpose of finding “trivial” topological spins
(cf. Refs. [59] or [58]). Then, we have the following two cases.

(1) When m � n � 2, [2M, N] = 2M. Then, we always
have 2MhgR to be an integer.

(2) When m < n, then [2M, N] = N . Then, we should have

NhgR = −MN

16
= 2m+n−4,

where the equations are defined modulo integers. This require-
ment is not satisfied, i.e., the multilayer SPT is nontrivial,
only if m = 1, n = 2. All other cases with n > m � 1 the
multilayer SPT is trivial.

Therefore the 2D blocks can be glued without breaking
the symmetries for most cases, only except for C−

2 × Z4.
A similar obstruction arises in the construction of “beyond-
supercohomology” phases with Z f

2 × Z2 × Z4 symmetry
[48].

Next, we consider the other choice of 2D block states, by
putting an Abelian FSPT phase on the half plane. The Abelian
FSPT phases with ZN symmetry are classified by Z2N . Let
us put each 2D block in such an FSPT phase with index ν,
with ν = 1, . . . , 2N − 1. The edge of each block consists of ν

pairs of counter-propagating Dirac fermions Ψa and Ψ a, with
a = 1, . . . , ν. Since we have M copies of 2D blocks, there are
in total Mν pairs of Dirac fermions at the rotation axis. Under
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rotation R and the ZN generator g, the fermions transform as
follows:

R : Ψ j,a → Ψ j+1,a, Ψ j,a → Ψ j+1,a, 1 � j < M;

ΨM,a → −Ψ1,a, Ψ M,a → −Ψ 1,a

g : Ψ j,a → e
2π i
N Ψ j,a, Ψ̄ j,a → Ψ̄ j,a. (53)

Again, we Fourier transform them to ψla and ψ̄la:

ψla = 1√
M

M∑
j=1

ω−l jΨ ja, ψ la = 1√
M

M∑
j=1

ω−l jΨ ja. (54)

Note that here l ranges from ±1,±3, . . . ,±(M − 1). Under
rotation R, we have

R : ψla → ωlψla, ψ̄la → ωl ψ̄la. (55)

The g transformation takes the same form as Ψ ja and Ψ ja.
Under the combined gR transformation, we have

gR : ψla → ei2π/Nωlψla, ψ̄la → ωl ψ̄la. (56)

With the above preparation, we now check if the 2D blocks
can be glued without breaking the symmetries. As before, it
is enough to check the topological spins of the g, R and gR
fluxes in a multilayer system after folding the 2D blocks. After
similar calculations as before, we find

hR = 0,

hg = hgR = νM

2N2
. (57)

Again, considering the orders of the elements g and gR are N
and [2M, N] respectively, the multilayer SPT is trivial if

N × νM

2N2
= νM

2N
= 0 (mod 1).

That is, we should have νM = 0 (mod 2N ). More specifically,
we have the following two cases.

(1) When m > n � 2, then νM is always a multiple of
2N . Thus the 2D block state is “obstruction-free” and the
classification is Z2N .

(2) When m � n, for νM to be a multiple of 2N , we require
ν to be a multiple of 2N

M . Then, the Abelian 2D block states are
classified by ZM .

Putting the two cases together, we have the Abelian 2D
block states are classified by Z(M,2N ), where (M, 2N ) is the
greatest common divisor of M and 2N . To summarize, the 2D
block states are classified by

G−1 =
{
Z2, C−

2 × Z4

Z(M,2N ) × ZNA
2 , others

. (58)

For C−
2 × Z4, the 2D block states are Abelian FSPT phases.

For other symmetries, the generator of ZNA
2 corresponds the

non-Abelian Majorana FPST phases and Zgcd(M,2N ) corre-
sponds to Abelian FSPT phases.

Finally, we check the overall group structure of the 1D
and 2D block states under stacking operation. This is done
in Sec. V B 4. The result is that G−2 extends G−1 only when
M = 2, and the extension occurs only for ZNA

2 . That is, when
M = 2, the root ZNA

2 blocks state stacks into the 1D root block
state. Since 1D block states are classified by Z(2M,N ) = Z4, it

FIG. 6. Symmetry defects in 2D-block states with C−
M × ZN

symmetry. We have set M = 8 for illustration. (a) ZN symmetry
defect loop (blue solid circle) is a collection of 2D defect points.
The disk bounded by the loop is 2D FSPT state (1D-block state).
The dashed lines are branch cuts. (b) A link of disclination (rotation
defect) and ZN defect loop.

leads to an overall Z8 classification. Accordingly, the overall
classification is given by

G =
⎧⎨
⎩
Z2 × Z4, m = 1, n = 2
Z2 × Z8, m = 1, n � 3
Z(M,2N ) × Z(2M,N ) × ZNA

2 , m � 2, n � 2
, (59)

where we have used the explicit form of G−1 and G−2.
One comment is that both C−

2 × ZP and C−
P × Z2 corre-

spond to internal symmetry Z f
2 × Z2 × ZP, and thereby their

FSPT phases should give the same classification. Indeed, the
above result agrees with that in Sec. V B 2. Also, for m, n � 2,
the classification is symmetric in M and N , agreeing with
the fact that C−

M × ZN corresponds to Z f
2 × ZM × ZN internal

symmetry, where ZM and ZN are in symmetric positions.

4. Group structure of FSPT phases

To obtain the aforementioned group G , we make use of the
following two properties. First, if a 2D-block state is bosonic,
it will not stack into a 1D-block state. This can be seen from
our discussion on bosonic rotation SPT phases in Appendix B.
Second, if we insert a loop-like symmetry defect into a 3D
FSPT state, the membrane bounded by the loop supports a 2D
FSPT state. This point is demonstrated in Ref. [60]. It can be
used to infer the group structure of G .

The first property is enough to determine G for n = 1.
In this case, the root state in G−1 is either bosonic itself or
stacking into a bosonic SPT. So, G−1 will not be extended by
G−2, making G = G−1 × G−2. It is similar for the “Abelian”
SPT states for n � 2. Therefore the only possible nontrivial
extension of G−1 by G−2 comes from “non-Abelian” SPT
phases.

To check if two non-Abelian 2D-block states will stack into
a 1D-block state, we consider symmetry defects. Figure 6(a)
shows a unit defect of ZN . It consists of a set of defect
points on the 2D planes, which collectively form a looplike
symmetry defect in 3D. More precisely, in each 2D plane,
we create a pair of defect points, connected by a branch cut.
We then bring one end of the branch cut onto the rotation
axis, and glue all branch cuts together on the rotation axis.
For 2D “non-Abelian” SPT states, the unit ZN defect carries
a Majorana zero mode. So, a branch cut can be thought of
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as a Majorana chain. When we glue the branch cut together,
they form a rotation symmetric 1D-block state on the 2D
membrane bounded by the defect loop. Under stacking, these
membrane FSPTs should follow the same group as 2D C−

M
FSPT phases. According to Sec. IV A, nontrivial extension
occurs only when M = 2. That is, for M = 2, 1D-block states
on the membrane stack into 0D-block states on the membrane.
It implies that the corresponding 3D FSPT state must be a
1D-block state. Similar analysis can be done on the rotation
defect (i.e., disclination), shown in Fig. 6(b), which does
not change the stacking structure. Therefore ZNA

2 is extended
by G−2 only for m = 1 and n � 3. This gives the results in
Eq. (59).

Two comments are in order. First, the group G can also be
obtained by studying the surface. Suppose the bulk is a root
2D block state in G−1. On the rotation axis, edges of the M
blocks are gapped out without breaking any symmetry. On the
surface, the M edges, arranged rotation symmetrically, remain
gapless. If we stack |G−1| copies of the root state, the edge
modes on the surface can be gapped out, leaving the only
subtlety at the intersection point of the surface and rotation
axis. This point may carry a symmetry-protected zero mode.
Whether it hosts a zero mode or not corresponds exactly to
whether the stack of |G−1| copies of the root state is a 1D-
block state or not. However, it is technically not very easy to
do so. Second, symmetry defects themselves have interesting
properties. Here, we mention one. For a “non-Abelian” 3D
FSPT state, if a unit ZN defect loop is linked to a disclination,
both will carry an odd number of Majorana zero modes [see
Fig. 6(b)]. It is obvious that the ZN defect loop carries an odd
number of Majorana zero modes. Since the overall number
of Majorana zero modes must be even, the disclination must
also host an odd number of Majorana zero modes. Note that
an odd number of Majorana zero modes are robust even after
they mobilize on the loop. This property has recently been
studied in internal FSPT states in Ref. [61].

C. C+
M

Like in the C−
M case, we only need to consider 1D block

states for C+
M symmetry. For 1D block states, we have an

internal ZM × Z f
2 symmetry on the rotation axis. As reviewed

in Appendix C, classification of 1D FSPT phases with in-
ternal symmetry is given by a triple (μ,ω, γ ), where [μ] ∈
H1[ZM,Z2] = Z2, [ω] ∈ H2[ZM, U(1)] = Z1 and γ = 0, 1
specifies whether it is a Majorana chain or not. The four 1D
block states form a Z2 × Z2 classification [46]. We show that
all these 1D block states can be trivialized. Hence, there are
no nontrivial SPTs for the C+

M symmetry.
We first consider γ = 1, i.e., a Majorana chain on the axis.

