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We investigate the thermal expansion behaviors of monolayer graphene and three configurations
of graphene with point defects, namely the replacement of one carbon atom with a boron or ni-
trogen atom, or of two neighboring carbon atoms by boron-nitrogen atoms, based on calculations
using first-principles density functional theory. It is found that the thermal contraction of mono-
layer graphene is significantly decreased by point defects. Moreover, the corresponding tempera-
ture for negative linear thermal expansion coefficient with the maximum absolute value is reduced.
The cause is determined to be point defects that enhance the mechanical strength of graphene and
then reduce the amplitude and phonon frequency of the out-of-plane acoustic vibration mode. Such
defect weakening of graphene thermal contraction will be useful in nanotechnology to diminish
the mismatching or strain between the graphene and its substrate. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4892419]

I. INTRODUCTION

Since its discovery in 2004, graphene attracted tremen-
dous attention, due to its superior electronic, mechanical, and
thermal properties.1–5 Relativistic massless dispersion of its
charge carriers, superhigh thermal conductivity and strong
mechanical strength, renders graphene as the prime candi-
date material for next generation devices. However, graphene,
a zero bandgap semiconductor, is not suitable for use in
field effect transistors (FETs) and other semiconductor de-
vices. To induce a band gap or modify the Fermi level, one
can tailor the graphene into graphene hexagonal clusters,6

nanoribbons,7 adding uniaxial or biaxial strain,8 and incor-
porating point defects, the most common method.9 Point de-
fect graphene exhibits a wide variety of novel electronic
properties. For instance, boron-doped graphene displays p-
semiconductor abilities, while nitrogen-doped graphene dis-
plays n-semiconductor abilities.10 Although modification of
the electronic properties of graphene by inducing sundry point
defects has been fully studied, the effects of point defects on
the thermal properties of graphene have yet to be researched.

On the other hand, the substrate is essential in fabricat-
ing graphene and the application of graphene-based nano-
devices. Matching the graphene lattice and its substrate is cru-
cial. The existing substrates such as copper,11, 12 platinum,13

nickel,14 nickel-manganese,15 in addition to layered hexag-
onal boron nitrogen sheets,16 are all bulk materials. As
is well known, most bulk materials expand with increas-
ing temperature. For example, the linear thermal expansion
coefficient (LTEC) of bulk copper is 16.61 × 10−6 K−1

at room temperature.17, 18 The monolayer graphene has a
negative LTEC across the entire range of temperatures
investigated,19–22 which is in contrast to its substrate. Thus, a

a)aprqz@cityu.edu.hk
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growing mismatch is apparent between graphene and its sub-
strate with increasing temperature. This mismatch automati-
cally induces large strain, or even exfoliates graphene from its
substrate,19 as the schematic shown in Figure 1. Therefore, the
application of graphene is not recommended in variable ther-
mal conditions. A method of reducing the thermal contraction
of graphene to a level closer to its substrate is required.

With the aim of solving the problems discussed above,
in this paper, we study the thermal expansion behaviors of
perfect graphene (denoted as Graphene), graphene with a car-
bon atom replaced by a boron atom (denoted as Graphene_B),
graphene with a carbon atom replaced by a nitrogen atom (de-
noted as Graphene_N), and graphene with two neighboring
carbon atoms replaced by boron-nitrogen atoms (denoted as
Graphene_BN). Compared with the thermal expansion behav-
ior of graphene, point defect graphene exhibits smaller ther-
mal contraction, especially in Graphene_B. The size order of
LTEC in our calculated systems is Graphene < Graphene_N
< Graphene_BN < Graphene_B. Moreover, the correspond-
ing temperature for negative LTEC with maximum absolute
value is also reduced in point defect graphene. Inducing point
defect to modify the thermal contraction of graphene will
be very useful in nanotechnology for reducing strain. This
method could admit wider applications for graphene.