Let us consider a surface perpendicular to the rotation axis,
which preserves the symmetry. We see that there is a Majorana
zero mode at the rotation center on the surface. This Majorana
zero mode can be eliminated by the following construction:
as we show in Appendix D, a fully gapped px + ipy super-
conductor in 2D is only consistent with C−

M symmetries. If we
enforce a C+

M symmetry, we can build a px + ipy supercon-
ductor with a Majorana zero mode at the rotation center. We
can then stack this 2D state to the 3D surface, and couple the
two Majorana zero modes to gap them out. We thus find a

FIG. 7. Illustration of how to trivialize a Majorana chain on C2

rotation axis. On the left, we show two planes of chiral topological
superconductors parallel to the inversion axis, with opposite chiral-
ities. Turning on the inversion-symmetric interplane couplings near
the inversion axis, one can deform the system to the right picture
where the two planes are reconnected and a Majorana chain is left in
the middle. The bottom of the figure shows a top view of the system,
where chiral Majorana edge modes are reconnected.

fully gapped, short-ranged entangled surface on the surface,
meaning that the bulk is also trivial.

One can in fact directly trivialize the bulk, using the con-
struction in Sec. II B [62]. We will illustrate this construction
for M = 2. First, we consider two layers of 2D supercon-
ductors parallel to the inversion axis, one px + ipy and one
px − ipy, such that the two layers are mapped to each other
under rotation. This is illustrated in the left panel of Fig. 7.
Now we turn on interlayer couplings in the region close to the
inversion axis, to “reconnect” the two planes. The regions with
interlayer coupling turned on are then disentangled. However,
if we require that the interlayer coupling preserves the C2

symmetry, the disentangling can not be complete; there is
actually a Majorana chain left in the middle, shown in the
right panel of Fig. 7. This can be seen from the surface, by
exactly the same argument in Appendix D.

Now we start from the state with a Majorana chain on
the inversion axis. We can create two cylinderal “bubbles”
of chiral px − ipy superconductors, bring them close to the
inversion axis, and use the deformation process described
in the previous paragraph to eliminate the Majorana chain
while reconnecting the two cylinders into one larger cylinder
enclosing the axis. Then we can push this topological super-
conductor close to the surface. As shown above, a gapped
surface necessarily harbors a px + ipy superconductor, which
can be trivialized together with the one created from the bulk.
Now the whole state is trivialized. While we just described a
particular construction, we conjecture that this is what hap-
pens in general: given a finite (CM-symmetric) region, any
adiabatic deformation that disentangles the Majorana chain on
the axis necessarily creates a px ± ipy superconductor on the
boundary.

We note that this is an interesting kind of bulk-boundary
correspondence: while the bulk is indeed trivial, its surface is
nevertheless a nontrivial invertible topological phase. In fact,
the invertible phase realized on the surface is “anomalous,”
in the sense that one can not find the same phase with the
given symmetry properties in strictly 2D systems. In this

195154-15



MENG CHENG AND CHENJIE WANG PHYSICAL REVIEW B 105, 195154 (2022)

case, the boundary realizes a px ± ipy superconductor with
C+

M symmetry. This is impossible unless the Hilbert space of
the 2D system contains an odd number of Majorana modes
in any CM-symmetric region, which is of course what the
bulk provides. The “anomalous” invertible phase can only be
realized on the boundary of a trivial bulk state but still with
nontrivial entanglement. If we remove the bulk entanglement,
i.e., transforming the bulk into a product state, we necessarily
remove the boundary state as well.

Next we consider a nontrivial [μ], which means that on
the edge, the generator of ZM (namely, R) does not commute
with the fermion parity. We can realize such a phase by two
decoupled Majorana chains, whose Majorana edge modes
are denoted by γ1 and γ2, and let R maps to (−1)N1 . One
might worry that such a representation of ZM is not faithful.
This can be easily resolved by attaching a completely trivial
state where R acts faithfully, without affecting any of the
discussions we will have. The R transformation acts on the
boundary as

R : γ1 → −γ1, γ2 → γ2, (60)

under which the local fermion parity iγ1γ2 changes. That is,
RPf = −Pf R, forming a projective representation of Z f

2 ×
ZM .

This 1D block state is trivial, which we show in a similar
way as above. Again, consider a surface perpendicular to the
rotation axis. We see that there is a pair of Majorana modes
on the surface, transforming under rotation according to the
projective representation (60). Now we stack a purely 2D
short-range entangled state onto the surface to eliminate the
Majorana modes. The surface state we stack is the 1D block
state of 2D C+

M symmetric state, discussed in Sec. IV B. It is
built out of M copies of semi-infinite Majorana chains, ar-
ranged in a rotation symmetric fashion. The Majorana modes
at the ends of the chains form a projective representation of
C+

M [see Eq. (25)]. Then, when this 2D state is attached to
the surface, these Majorana modes together with the original
pair of Majorana modes can be gapped out without breaking
the symmetry. This is because that C+

M has only one projective
representation, which is of order 2. Hence, we have shown that
the 1D block state admits a fully gapped, short-range entan-
gled surface, meaning that the bulk is trivial. One may also try
to directly trivialize the bulk by creating “bubbles” in the bulk,
which now should be loops of Majorana chains. The argument
is very similar to that for the px + ipy superconductors, which
we will leave for the readers.

Similarly to C+
M symmetric px + ipy superconductors, the

attached 2D state is “anomalous.” It is not compatible with
C+

M symmetry if we require it to be fully gapped and to live in
strictly 2D. It can only live on the surface of a trivial 3D bulk,
if fully gapped.

VI. LSM ANOMALY FOR FSPT PHASES

In the derivation of the classification, we have found sev-
eral cases, all with C+

M symmetry, that a FSPT phase can
be realized only in a system where degrees of freedom in a
rotationally-invariant region transform “anomalously” under
the symmetry. Conversely, in such a system, a SRE ground
state has to be the associated FSPT phase. These are new

examples of Lieb-Schultz-Mattis theorems for SPT phases.
Previously similar theorems were derived for systems with
magnetic translation symmetries [31,32].

The basic example is a 2D system of fermions with C+
M

symmetry, and a Majorana zero mode at the rotation center.
When M is even, the ground state has to be a topological
superconductor with odd Chern number. This is closely re-
lated to the “no-go” that a px + ipy superconductor is only
compatible with C−

M symmetry; with C+
M symmetry there is

necessarily an unpaired Majorana zero mode at the rotation
center, which is demonstrated in Appendix D. For odd M, we
can obtain a gapped ground state by a 1D block construction
with M number of Majorana chains meeting at the rotation
center.

Let us briefly outline a proof of this LSM theorem, gener-
alizing the technique used in Ref. [29]. Let us consider the C2

subgroup of the CM , and denote the inversion by I. Imagine
inserting two fermion parity fluxes to the system, and place
them in C2-invariant positions. Under I, the Hamiltonian is
not invariant since the branch line between the two fluxes
change location. Denote by � the region encoded by the
union of the branch lines before and after applying I. The
inversion symmetry can be restored by combining I with
a fermion parity symmetry transformation restricted to the
� region. However, this new inversion anticommutes with
the global fermion parity, because there are odd number of
Majorana modes inside the region. Therefore we conclude
that there must be at least two ground states in the pres-
ence of the fermion parity fluxes, with different fermion
parities. Obviously, this kind of nonlocal degeneracy can
only arise in topological superconductors with odd Chern
numbers.

Building on this theorem, we can easily obtain several
others when additional symmetries are present.

(1) With a global Z2 symmetry, consider a system with
a fermion mode c at the rotation center which transforms as
c → c† under the Z2 symmetry. We can prove that a symmet-
ric ground state must be a Z2 2D FSPT phase.

(2) With a global ZT
2 symmetry and T2 = Pf , we conjecture

that a system with a Majorana Kramers doublet at the rotation
center must have a class DIII TSC as the ground state. This
was recently discussed in Ref. [63].

Similar phenomena can happen for 3D systems. Consider
a class DIII topological superconductor. They are labeled by
an integer ν mod 16. We will argue that the odd ν ones are
only compatible with C−

M symmetry. Consider creating a time-
reversal domain wall in the bulk (i.e., by adding time-reversal
breaking mass terms). Since the time-reversal symmetry is
broken, on either side of the domain wall one can continuously
deform the state into a trivial one. However, there must appear
a 2D class D topological superconductor with odd Chern
number at the domain wall, a defining feature of the bulk state.
Now suppose the domain wall lies in a plane perpendicular
to the rotation axis. The setup exactly preserves the rotation
symmetry, so it is only compatible with C−

M . We can conclude
that the original bulk state shares the same property since
everything we have done preserves rotational invariance. If
the symmetry is C+

M , we are forced to introduce a Majorana
zero mode at the intersection of the domain wall and the
rotation axis. This implies that the rotation axis must host a
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helical Majorana fermion, i.e., the edge state of a 2D class
DIII topological superconductor.

The same arguments apply to “beyond supercohomology”
FSPT phases [47,48]. These phases can be thought as decorat-
ing 2D Majorana FSPT states on domain walls, and we know
that these 2D Majorana FSPT phases are only compatible with
C−

M symmetry. By considering a domain wall perpendicular to
the rotation axis, we conclude that the same is true for the 3D
FSPT phase.

Our discussion in Sec. V C provides a bulk interpreta-
tion for these SPT-LSM theorems, in terms of a trivial but
neverthess entangled bulk. While we focus on rotations, sim-
ilar interpretations hold for other SPT-LSM theorems. For
instance, Ref. [32] proved that for a 2D fermionic system
with an odd number of Majorana modes together with a π

flux per unit cell, SRE ground states preserving the magnetic
translation symmetry must have odd Chern number. The LSM
anomaly in this theorem can be understood as follows: in
systems that do not obey the conditions of the LSM theo-
rem, it is impossible to realize px ± ipy superconductors with
magnetic translation symmetry. This is best understood if
one gauges the fermion parity to obtain an Ising topological
order. There are three types of quasiparticles I, σ, and ψ ,
where σ is the fermion parity flux, an Ising anyon, and ψ

is the fermion. Now the magnetic translation symmetry in
the ungauged fermionic system becomes an usual translation
symmetry in the gauged system, i.e., a symmetry-enriched
Ising topological order. However, this interpretation requires
that the ψ quasiparticle transform projectively. From the gen-
eral classification of symmetry-enriched topological phases
[64,65], we know that the fermion ψ in the Ising topological
phase must carry the same symmetry representation as the
vacuum, i.e., linear representation, as both of them appear in
σ × σ fusion channels. Therefore no projective representation
is allowed on ψ , including magnetic translation symmetry.
The only way out is that the system is realized on the surface
of a 3D bulk, in this case a stack of Kitaev chains.

We can further generalize the argument to conclude that
with a global unitary symmetry G, if fermions carry nontrivial
projective representations of G then it is impossible to re-
alize topological superconductors with odd Chern numbers.
This “no-go” covers both the C+

M rotation (there is a twist in
the projective representation as one interprets the symmetry
as an internal one) case, as well as the SPT-LSM theorem
with magnetic translation symmetry discussed earlier. We also
conjecture that such topological superconductors with incon-
sistent symmetries can be realized on surfaces of 3D trivial
but entangled bulk.

VII. CONCLUSION

In conclusion, we have applied the dimensional reduction
approach to study 1D, 2D, and 3D interacting fermionic SPT
phases with a symmetry group CM × G, where CM consists
of rotations and G contains internal Abelian symmetries. We
obtain the classification of fermionic SPT phases for various
symmetry groups. In addition, 2D and 3D fermionic crys-
talline SPT phases that can only exist with strong interaction
are constructed. By comparing our results with known clas-
sifications of internal SPT phases, we formulate a precise

crystalline equivalence principle for fermionic systems. We
also identify several new instances of Lieb-Schultz-Mattis-
type theorems for 2D FSPT phase. The main results have been
summarized in Sec. I C.

In this work, we only study FSPT phases with rotation
symmetry and Abelian internal symmetries. Moreover, the
total symmetry group is a direct product of the two. For
future studies, it is interesting but challenging to study the
classification of more general crystalline symmetry groups,
in particular those in which the crystalline symmetries are ex-
tended by the internal symmetries. The crystalline equivalence
principle of these symmetry groups are particularly interesting
to look at. Also, a general proof of the crystalline equivalence
principle for FPST phases is highly demanded.

Related works. Several relevant works on crystalline SPT
phases appeared on arXiv around the same time that a preprint
of this work was posted (in October 2018; see the note be-
low). References [63,66,67] presented general frameworks
for the classification of crystalline SPT phases. In particu-
lar, our results partially overlap with Ref. [66]. Reference
[68] also constructed interacting intrinsically fermionic SPT
phases with crystalline symmetries.

Note added. Compared to Ref. [69], the main improvement
is the derivation of classification group G of 3D FSPT phases
(see Sec. V B 4 and related discussions in Appendix F). In
addition, a new example is included in Appendix F 3.

ACKNOWLEDGMENTS

M.C. acknowledges discussions with Dominic Else,
Adrian Po, Ashvin Vishwanath, and Dominic Williamson.
C.W. and M.C. are grateful to Yang Qi and Zheng-Cheng
Gu for enlightening conversations. We are also grateful to
Jian-Hao Zhang for pointing out a mistake in an earlier version
of the manuscript. M.C. is supported by startup funds from
Yale University. C.W. is supported in part by the Research
Grant Council of Hong Kong (GRF 17300220). C.W and
M.C. acknowledge Aspen Center of Physics (supported by
NSF Grant No. PHYS-1607611) for hospitality where part of
the work were completed.

APPENDIX A: GROUP EXTENSION

Let G be a finite group, and N ⊂ G is a normal subgroup.
Then we can form the quotient group Q = G/N . We say that
G is an extension of Q by N . Equivalently, the three groups
N, G, Q fit in the following short-exact sequence:

1 → N → G → Q → 1. (A1)

What the short exact sequence means is that there is a sur-
jective map π : G → Q, whose kernel is exactly N . It is then
easy to see that N must be normal and Q = G/N .

The extension is said to be central is N is in the center of G,
which also implies that N is an Abelian group. All extensions
considered in this paper are central, and in fact in all cases
N, G, and Q are Abelian. The extension problem refers to
the determination of G from N and Q. For central extension,
the addtional information needed to determine G is a group
2-cocycle ω ∈ Z2[Q, N]. More explicitly, ω is a function from
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Q × Q to N satisfying the 2-cocycle condition:

ω(q1, q2)ω(q1q2, q3) = ω(q1, q2q3)ω(q2, q3), (A2)

for all q1, q2, q3 ∈ Q. Once ω is given, G can be explicitly
constructed as follows: we represent G set-wise as the Carte-
sian product Q × N = {(q, n)|q ∈ Q, n ∈ N}, equipped with
the following group multiplication law:

(q1, n1) × (q2, n2) = (q1q2, n1n2ω(q1, q2)). (A3)

The 2-cocycle condition of ω ensures that the multiplication
is associative. The map π is then given by π ((q, n)) = q.
One can prove that the group extension only depends on the
cohomology class [ω], so one-to-one correspondent to the
group cohomology H2[Q, N]. If the cohomology class [ω] is
trivial, then we have G = Q × N . In this case, we say the short
exact sequence splits, or simply the extension is trivial.

To give a concrete example, consider the following short-
exact sequence:

1 → Z2 → G → Z2 → 1. (A4)

Since H2[Z2,Z2] = Z2, there are two possibilities. If we
write Q = Z2 = {1, q} and N = Z2 = {1, n}, the two pos-
sibilities correspond to ω(q, q) = 1 or ω(q, q) = n (and
ω(1, 1) = ω(q, 1) = ω(1, q) = 1). It is easy to see that if
ω(q, q) = 1, then the extension is trivial, i.e., G = N × Q =
Z2 × Z2. If ω(q, q) = n, then we have

(q, 1) × (q, 1) = (1, n). (A5)

In this case, the extension G is actually isomorphic to Z4, with
(q, 1) as the generator.

APPENDIX B: BOSONIC Cn × G SPT PHASES

In this Appendix, we consider bosonic systems with sym-
metry group Cn × G. In the dimensional reduction, we will
restrict ourselves to block states that can be captured by group
cohomology classification.

Let us apply the dimensional reduction in two and three
dimensions.

(1) To determine G−2, we classify the corresponding (d −
2)D SPT states protected by Zn × G. The cohomology group
can be computed using Künneth formula. For d = 2, we have

H1[G × Zn, U(1)] = Zn ⊕ H1[G, U(1)]. (B1)

The first Zn represents phases protected by rotation alone.
The last factor H1[G, U(1)] obviously means placing a 0D
G-charge at the rotation center. According to the discus-
sion in Sec. II B, if we can split a G-charge into n parts,
then the state is trivial. Thus we actually have the quotient
H1[G, U(1)]/nH1[G, U(1)] to take into account the trivial-
ization.

For d = 3, we have

H2[G × Zn, U(1)] = H1[G,Zn] ⊕ H2[G, U(1)]. (B2)

Similar to d = 2, the H2[G, U(1)] corresponds to placing 1D
SPT states protected by G symmetry at the rotation axis. If a
1D SPT can be split into n parts, it is trivial. This trivialization
gives a classification of H2[G, U(1)]/nH2[G, U(1)].

Now we discuss the H1[G,Zn] factor. Physically, it cor-
responds to nontrivial commutation relations between G and

Zn transformations on the boundary of the 1D SPT. Suppose
we choose a cocycle [b] ∈ H1[G,Zn], which is basically a
homomorphism from G to Zn, we represent it as a function
b(g) with bn(g) = 1. Suppose that the localized g symmetry
transformation on the boundary is Ug for g ∈ G, and UR for the
generator of the Zn group (which is a 2π/n rotation restricted
on the rotation axis) then

UgUR = b(g)URUg. (B3)

We will also need to check the trivialization condition. For
simplicity, we assume G is Abelian and unitary. To see that
state is nontrivial, we define the following physical invariant:
for g ∈ G, we insert a g flux loop wrapping around the rotation
axis.

(2) G−1 are formed by order-n elements of Hd [G, U(1)], if
the boundaries can be trivially gapped without breaking G and
Cn. We will show below that the construction always works for
any order-n element.

(3) G0 is basically the internal SPT phases protected by G,
as long as they are compatible with the Cn symmetry. This is
always the case so G0 = Hd+1[G, U(1)], as shown explicitly
in Ref. [49].

Now we show that in both cases, the classification
agrees completely with those of internal G × Zn SPT phases
[19,49]. We can use Kunneth formula to compute Hd+1[G ×
Zn, U(1)]. For d = 2,

H3[G × Zn, U(1)] = Zn ⊕ H2[G,Zn] ⊕ H3[G, U(1)].
(B4)

We can easily identify the Zn factor as the pure Cn SPT
phases in G−2, and H3[G, U(1)] as those protected just by
G. To match the H2[G,Zn] part with the dimension reduc-
tion approach, we need to use the following relation between
cohomology groups [70]:

Hd [G, M] = Hd [G,Z] ⊗Z M ⊕ Hd+1[G,Z] �Z M

= Hd−1[G, U(1)] ⊗Z M ⊕ Hd [G, U(1)] �Z M.

(B5)

Here ⊗Z denotes the tensor product with respect to the mod-
ule Z, and M1 �Z M2 denotes the torsion of the two modules
TorZ(M1, M2). For M = Zn, they can be understood in more
elementary terms:

A ⊗Z Zn = A/nA, A �Z Zn = {a ∈ A|an = 0}. (B6)

Clearly H2[G, U(1)] �Z Zn is identified with G−1 and
H1[G, U(1)] ⊗Z Zn is the remaining part of G−2.