II. COMPUTIONAL METHOD AND THEORY
BACKGROUND

All of our calculations are conducted using first-
principles density functional theory implemented in SIESTA
code23, 24 with Troullier-Martins pseudopotential. A localized
orbital basis of atomic orbital with double zeta polariza-
tion (DZP) is employed. The localized density approxima-
tion (LDA)25 of Ceperly-Alder form is used for the exchange-
correlation functional, while an energy cutoff of 240 Ry is
adopted for presenting charge density in real space. Periodic
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FIG. 1. A schematic diagram presenting the increasing mismatch between
graphene and its substrate while heating.

systems of graphene and point defect graphenes are presented
in the xy plane. A vacuum layer of 15 Å is employed per-
pendicular to the investigated sheet. A 10 × 10 × 1 k-point
mesh is used for the optimization of graphene and point de-
fect graphene models, respectively, in a 5 × 5 supercell. Our
systems are relaxed until the forces acting on each of the
atoms are smaller than 0.0001 eV/Å. For the calculation of
phonon dispersion, we adopt the frozen phonon method im-
plemented in the Vibra package of the SIESTA code. To ob-
tain an accurate force matrix, a 15 × 5 supercell graphene or a
point defect graphene configuration is used for force calcula-
tions. Five configurations, including an optimal structure with
a lattice parameter equaled to a0, and four strained configu-
rations with lattice parameters 0.99a0, 0.995a0, 1.005a0, and
1.01a0 are optimized, which provides data for fitting the rela-
tionship between the total energy and lattice parameter with
polynomial expression to the fourth order. The corresponding
phonon dispersion for each strained or optimal configuration
is calculated, required in calculating LTEC. The phonon band
is plotted with a 61 k-points mesh, in the reciprocal space of
the 5 × 5 supercell. Charge density maps and vibration mode
animations are visualized with XCRYSDEN code.26

On the basis of quasi-harmonic approximation, the LTEC
of the two-dimensional system is calculated according to the
method used in Ref. 22:

α = 1

a2
0

∂2E
∂a2 |0

∑
k,s

cv(k, s)γ (k, s), (1)

where the index “0” implies the physical quantity at ground
state. The “a” is the lattice parameter in the xy plane, and “E”
is the total energy of the system investigated. The cv(k, s) is
the contribution of k point in the s sub-band to the graphene
heat capacity and its exact expression is

cv(k, s) = kB

(
¯ωks

kBT

)2 exp(¯ωks/kBT )

[exp(¯ωks/kBT ) − 1]2
, (2)

where ¯ and kB are the reduced Planck’s parameter and Boltz-
mann parameter, respectively. ωk, sis the phonon circular fre-
quency at (k, s) band. The Grüneisen parameter (GP) γ (k, s)
in Eq. (1) is defined as

γ (k, s) = −a0

ω0,k,s

∂ωk,s

∂a
|0. (3)

The positive or negative GP adumbrates the correspond-
ing vibration mode, which will induce thermal expansion or
thermal contraction, respectively.

III. RESULTS AND DISCUSSION

In Figure 2, the row above presents a top-view schematic
of our four investigated systems. (a) is the 5 × 5 supercell
of perfect graphene, (b), (c), and (d) are the configurations of
Graphene_B, Graphene_N, and Graphene_BN, respectively.
Point defects are located in the centers of the supercells. Sim-
ilar to the pristine graphene, Graphene_B, Graphene_N, and
Graphene_BN present planar configurations. By introducing
defects, the graphene lattice parameter has slight change. The
lattice parameters are shown in the second column of Ta-
ble I. Graphene_N, with one more valence electron, presents
a smaller lattice parameter compared to that of Graphene,
while Graphene_B, with one less valence electron, shows
a bigger lattice parameter. According to the polynomial fit-
ting function between total energy and lattice parameter, the
second order differential of total energy on lattice parame-
ter, ∂2E

∂a2 |0, is obtained, as required in investigating the LTECs
of graphene and point defect graphenes. The stiffness co-
efficient of c11 + c12 is calculated. The second order dif-
ferential of total energy on lattice parameter multiplied the
square of lattice parameter a2