For d = 3, we similarly obtain

H4[G × Zn, U(1)]

= H1[G,Zn] ⊕ H3[G,Zn] ⊕ H4[G, U(1)]. (B7)

We can also use Eq. (B5) to match H3[G,Zn] with part of G−2

and G−1.
We now show that (d − 1)-dimensional block states can

always be constructed, as long as the bosonic SPT block
has order n. Consider a bosonic SPT phase corresponding
to a cocycle [ω] ∈ Hd+1[G, U(1)], and [ω] has order n, i.e.,
ωn = δν. We can then redefine ω → ω(δν)1/n (the ambiguity
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in the nth root has no effect) to make ωn = 1. We will assume
this gauge in the following.

We consider the group-cohomology model of such a SPT
phase. The boundary can be modeled as a (d − 1)D lattice,
with group elements on each site |gi〉 where g ∈ G. The sym-
metry transformation reads

Ug|{gi}〉 = S(g)|{ggi}〉. (B8)

Here S(g) is a phase factor that can be expressed in terms
of group cocycles. We will not need its specific form, just
noticing that Sn(g) = 1 in our gauge.

Now consider n copies of the boundary. We denote the
basis as |gα

i 〉, where α = 1, 2, . . . , n is the “layer” index.

|�〉 =
∏

i

1√|G|
∑
gi∈G

∣∣gα
i = gi, ∀α

〉
. (B9)

Namely, |�〉 is a product state and on each site i. It is
straightforward to show that the ground state is invariant under
arbitrary permutation of layers from Sn.

APPENDIX C: REVIEW OF 1D AND 2D FSPTS WITH
ONSITE SYMMETRIES

In this section, we review the classifications of FSPT
phases in 1D [53,71,72] and 2D [58,59].

1. 1D FSPT phases

We follow the algebraic description in Refs. [53,71]. Here
we include Majorana chains in the definition of FSPT phases.
We denote the “bosonic” or physical symmetry group by Gb.
The total symmetry group is a central extension of Gb by Z f

2 ,
characterized by a nontrivial 2-cocycle [ν] ∈ H2[Gb,Z2]. All
fermionic SPT phases are labeled by a triple (μ,ω, γ ) where
[μ] ∈ H1[Gb,Z2] and satisfies

δω = 1
2ν ∪ μ, (C1)

where “∪” is the cup product. In writing this formula we
represent Z2 additively as Z2 = {0, 1}. Since μ and ν are
Z2-valued cocycles, the right-hand side of (C1) is an integer. ω
is a R/Z-valued 2-cochain on G. Physically, μ(g) for g ∈ Gb

specifies whether the local unitary implementing g on an end
of the system commute or anticommute with the fermion
parity.

In other words, 1
2ν ∪ μ defines an obstruction class in

H3[Gb, U(1)]. γ = 0, 1 indicates whether the state has un-
paired Majorana zero modes on the edge, and γ = 0 if [ν]
is cohomologically nontrivial.

2. 2D FSPT phases

A complete classification of 2D FSPT phases with Z f
2 × G

symmetry has been obtained in Ref. [59]. It turns out that these
are all we need for the block state construction.

Let us first present the general algebraic description. 2D
FSPT phases are classified by triples (ρ, ν, ω). Here [ρ] ∈
H1[G,Z2], [ν] ∈ H2[G,Z2] and ω is R/Z-valued 3-cochain.
They need to satisfy

δω = 1
2ν ∪ ν. (C2)

It turns out that for Abelian unitary G, the obstruction class
1
2ν ∪ ν always vanishes.

For our purpose, we actually need concrete models for
edge states of 2D FSPT phases, for G = ZN and ZN1 × ZN2 .
Thus we will now focus on these two groups. We will list the
classifications and explicit free fermion constructions of root
phases, following the discussions in Ref. [58].

First we consider G = ZN . Without loss of generality we
will assume N = 2n. It was found in Ref. [59] that the classi-
fication is Z4N for n = 1, and Z2 × Z2N for n > 1.

The n = 1 case is well known, so we only present construc-
tions for n > 1. The root phase for the Z2 subgroup in the
classification has the following construction: consider two-
component fermions, say spin up and down. Let the spin-up
fermions form N2/4 copies of px + ipy superconductors, and
spin-down fermions form a Chern insulator with C = −N2/8.
We view the Chern insulator as N2/8 copies of the Chern
number C = −1 phase. The internal symmetry is generated
by

Ug = (−1)N f
↑1 e

2π i
N N f

↓ , (C3)

where N f
↑1 is the particle number operator of the first copy

of the N2/4 spin-up fermions, and N f
↓ is the total particle

number of all spin-down fermions. It is clear that a g flux binds

a single Majorana zero mode because of (−1)N f
↑1 . We can

further compute the topological spin of the symmetry defect:

θg = e
iπ
8 · e− iπ

N2 · N2

8 = 1, (C4)

which confirms that this is indeed the root phase.
We set up notations for the edge modes. The Majorana

edge modes of the p + ip superconductors are denoted by
γa for a = 1, . . . , N2/4, and the Dirac edge modes of the
Chern insulators with opposite chiralities are denoted by ψ̄b

for b = 1, . . . , N2/8.
For the generator of the Z2N subgroup, we consider a

bilayer system. The first layer has C = 1, and the second layer
has C = −1. The symmetry is simply

Ug = e
2π i
N N f

1 , (C5)

where N f
1 is the particle number of fermions in layer 1. The

topological invariant of this phase:

θN
g = e

iπ
N . (C6)

We raise θg to the N th power to remove dependence on charge
attachment.

Next we turn to G = ZN1 × ZN2 . We will not consider
those phases protected by ZN1 or ZN2 alone. Those that require
both ZN1 and ZN2 for protection are classified by{

Z4, n1 = n2 = 1
ZN12 × Z2, otherwise , (C7)

where N12 is the greatest common divisor of N1 and N2.
Let us first consider n1 = n2 = 1. The root phase can be

constructed as follows: consider four layers, layer 1 and 2 are
px + ipy superconductors, layer 3 and 4 are px − ipy super-
conductors. The two Z2 symmetries are defined as

g1 = (−1)N2+N4 , g2 = (−1)N3+N4 . (C8)
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FIG. 8. Construction of a px + ipy superconductor with CM sym-
metry. (a) One starts from M patches of px + ipy superconductors,
related to each other by CM rotation. To obtain a fully gapped
superconductor one couple edge modes from neighboring patches.
(b) “Unfold” the edge modes to one dimension.

If either of n1, n2 is greater than 1, the generating phase of
the ZN12 subgroup is a bosonic one. We will describe below
how to construct the generating phase of the Z2 subgroup.
First we take a two-layer construction, where layer 1 is a
px + ipy superconductor and layer 2 px − ipy. In this system,
both generators g1,2 correspond to (−1)N2 . Then we stack two
additional fermionic SPT phases, each protected solely by one
of the generators. More specifically, for the ZNi generator, we
need (1) ni = 1, the ν = 2 phase of the Z8 classification, and
(2) ni � 2, recall the classification is Z2N × Z2, so we use
a tuple (ν1, ν2) with ν1 = 0, 1, . . . , 2Ni − 1 and ν2 = 0, 1 to

label the phases. We will need the ( N2
i

8 , 1) phase.

This way we realize a phase with �i j = πNi j

4 ,�0i j = π .
We can then stack a bosonic phase to cancel the �i j when Ni j

is an odd multiple of 4.

APPENDIX D: SYMMETRY PROPERTIES OF px + ipy

SUPERCONDUCTORS

Let us first consider a px + ipy superconductor in contin-
uum. The pairing term reads

�ψ†(∂x + i∂y)ψ† + H.c. (D1)

Naively the term breaks SO(2) rotation symmetry, but it can
be restored by a gauge transformation ψ → eiα/2ψ where α

is the rotation angle. As a result, the Hamiltonian is consistent
with a C−

M symmetry.
If we try to enforce the C+

M symmetry, heuristically it can
be done by inserting a superconducting vortex at the origin
and therefore a Majorana zero mode is localized there. We
now demonstrate this result by patching together px + ipy

blocks. We first partition the 2D plane into M regions similar
to what is done in the dimension reduction. In each of the M
regions, we put a px + ipy superconductor. We then couple
adjacent edges together to gap out the Majorana edge modes,
as illustrated in Fig. 8(a). The question is whether there are
any low-energy modes left. Clearly if low-energy modes were
to exist, they must be localized near the rotation center. We
will show below that for C+

M symmetry, there is exactly one
such zero-energy mode.

We can just focus on the low-energy edge modes, and
“unfold” the M chiral/antichiral Majorana fermions to a 1D
system, with couplings turned on between neighboring Ma-
jorana modes, but only on half lines, see Fig. 8(b) for an
illustration for M = 4. We can write down the following ef-
fective Hamiltonian:

H =
M∑

j=1

[
1

2
(−1) jη j i∂xη j + i� j (x)η jη j+1

]
. (D2)

Here η j (x) are chiral Majorana fields, and � j (x) =
m�[(−1) jx], where � is the step function. We will assume
m > 0. C±

M symmetry requires ηM+1 ≡ ±η1.
We look for zero-energy bound state:

ξ =
∫ ∞

−∞
dx

M∑
n=1

fn(x)ηn(x). (D3)

From the equation of motion [H, ξ ] = 0, we obtain the fol-
lowing coupled differential equations:

(−1) j df j

dx
+ � j (x) f j+1(x) − � j−1(x) f j−1(x) = 0. (D4)

An ansatz for a localized solution is

fn(x) = fn[�(x)e−λ+x + �(−x)eλ−x]. (D5)

Here λ± > 0 to ensure solutions are normalized.
First for even j = 2k, we find

λ+ f2k = m f2k+1, λ− f2k = m f2k−1. (D6)

For odd j = 2k − 1, we have

λ+ f2k+1 = m f2k, λ− f2k−1 = m f2k . (D7)

It immediately follows that λ± = m, and all f j’s are equal.
This is clearly only compatible with C+

M symmetry.
To summarize we find a zero mode operator

ξ =
M∑

j=1

∫ ∞

−∞
dx e−m|x|η j (x). (D8)

Apparently ξ is rotationally invariant, i.e., RξR−1 = ξ .
Let us provide an alternative argument for why px + ipy

superconductors are compatible with C−
M symmetry only. We

can gauge the fermion parity in a (px + ipy) superconductor to
obtain an Ising topological order, with three types of quasipar-
ticles I, σ, ψ where σ is the fermion parity flux and ψ is the
fermion. In the presence of Cn symmetry, anyons in the (now
bosonic) Ising topological phase can carry fractional quantum
numbers under Cn. Because of the Ising fusion rule σ × σ =
I + ψ , it follows that ψ must have linear CM quantum number,
i.e., RM = 1 on the ψ quasiparticle. Now we need to relate the
fractional quantum numbers on quasiparticles, to symmetry
representation on second-quantized operators before gauging.
Let us consider a state |ψ〉 with M of ψ particles, arranged
in CM-symmetric positions. Since M is even, such a state can
be created physically from vacuum. We can ask what is the
CM quantum number of this state. According to Ref. [73], we
know that the CM eigenvalue is equal to the RM value on a
single ψ , which is +1 in this case. Now we consider the same
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state, but in the “ungauged” system:

|ψ〉 = c†
xc†

R(x) · · · c†
RM−1(x)|0〉. (D9)

We may need to average over other internal indices. The R
eigenvalue is given by

R|ψ〉 = URM (−1)M−1|ψ〉 = −URM |ψ〉. (D10)

Here URM is the abbreviation for
∏M

j=1 UR(R j (x)). To match
the result in the gauged system, we demand that URM = −1.

APPENDIX E: MORE CLASSIFICATIONS OF 2D
FSPT PHASES

1. C−
M × ZN

For C−
M × ZN symmetry, FSPTs can be divided into (1)

those protected by C−
M only, (2) those protected by ZN only,

and (3) those protected by both C−
M and ZN . For FSPTs pro-

tected by C−
M only, we have studied them in Sec. IV A. In

principle, we need to check if these FSPTs are compatible
with the onsite ZN . Nevertheless, onsite unitary symmetry
(excluding fermion parity Pf or a symmetry that multiplies
to Pf ) are always compatible with FSPTs protected by other
symmetries—because there is always the special situation that
the unitary symmetry acts trivially on the FSPTs. On the other
hand, for FSPTs protected by ZN only, they may or may not
be compatible with C−

M symmetry. By definition, rotation R
acts nontrivial on the Hilbert space. However, through similar
analysis as in Appendix D, one can show that all internal
FSPT phases protected by ZN are compatible with C−

M (but not
with C+

M). So, they only require protection from ZN . In this
subsection, we will focus on the FSPTs protected jointly by
C−

M and ZN . Hence, we need to consider (i) possible 0D-block
states and (ii) possible 1D states.

First, 0D-block states correspond to irreducible represen-
tations of the group Z f

2M × ZN . Different Z f
2M eigenvalues

correspond to FSPTs protected by C−
M only (see Sec. IV A).

Those protected by both C−
M and ZN correspond to the dif-

ferent eigenvalues of ZN : 1, ei2π/N , . . . , ei2π (N−1)/N . However,
not all of them correspond to distinct FSPTs. Imagine a prod-
uct state, in which each site is a state with ZN eigenvalue
being ei2π p/N . Then, we can take the 0D block to contain the
rotation-related M sites that are closest to the origin. This 0D-
block state has a ZN eigenvalue ei2π pM/N . Properly choosing
the value of p, we find the that smallest ZN eigenvalue of
this product state is ei2π (M,N )/N , where (M, N ) is the greatest
common divisor of M and N . Accordingly, meaningful ZN

eigenvalues are

1, ei2π/N , . . . , ei2π[(M,N )−1]/N .

Hence, the 0D-block states protected by both C−
M and ZN form

a group Z(M,N ). We remark that these states are essentially
bosonic, and our argument above is essentially identical to the
discussion in Appendix B.

Next, we construct 1D-block states by gluing M semi-
infinite line across the origin in a rotation symmetric way.
The semi-infinite lines can be either Majorana chains or 1D
FSPTs protected by ZN symmetry. The case of Majorana
chains corresponds to FSPTs protected by C−

M only, and have

been considered in Sec. IV A. Here, we study the case of 1D
FSPTs protected by onsite ZN symmetry.

Let us briefly revisit 1D FSPTs protected by ZN , with
the full symmetry group being Z f

2 × ZN (see a more general
review in Appendix C). The FSPTs are classified by the two
cohomology groups,

H1[ZN ,Z2] = Zgcd(2,N ),

H2[ZN , U(1)] = Z1. (E1)

Accordingly, only even N allows a nontrivial FSPT, corre-
sponding to the nontrivial element of Zgcd(2,N ). This FSPT
state can be constructed on a 1D lattice with two fermions,
ca

i and cb
i , on each site i. The type-a and type-b fermions each

form a Majorana chain. Let g be the generator of ZN . Under
the g symmetry,

ca
i → ca

i , cb
i → −cb

i . (E2)

That is, g is the fermion parity Pb
f of the type-b fermions. At

the end of the 1D lattice, there are two Majorana zero modes,
transforming in the follow way under g symmetry:

γ a → γ a, γ b → −γ b. (E3)

Since the two Majorana fermions has opposite charge under g,
they cannot be removed by the term iγ aγ b. This degeneracy
is robust against any ZN symmetric perturbation.

Consider M copies of the above 1D FSPTs defined on
semi-infinite lines, arranged around the origin in a rotation
invariant way (similar to Fig. 3). There are 2M Majorana zero
modes around the origin, {γ a

n } and {γ b
n }. Under rotation R and

ZN symmetry g, these Majoranas transform as

R : γ j → γ j+1, 1 � j < M; γM → −γ1, (E4)

where we suppress the a/b index, and the g transformation
is already given in Eq. (E3). Then, we can write down the
following Hamiltonian to remove all Majoranas:

H = −i
M/2∑
j=1

(
γ a

j γ
a
j+M/2 + γ b

j γ
b
j+M/2

)
, (E5)

when M is even. When M is odd, we cannot gapped out the
Majoranas.

Finally, we need to check if the 1D block states will stack
into 0D block states. (We expect that 2D internal FSPTs will
not stack into 1D block states, as they only need ZN for
protection but 1D block states need both rotation and ZN .)
To check this, we stack two copies of 1D block states, such
that entanglement in each 1D block can be symmetrically
removed. The remaining 0D block state resembles the one in
Fig. 4, but now we have two copies a and b. Since the fermion
parity of each short Majorana chain is odd, it is not hard to see
that the 0D block state has an ZN eigenvalue (−1)M/2. This
0D block state is nontrivial only if M/2 is odd. In addition,
only when both N/2 and M/2 are odd, it is not possible to
split this state into two other identical 0D block states. Hence,
nontrivial extension of G−1 by G−2 occurs only if both M/2
and N/2 are odd.
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In summary, the classification of C−
M × ZN 2D FSPT

phases are classified by

G =
{
Z2(M,N ), M/2, N/2 are odd
Z(M,N ) × Z(2,M,N ) otherwise . (E6)

Note that here we only classify those FSPT phases protected
jointly by C−

M and ZN . This classification agrees with that in
Ref. [58] for Z f

2 × ZM × ZN internal symmetry.

2. C−
M × ZN1 × ZN2

Let us now consider the internal symmetry group being
ZN1 × ZN2 . We only consider those FSPT phases that require
protection from all C−

M , ZN1 , and ZN2 . First of all, 0D block
states need protection from at most two symmetries among
C−

M , ZN1 , and ZN2 . One can find them in Sec. IV A and
Appendix E 1. Next, we claim the 2D block states (i.e., 2D
ZN1 × ZN2 internal FSPT phases) are compatible with the
C−

M symmetry. To see that, we notice that 2D FSPT phases
with ZN1 × ZN2 symmetry have been completely classified in
Ref. [58], and the classification is reviewed in Appendix C.
For our purpose, it suffices to know that all states can be
obtained by stacking free fermion topological phases (i.e.,
copies of px ± ipy superconductors, as well as Chern insu-
lators) and bosonic SPT phases. All of these building blocks
are compatible with the C−

M symmetry. So we conclude that
the classification of 2D block states is identical to that of
ZN1 × ZN2 FSPT phases. So, they only need protection from
ZN1 and ZN2 , but not C−

M .
Therefore we only need to consider 1D block states. To

construct 1D block state, we put 1D FSPT phases with internal
ZN1 × ZN2 FSPT states on each 1D block. The 1D internal
FSPTs should be protected jointly by ZN1 × ZN2 . Accordingly
to Appendix C, such FSPTs are bosonic and are classified
by H2[ZN1 × ZN2 , U(1)] = Z(N1,N2 ). The 1D block state is
a collection of M copies of an FSPT phase in the Z(N1,N2 )

classification, arranged in a rotation invariant way. Taking into
accounts the compatibility with C−

M symmetry, we have the
1D block states to be classified by Z(M,N1,N2 ). These are all the
FSPT phases protected jointly by C−

M , ZN1 , and ZN2 . All of
them are essentially bosonic.