0
∂2E
∂a2 |0, and c11 + c12 are pre-

sented in the third and fourth columns of Table I. Since
the graphene and point defect graphenes present the same
symmetries, it is suitable to compare mechanical strength
with the magnitude of c11 + c12. It presents that the me-
chanical strength magnitude order in graphene and point de-
fect graphenes is: Graphene < Graphene_N < Graphene_BN
< Graphene_B. After the structural and mechanical proper-
ties of the graphene and point defect graphenes are investi-
gated, the corresponding electronic properties are also deter-
mined. Figures 2(e)–2(h) present the Graphene, Graphene_B,
Graphene_N, and Graphene_BN electronic structures, respec-
tively. Different from Graphene, Graphene_B, Graphene_N,
and Graphene_BN present small bandgaps which are deter-
mined to be 0.129, 0.134, and 0.241 eV, respectively. The
graphene linear Dirac cone is broken in the point defect
graphenes, and then electronic carriers become massed. For
the p-type Graphene_B, with one valence electron less, the
Fermi level moves into its valence band. Oppositely, the Fermi
level of the n-type Graphene_N moves into the conduction
band. These results are consistent with those of Ref. 10. For
Graphene_BN, its valence electron number is equivalent to
that of Graphene and its Fermi level locates at the vertex of
conic valence band.

According to Eq. (1), the LTECs of graphene and point
defect graphenes are researched. For better understanding
of their thermal expansion behaviors, the LTEC of perfect
graphene is first investigated and discussed. With the phonon
dispersion obtained and the relationship between the total en-
ergy and lattice parameter, the LTEC of graphene is identi-
fied and presented in Figure 3(a). It is found that graphene
contracts across the entire range of temperatures investigated.
The maximum negative TEC is −7.573 × 10−6 K−1, which
occurred at 410 K. All these values are consistent with the
existing experimental19, 20 and theoretical21, 22 works. There-
fore, our method is confirmed as reliable. Since the origi-
nal LTEC definition is α = 1

a
da
dT

, the relationship between the
lattice parameter and temperature could be obtained from a
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FIG. 2. (a), (b), (c) and (d) are the top-view of Graphene, Graphene_B, Graphene_N, and Graphene_BN. The boron, carbon, and nitrogen atoms are in pink,
grey, and blue, respectively. (e), (f), (g), and (h) are the corresponding electronic structures of their systems above.

deduced equation: a = a0 exp(
∫ T

0 αdT ). A temperature de-
pendent of graphene lattice parameter are shown in Figure
3(b). The lattice parameter decreases significantly with in-
creasing temperature. At ground state, the graphene lattice pa-
rameter is 12.277 Å, while it decreases to 12.150 Å at 1800
K. Consequently, reducing the graphene thermal contraction
amplitude is required for matching graphene and its substrate.

With a similar approach to the investigation of the LTEC
of perfect graphene, the thermal expansion behaviors of
Graphene_B, Graphene_N, and Graphene_BN are studied.
The temperature dependence of the LTECs of graphene and
point defect graphene are shown in Figure 4(a). Each of
the four systems contracts in the temperature range of 0–
1800 K investigated. Perfect graphene has the largest nega-

TABLE I. The structural parameters of Graphene, Graphene_B,
Graphene_N, and Graphene_BN, respectively. The second column is the 5
× 5 supercell lattice parameter of the systems investigated. The third column
is the second differential of total energy on lattice parameter multiplying the
square of the lattice parameter. The fourth column is the stiffness coefficient
of(c11 + c12), which implies mechanical strength.

Lattice

System parameter (Å) a2
0

∂2E

∂a2 |0 (10−16 J) (c11 + c12) (TPa)

Graphene 12.277 9.201 1.037
Graphene_B 12.320 12.699 1.421
Graphene_N 12.263 10.038 1.133
Graphene_BN 12.296 11.721 1.316

tive LTEC, as discussed in the previous paragraph. The sys-
tem with the second largest negative TEC is Graphene_N: its
maximum negative is −6.005 × 10−6 K−1 at 364 K. Corre-
spondingly, the maximum negative LTECs for Graphene_BN
and Graphene_B are −4.603 × 10−6 K−1 and −2.806
× 10−6 K−1, which occurred at 301 K and 228 K, respec-
tively. Evidently, the temperature for the maximum negative
LTEC of point defect graphene is also lower than that of per-
fect graphene. At 1800 K, the maximum temperature investi-
gated, the LTECs of Graphene, Graphene_N, Graphene_BN,
and Graphene_B are −6.181 × 10−6 K−1, −4.357 × 10−6