3. C+
M × ZN

Again, we are interested in those FSPT phases protected
jointly by C+

M and ZN . Let us first consider 0D block states.
Those protected jointly by C+

M and ZN correspond to 0D
blocks with ZN eigenvalues: 1, ei2π/N , . . . , ei2π (N−1)/N . Some
of them will be trivialized. We claim that there are two ways:
(1) Similarly to the C−

M × ZN case, one may place ZN charges
around the origin, arranged rotation symmetrically. This is
a trivial state but with ZN eigenvalues ei2π pM/N . So, the ZN

eigenvalues are topologically distinct only modulo ei2πM/N .
(2) Another way to trivialize some of the 0D block states is
similar to Fig. 5. Take two copies of those in Fig. 5, with the
fermions in the two copies transforming under ZN as follows:

ca → −ca, cb → cb, (E7)

where a and b are the copy indices and site indices are ne-
glected. Then, the Majorana chains in Fig. 5 are replaced

by 1D FSPT phases in the classification H1(ZN ,Z2). All
arguments there can still go through, when M, N are even.
Accordingly, we obtain a 0D block state which is two copies
of that in Fig. 5, and which represents a trivial FSPT state.
Note that each copy is a short Majorana chain, which should
be odd under fermion parity. According to the transformations
(E7), the 0D block state has a ZN eigenvalue −1. Hence, the
ZN eigenvalues for the 0D block states should also be modulo
−1 when M and N are even. Combining the two results, we
conclude that 0D block states are classified by

G−2 =
{
Z(M,N/2), M, N even
Z(M,N ), otherwise . (E8)

Next, let us consider 1D block states. We can assume N is
even because otherwise there are no 1D SPT states protected
by Z f

2 × ZN symmetry. To build a 1D block state, we will also
need M to be even, since the 1D SPT state is of order two.
The end of the SPT state hosts two Majoranas γ a and γ b. The
generator g of ZN is implemented by γ b such that γ a → −γ a

and γ b → γ b. Taking the M copies together, we have

Ug =
M∏

j=1

γ b
j . (E9)

The rotation symmetry R acts as γ a
j → γ a

j+1, γ b
j → γ b

j+1. We
find that

RUgR−1 = −Ug. (E10)

In other words, the Majoranas near the rotation center actually
form a projective representation of C+

M × ZN . Hence, there is
no nontrivial 1D block state.

Finally, we consider 2D ZN FSPT phases, and check if they
are compatible with C+

M symmetry. While these phases do not
need protection from C+

M symmetry, it is still interesting to
discuss their compatibility. We take N = 2 as an example, and
it is known that the classification of 2D Z2 FSPT phases is
Z8. The free fermion realization of the root phase consists
of two decoupled layers, one px + ipy superconductor and
the other a px − ipy superconductor. The Z2 symmetry is the
fermion parity of one of the layers. This construction is only
compatible with C−

M . If we enforce the C+
M symmetry with even

M, then we find a pair of Majoranas at the rotation center, γ1

and γ2, where g acts nontrivially on one of them. The two
Majorana zero modes form the boundary of a 1D Z2 FSPT
phase.

Another way to see the compatibility is the following: the
ground-state wave function of the root Z2 FSPT phase is a
superposition of fluctuating Z2 domain walls decorated by
Majorana chains. For such a superposition to be possible, all
domain walls must have even fermion parity. Now place a
Z2 domain wall in a CM symmetric position surrounding the
rotation center. The (closed) Majorana chain decorated on the
domain wall has periodic/antiperiodic boundary condition if
the symmetry is C+

M/C−
M . Only the latter leads to a ground-

state with even fermion parity.
The root Majorana phase is still compatible with C+

M if M
is odd. However, C+

M is not different from C−
M for odd M. One

can simply redefine RPf as the new rotation operator, and C+
M

is turned into C−
M . Similar results can be obtained for other
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even values of N . Namely, those “Majorana” SPT phases are
not compatible with C+

M symmetry, M being even. For N =
2 (mod 4), the ZN internal FSPT phases are classified by Z4N ,
with the root phase being “Majorana.” For N = 0 (mod 4), the
internal FSPT phases are classified by Z2N × Z2, with the Z2

root phase being “Majorana.” For odd N , all SPT phases are
bosonic and classified by ZN . Hence, we derive that 2D block
states are classified by

G0 =

⎧⎪⎨
⎪⎩
Z2N , even M and N
Z4N , odd M, N = 2 (mod 4)
Z2N × Z2, odd M, N = 0 (mod 4)
ZN , odd N

. (E11)

However, all these phases do not need protection from C+
M

symmetry.
In summary, all FSPT phases that require protection from

both C+
M and ZN are 0D block states, given by G−2 in (E8).

If one wants the full classification of C+
M × ZN FSPT phases,

those protected by C+
M only and those internal FSPT phases

in G0 should also be included. The full classification agrees
with that in Ref. [58] for internal FSPT phases with Z f

2M × ZN

symmetry.

4. C+
M × ZN1 × ZN2

Again we are interested in those FSPT phases protected
jointly by C+

M , ZN1 , and ZN2 . Similar to the C−
M × ZN1 × ZN2

case, there are no 0D block states requiring protection from
the full group. 1D block states are also simple, as they are
bosonic and classified by Z(M,N1,N2 ) (see Appendix B). What
remains are the 2D block states, in particular their compati-
bility with the C+

M symmetry. For simplicity, we will assume
both N1 and N2 are even. Also, we take M to be even. For
odd M, one can simply redefine Pf R as the new rotation, and
then it becomes C−

M , so that all 2D internal FSPT phases are
compatible according to Appendix E 2.

To build 2D block states, we put Z f
2 × ZN1 × ZN2 internal

FSPT phases on each block. While the (free fermion) con-
structions of root FSPT phases are generally involved, we can
focus one of the states with the following physical charac-
terization: on a fermion parity flux, ZN1 and ZN2 generators
anticommute. In fact, one can divide all FSPT phases into
two families distinguished by having this property or not.
Based on the classification in Ref. [58], we find it sufficient
to consider the following four-layer model, where layer 2
and 3 are px + ipy superconductors and layer 1 and 4 are
px − ipy superconductors. The generators of the ZN1 and ZN2

symmetries are defined as

g1 = (−1)N2+N4 , g2 = (−1)N3+N4 . (E12)

Other phases can be obtained by adding bosonic SPT phases.
Since bosonic SPT phases are always compatible with rota-
tion, so we focus on the above state.

According to Appendix D, to enforce C+
M symmetry, it

remains a Majorana zero mode γi, with i = 1, 2, 3, and 4,
at the rotation center, after we glue the 2D blocks in a layer-
by-layer fashion. One can readily see that

g1 : γ2 → −γ2, γ4 → −γ4, g2 : γ3 → −γ3. γ4 → −γ4.

(E13)

We can couple them through an interaction γ1γ2γ3γ4 to select
the fermion parity even sector (i.e., purely bosonic degrees
of freedom), which is two-dimensional. One can easily see
that g1 and g2 anticommute when acting on this twofold
degenerate space. It may seem like one has to introduce a
spin-1/2 transforming projectively under ZN1 × ZN2 at the
rotation center to realize the FSPT phase, but this is not always
necessary. Recall that 1D ZN1 × ZN2 bosonic SPT phases are
classified by H2[ZN1 × ZN2 , U(1)] = Zgcd(N1,N2 ). Given that
the projective phase at the rotation center is just −1, it must
be the order-2 element in Zgcd(N1,N2 ). If one is able to split this
order-2 element into M copies, i.e., when 2M|gcd(N1, N2),
then we can introduce M semi-infinite 1D bosonic SPT
states joining at the rotation center, each characterized by a
projective phase e

π i
M , and the end states can neutralize the

projective representation resulting from the Majoranas. In
other words, when we glue the 2D blocks, 1D SPT phases are
attached along the gluing lines, such that it helps to eventually
build a valid 2D block state. Therefore, when 2M|gcd(N1, N2),
the 2D block state can be realized with the C+

M
symmetry.

In addition, stacking multiple copies of the above 2D block
state always gives rise to a 1D block state. We notice that
to have 2M| gcd(N1, N2) with even M, it is required that
gcd(N1, N2) must be a multiple of 4. In this case, it is known
that the above internal FSPT phase forms a Z2 classification
[58]. Then, stacking two copies of the above 2D block state
is a 1D block state. Moreover, one can show that it is the root
1D block state. Therefore we have a classification Z2(M,N1,N2 )

for those FSPTs protected jointly by C+
M , ZN1 and ZN2 (when

M, N1, N2 are all even).
This is an example—the only example we find—that G0

is extended nontrivially by G−1. The simplest symmetry to
support this phenomenon is C+

2 × Z4 × Z4. We point out that
the internal counterpart Z f

4 × Z4 × Z4 is also the simplest
symmetry that supports intrinsically interacting FSPT phases
[58]. It will be interesting to study the connection.

APPENDIX F: MORE CLASSIFICATIONS OF 3D
FSPT PHASES

In this Appendix, we discuss classifications of 3D FSPT
phases for more symmetries of the form C±

M × G. We will
discuss 1D and 2D block states. We will not discuss the
compatibility of 3D Z f

2 × G FSPTs with respect to the rota-
tion symmetry C±

M , as we do not know the surface theory of
them in general. (In some examples, one may use gapped and
topologically ordered surface state to study the compatibility.)
However, in Sec. VI, we make a conjecture on the compat-
ibility. In principle, if they are compatible with the rotation
symmetry, they may stack into 2D or 1D block states. Again
we will not discuss it in this work.

For C±
M × ZN , we believe that there are no 3D block states

(as is indicated by the absence of C±
M rotation SPTs), so our

classifications are complete. For C±
M × ZN1 × ZN2 , we only

consider those FSPT phases protected jointly by C±
M , ZN1 , and

ZN2 . The complete classification can be inferred by further
combining with the classification of C±

M × ZN and the crys-
talline equivalence principle.
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1. C−
M × ZN1 × ZN2

Let Ni = 2ni for simplicity. First, we consider 1D block
states. Using the notations in Appendix C, we have Gb =
ZM × ZN1 × ZN2 in this case. We are interested in the phases
that require protection from both ZN1 and ZN2 , because oth-
erwise it reduces to the discussion in Sec. V B 1. Then,
according to Appendix C, the 1D block states are purely
bosonic and classified by Z(N1,N2 ). Taking into accounts the
compatibility with C−

M , we have the 1D block states to be
classified by G−2 = Z(N1,N2 )/MZ(N1,N2 ) = Z(M,N1,N2 ).

Next we consider 2D block states, using the root FSPT
phases protected by both ZN1 and ZN2 (otherwise it should
be reduced to the earlier discussions in Sec. V B). Review of
2D internal FSPT phases can be found in Appendix C.

We discuss the 2D block states in two cases.
Case I. Let us first consider n1 = n2 = 1. The internal

FSPT phases protected by both ZN1 and ZN2 are classified
by Z4. The root phase can be constructed as follows: con-
sider four layers, layers 1 and 4 are px − ipy superconductors,
layers 2 and 3 are px + ipy superconductors. The two Z2

symmetries are defined as

g1 = (−1)F2+F4 , g2 = (−1)F3+F4 , (F1)

where Fi is the fermion number operator in layer i. Now we
consider M copies of the root phase, related by C−

M rota-
tions, with the edge being described by Majorana fermions
γ̄ j1, γ j2, γ j3, γ̄ j4, j = 1, . . . , M. We notice that because the
root phase is Z4 classified, we must have m � 2.

Next, we define the following complex fermions:

ψla =
M∑

j=1

ω−l jγ ja, ψ̄la =
M∑

j=1

ω−l j γ̄ ja, (F2)

where ω = eiπ/M , l = 1, 3, . . . , M − 1, and a = 2, 3 for ψla,
a = 1, 4 for ψ̄la. Under the symmetry transformations, we
have

R : ψla → ωlψla, ψ̄la → ωl ψ̄la,

g1 : ψ̄l1 → ψ̄l1, ψl2 → −ψl2,

ψl3 → ψl3, ψ̄l4 → −ψ̄l4,

g2 : ψ̄l1 → ψ̄l1, ψl2 → ψl2,

ψl3 → −ψl3, ψ̄l4 → −ψ̄l4. (F3)

It is worth emphasizing that all transformations are diagonal.
The edge modes meet at the rotation axis, and should be
gapped out without breaking the symmetries such that we
obtain a valid 2D block state. To be able to gap out the edge,
the multilayer system, obtained by folding the M copies of
root states, should be a trivial Z f

2M × Z2 × Z2 FSPT phase.
According to Ref. [58], the multilayer system is a trivial FSPT
if the symmetry fluxes have trivial braiding statistics after
gauging the symmetries. More precisely, it is required that

2MθR = N1θg1 = N2θg2 = [2M, N1]θR,g1

= [2M, N2]θR,g2 = [N1, N2]θg1,g2 = 0, (F4)

where θα = 2πhα is the exchange statistics, and θα,β is
the mutual braiding statistics between the fluxes, and [a, b]

denotes the least common multiple of a and b. All the equa-
tions are defined modulo 2π . Strictly speaking, there are
additional requirements for the multilayer FSPT to be trivial in
the case that the fluxes are non-Abelian anyons. However, one
can show that the transformation (F3) only leads to Abelian
fluxes, so the conditions (F4) are enough.

We need to compute the quantities in (F4) according to
the symmetry transformations (F3). Note that the multilayer
system can be understood as a stack of multiple Chern in-
sulators, so the braiding statistics between fluxes are easy to
compute. With some straightforward calculations, we find that
θR = θg1 = θg2 = θR,g1 = θR,g2 = 0, and

θg1,g2 = −Mπ

4
. (F5)

Accordingly, (F4) imposes the condition that M is a multiple
of 4, i.e., m � 2. This leads to a Z4 classification. When
M = 2, we can however use two copies of the root phase,
which is bosonic, to build a valid 2D block state. Thus the
classification is Z2 when M = 2. For convenience, we write
the classification in a closed form G−1 = Z(M,2N1,2N2 ).

Case II. Next we consider other cases that either n1 � 2
or n2 � 2. In this case, the 2D FSPT phases with internal
Z f

2 × ZN1 × ZN2 are classified by Z(N1,N2 ) × Z2 (those pro-
tected by both ZN1 and ZN2 ). The phases classified by Z(N1,N2 )

are essentially bosonic. Hence, to build 2D block state, we
only require the order of the phase in each block is compatible
with M-fold rotation. Hence, the 2D block states are classified
by Z(M,N1,N2 ).

The 2D FSPT phases classified by Z2 are intrinsically
fermionic and non-Abelian (in the sense that the fluxes have
non-Abelian braiding statistics). The realization of the root
state is the same as in case I, with the transformations given
in (F3). (To simplify the discussion, we have chosen the root
state to be the one given in Ref. [58] stacked with an order
two bosonic SPT.) In this theory, the ZN1 and ZN2 are not
realized in a faithful way, but this does not affect any of
our discussions. Then, the only nontrivial braiding statistics
is again θg1,g2 given in (F5). Since [N1, N2] is always a mul-
tiple of 4, the condition [N1, N2]θg1,g2 = 0 only requires M
to be even, which we always assume. Accordingly, G−1 =
Z(M,N1,N2 ) × Z2.

Group structure G . Finally, we need to check the overall
group structure G . This can be analyzed in a similar way
as in Sec. V B 4. For case I, the root state in G−1 is either
bosonic or stacking into a bosonic state, so no group extension
occurs. It is the same for the “Abelian” 2D-block states in
Z(M,N1,N2 ) in case II. For the “non-Abelian” root 2D-block
state, we consider inserting a g2 defect loop as in Fig. 6(a).
According to (F1), a defect point on each 2D block carries a
pair of Majorana zero modes γ j,3 and γ j,4, and γ j,3 → γ j,3,
γ j,4 → −γ j,4 under g1 action. Therefore we can view the
membrane bounded by a g2 loop in Fig. 6(a) as a 1D-block
states of C−

M × ZN1 symmetry. According to Appendix E 1,
this membrane SPT state stacks into 0D-block state only if
M = N1 = 2, which indicates that the 3D FSPT bulk state
also stacks into a 1D-block state. Similarly, if one inserts a g1

defect loop, one can argue that the 3D FSPT bulk state stacks
into a 1D-block state if M = N2 = 2. Therefore, if either
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M = N1 = 2 or M = N2 = 2, G−1 = Z2 × Z2 is extended by
G−2 = Z2, giving G = Z2 × Z4.

In summary, the classification of FSPT phases protected
jointly by C−

M , ZN1 , and ZN2 is given by

G =

⎧⎪⎪⎨
⎪⎪⎩

Z2 × Z2, M = N1 = N2 = 2
Z4 × Z2, N1 = N2 = 2, M = N1 = 2,

or M = N2 = 2
Z2

(M,N1,N2 ) × Z2, otherwise
(F6)

One consistency check is that our classification is expected to
agree with FSPT phases with internal Z f

2 × ZM × ZN1 × ZN2 ,
where M, N1, and N2 should be on equal footing. It is indeed
the case in our classification.

2. C+
M × ZN

Let first consider 1D block states, the problem reduces to
classifying Z f

2 × ZM × ZN internal FSPT phases in 1D. In
this section, we are only interested in the SPT phases that
are protected by both ZM and ZN . According to Appendix C,
there are bosonic SPT phases classified by Z(M,N ), which we
will label as ν = 0, 1, . . . , (M, N ). However, the one with ν =
(M, N )/2 can actually be trivialized. To see it, we note that
this 1D FSPT phase hosts zero modes at its endpoints, which
are characterized by a projective representation in which the
generators R and g anticommute. Similarly to the discussion
in Sec. IV B, one can show that these zero modes can be
canceled by a pure 2D state, if it is attached to surface of
the 3D system. The pure 2D state to be attached is the one
discussed in Appendix E 3, characterized by Eqs. (E9) and
(E10). Hence, it reduces to a classification of G−2 = Z(M,N )/2

for the 1D block states.
Next, we discuss 2D block states. We separately consider

two cases: n = 1 and n � 2.
Case I. We first consider the case n = 1, i.e., C+

M × Z2

symmetry. Each 2D block hosts a Z f
2 × Z2 FSPT phase,

which is classified by Z8. On the edge of each block, there
are ν pairs of counter-propagating Majorana fermions. Then,
on the rotation axis, we have Majorana fermions γ j,a and γ̄ j,a,
where j = 1, . . . , M and a = 1, . . . , ν. Under rotation R, they
transform as

γ j,a → γ j+1,a, γ̄ j,a → γ̄ j+1,a (F7)

for all indices j and a. Under the Z2 symmetry g, they trans-
form as

γ j,a → −γ j+1,a, γ̄ j,a → γ̄ j+1,a. (F8)

As above, we define

ψla = 1√
M

∑
j

ω−l jγ ja, ψ̄la = 1√
M

∑
j

ω−l j γ̄ ja. (F9)

Here ω = e
2iπ
M and l is an integer. It is not hard to check

that under rotation R, they transform diagonally ψla →
ωlψla, ψ la → ωlψ la.

There is actually a subtlety here, which is absent for C−
M .

One may notices that ψ
†
la = ψ(M−l ),a. Therefore ψl=0,a and

ψl=M/2,a (as well as ψ̄0a and ψ̄M/2,a) are still Majorana fields.
They need to be treated separately in the following discussion.

On the other hand, ψla and ψ̄la with l = 1, . . . , (M/2 − 1) are
Dirac fermions.

To form a valid 2D block state, these edge modes should be
gapped out without breaking the symmetries. This is equiva-
lent to check if the multilayer system, obtained from folding
the 2D blocks, is a trivial SPT state of Z f

2 × ZM × Z2. Ac-
cordingly to Ref. [58], the SPT is trivial if and only if we have

MθR = Nθg = [M, N]θR,g = 0 (F10)

and

�Pf ,Pf ,R = �Pf ,Pf ,g = �Pf ,R,g = 0. (F11)

The latter quantities of �α,β,γ are statistical phases associ-
ated with a special braiding process: vortex α is first braided
around β, then around γ , then around β again but in an op-
posite direction, and finally around γ in an opposite direction.
It is easy to see that these quantities vanish if the vortices are
Abelian. In our case, the multilayer system can be thought of
as a stack of Chern insulators and px ± ipy superconductors.
Vortices in Chern insulators are Abelian, so �α,β,γ always
vanish. In a single px ± ipy superconductor, it was shown in
Ref. [74] that �Pf ,Pf ,Pf = π . This is enough for us to compute
the quantities in (F11).

The calculations are straightforward and very similar to
before. We find that

θg = νM
π

8
,

θR,g = ν
π

4

(
M

2
− 3

)
,

�Pf ,R,g = νπ, (F12)

and other quantities vanish. (We point out that the non-
vanishing contribution to θPf ,R,g results from ψM/2,a only.)
According to (F10) and (F11), we find the SPT is trivial if
νM = 0 (mod 8) and ν is even. Therefore the ν = 1 Majorana
phase is never compatible with the rotation symmetry. More
specifically, we have (1) when m = 1, the root 2D block state
corresponds to ν = 4, forming a Z2 classification; and (2)
when m � 2, the root 2D block state corresponds to ν = 2,
forming a Z4 classification.

Combining all together, we have G−1 = Z(M,4).
Case II. We now consider the case n � 2. As discussed

in Sec. V B 3, FSPT phases with internal ZN symmetry is
classified by Z2 × Z2N , where the Z2 root phase is “non-
Abelian” and Z2N root phase is “Abelian.” We start with the
root non-Abelian phase, and use the same notations for edge
modes as in Sec. V B 3. While the transformations under g are
the same as in 46, the transformations under R are different:

γ j,a → γ j+1,a, Ψ̄ j,b → Ψ̄ j+1,b. (F13)

To proceed, we define the complex fermions,

ψla =
M∑

j=1

ω−l jγ ja,

ψ̄pb = 1√
M

∑
j

ω−p jψ̄ jb. (F14)
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where ω = ei2π/M , and l = 0, 1, . . . , M/2, p =
0, 1, . . . , (M − 1). Again, when l = 0 and l = M/2, ψla

are still Majorana fermions. Under the symmetries, we then
have

R : ψla → wlψla, ψ̄la → ωpψ̄la,

g : ψl,1 → −ψl,1, ψl,a → ψl,a, a � 2,

ψ̄pb → ei2π/N ψ̄pb. (F15)

To check if the edge modes can be gapped out in a symmet-
ric way, we calculate the quantities in (F10) and (F11). In fact,
it is enough to check �Pf ,R,g, which we show is nontrivial. We
find that

�Pf ,R,g = π (F16)

for any values of M and N . This phase is solely contributed by
the Majorana fermion ψ M

2 ,1. Therefore the non-Abelian root
FPST phase can never be gapped out to form a valid 2D block
state.

We now turn to Abelian SPT phases that are classified by
Z2N . Again, we use the notations in Sec. V B 3 to describe
the edge modes of the 2D blocks. There are νM counter-
propagating pairs of Dirac fermions in total, Ψ ja and Ψ̄ ja,
which transform under the symmetries as

R : Ψ ja → Ψ j+1,a, Ψ̄ ja → Ψ̄ j+1,a,

g : Ψ ja → ei2π/NΨ ja, Ψ̄ ja → Ψ̄ ja. (F17)

As before, we Fourier transform them to ψpa and ψ̄pa where
p = 0, 1, . . . , M − 1. Then, we have diagonal symmetry
transformations

R : ψpa → ωpψpa, ψ̄p → ωpψ̄pa, (F18)

where ω = ei2π/M . The g transformation takes the same form
as in (F17).

Since all the edge modes are complex fermions, the multi-
layer system obtained by folding all the 2D blocks is simply
a stack of Chern insulators. Therefore the non-Abelian invari-
ants in (F11) all vanish. With some calculations, we also find

θR = 0,

θg = νMπ

N2
,

θR,g = πν(M − 1)

N
. (F19)

According to (F10), the multilayer system is trivial if νM =
0 (mod 2N ) and [M, N]ν/N is even. More explicitly, we have
(1) when m > n � 2, any choice of ν is valid, leading to a
classification G−1 = Z2N ; and (2) when m � n, ν should be a
multiple of 2N/M, leading to a classification G−1 = ZM .

A single formula G−1 = Z(M,2N ) summarizes the classifi-
cation.

One can see that the classifications of 2D block states in
both cases n = 1 and n � 2 are given by G−1 = Z(M,2N ).

Group structure G . Since the root state in G−1 is either
bosonic or stacking into a bosonic SPT state, no group exten-
sion occurs. Accordingly, the overall classification is given by

G = G−2 × G−1 = Z(M,N )/2 × Z(M,2N ), (F20)

where we have inserted G−2 = Z(M,N )/2 and G−1 = Z(M,2N ).
The root phase of Z(M,2N ) is intrinsically fermionic when
M � 2N , with the simplest example being C+

4 × Z2. The
internal FSPT counterpart (with Z f

8 × Z2 symmetry) was first
discovered in Ref. [60].

3. C+
M × ZN1 × ZN2

In this Appendix, we are interested in those FSPT phases
protected jointly by C+

M , ZN1 and ZN2 . For 1D block states, the
relevant internal FSPT phases are the bosonic ones classified
by H2[ZN1 × ZN2 ,U (1)] = ZN12 , where we use N12 to denote
the greatest common divisor (N1, N2) for brevity. Endpoints of
the 1D block support projective representations characterized
by g1g2 = θg2g1, with the projective phase

θ = 1, ei2π/N12 , . . . , ei2π (N12−1)/N12 .

However, some values of θ actually correspond to trivial 1D
block states. First, by placing M copies of 1D SPT phases
around the rotation axis in a rotation symmetry way, we
can modify θ by ei2πM/N12 . This lead to a result that θ is
topological distinct only modulo ei2πM/N12 . This is discussed
in Appendix B. Second, as was shown in Appendix E 4,
there exists a purely 2D state that respects C+

M × ZN1 × ZN2

symmetry but hosts a zero mode at the rotation center, with
the symmetries realized projectively g1g2 = −g2g1. This state
can be used to trivialize the surface of 1D block state with
the projective phase θ = −1. Accordingly, θ corresponds to
topologically distinct phases only modulo −1. Combining the
two results, we find that θ takes topologically distinct values
only modulo ei2πx/N12 , with x = (M, N12/2). Therefore 1D
block states are classified by G−2 = Z(M,N12/2).

Next, we consider 2D block states. We put those 2D in-
ternal FSPT phases protected by ZN1 and ZN2 jointly on
each block. There are both non-Abelian and Abelian FSPT
phases, with the latter classified by ZN12 . As mentioned
in Appendix F 1, depending on N1 and N2, the non-Abelian
ones may or may not stack into the Abelian ones, forming
Z2N12 or ZN12 × Z2 classification. Below, we show that the
non-Abelian FSPTs are not compatible with C+

M symmetry,
regardless of the values of M, N1, and N2.

To see that, it is enough to consider the edge modes of
the root non-Abelian SPT phase, which have already been
discussed in Appendix F 1. On the rotation axis, we have Ma-
jorana fermions γ̄ j1, γ j2, γ j3, and γ̄ j4, with j = 1, . . . , M.
Under rotation R, we have γ ja → γ j+1,a, γ̄ ja → γ̄ j+1,a. Under
g1 and g2, the fields transform according to (F1). As always,
we define the new fields

ψla = 1√
M

M∑
j=1

ω−l jγ ja, ψ̄la = 1√
M

M∑
j=1

ω−l j γ̄ ja, (F21)

where ω = ei2π/M , l = 0, . . . , M − 1, and a = 2, 3 for ψla,
a = 1, 4 for ψ̄la. We note that ψ

†
la = ψ(M−l )a and ψ̄

†
la =

ψ̄(M−l )a. Accordingly, ψ0a and ψ M
2 ,a are still Majorana

fermions. The independent complex fermions correspond to
l = 1, . . . , M

2 − 1. The symmetry transformations on ψla and
ψ̄la are exactly in the same form as in (F3).
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To form a valid 2D block state, the edge modes should
be gapped out without breaking the symmetries. That is, the
multilayer system, obtained by folding all the blocks, should
be a trivial SPT phase with Z f

2 × ZM × ZN1 × ZN2 internal
symmetry. This can be checked by studying the topological
invariants introduced in Ref. [58]. To show it is a nontrivial
SPT state, it is actually enough to check the quantity �R,g1,g2 ,
which we have introduced previously [see the discussion be-
low Eq. (F11)]. This quantity detects certain non-Abelian
braiding statistics among the vortices R, g1 and g2. So, all
the complex fermions, which correspond to Chern insulators,

do not contribute to �R,g1,g2 . The only nontrivial contribution
comes from ψ̄ M

2 ,4, giving rise to �R,g1,g2 = π . Therefore the
root non-Abelian internal FSPT state cannot be used to build
a valid 2D block state.

Accordingly, we are left with the Abelian SPT phases,
which are purely bosonic. Then, to be compatible with M-fold
rotation, it is easy to see that the classification is reduced
from ZN12 to Z(M,N12 ). Combining 1D and 2D block states, all
of which are bosonic, we find that the SPT phases protected
jointly by C+

M , ZN1 and ZN2 have a classification Z(M,N12/2) ×
Z(M,N12 ).

[1] L. Fu, Topological Crystalline Insulators, Phys. Rev. Lett. 106,
106802 (2011).

[2] R.-J. Slager, A. Mesaros, V. Juričić, and J. Zaanen, The space
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