K−1, −2.585 × 10−6 K−1, and −0.148 × 10−6 K−1, respec-
tively. From the data, it is evident that the size order of neg-
ative LTEC absolute values has an inverse relationship with
its mechanical strength. Of the four configurations, Graphene,
with the smallest mechanical strength, has the largest absolute
value of negative LTEC, while Graphene_B with the largest
mechanical strength has the minimum thermal contraction.
Furthermore, the corresponding temperature for negative TEC
with maximum absolute value is reversely proportional to me-
chanical strength.

To gain insight into the thermal expansion behaviors
of graphenes containing point defects, the vibration modes
which determine the thermal expansion are considered. Since
GP is a direct index which implies the effect of its cor-
responding vibration mode on thermal expansion behavior,
the phonon frequency dependence of Graphene, Graphene_B,
Graphene_N, and Graphene_BN GPs are investigated and
shown in Figure 4(b). This graph demonstrates that for these
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FIG. 3. (a) The temperature dependence of the LTEC of graphene. (b) The temperature dependence of graphene lattice parameter.

four configurations, the number of negative GP points is in-
verse to the mechanical strength of the system investigated.
More negative GPs emerge in Graphene in the low phonon
frequency range than in the other three configurations. Addi-
tionally, the amplitude of negative GP in Graphene is larger
than those of the other three configurations, regardless of the
phonon frequency. The number of negative GPs points in
Graphene_N is much smaller than that of Graphene. More-
over, the range of negative GPs has shifted downwards to
lower phonon frequencies. Then, the negative GPs points are
progressively fewer in Graphene_BN and Graphene_B. As is
well known, the thermal contraction of graphene is mainly
due to the out-of-plane acoustic (ZA) vibration.22 The ampli-
tude of the negative GP decrease in point defect graphene,
which implies that the ZA mode is weakened by adding point
defects to graphene. According to the theory of elasticity, the
vibration energy of the ZA mode is Evib = 1

2CA2, where C is
a fitting parameter proportional to the mechanical strength of
the studied structure and A is the amplitude of ZA vibration
mode. In addition, the origin of Evib is the thermal energy

of kBT from the ambient heat source. Thus, Evib is constant
at specific temperature T. As a consequence, the amplitude
of the ZA mode is larger with a lower mechanical strength.
Since thermal contraction has a direct ratio to the amplitude
of the ZA mode, Graphene contracts more significantly than
the three point defect graphenes.

Based on the discussion above, the point defect weak-
ened graphene thermal contraction is due to the enhancement
of graphene mechanical strength. Why does the point de-
fect increase the graphene mechanical strength? To answer
this question, the graphene Kohn anomaly27 is considered.
From Ref. 27, Kohn anomaly occurs in metals caused by the
ion lattice vibration screened by conduction electrons which
may only occurs at wave vector q connecting two electronic
states k1 and k2 = k1 + q at the Fermi level. In Graphene,
its Fermi level locates at two equivalent vectors K and K′,
and thus the Kohn anomaly could only occur at q = � and
q = K.28 Moreover, the graphene Kohn anomaly increases
significantly with increasing the applied strain.29, 30 After in-
troducing point defect, as presented in Figure 2, the point

FIG. 4. (a) The temperature dependence of the LTECs of Graphene, Graphene_B, Graphene_N, and Graphene_BN. They are denoted in solid black, red
dashed, blue dotted, and megaton dashed-dotted lines, respectively. (b) The phonon frequency dependence of the GP of Graphene, Graphene_B, Graphene_N,
and Graphene_BN. They are denoted with black squares, red circles, blue upper triangles, and megaton lower triangles, respectively.
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defect graphene presents a small bandgap and thus weak-
ens the graphene Kohn anomaly, as is also discussed in Ref.
10. Indeed, the small bandgap constrains the enhancement
of Kohn anomaly under increasing strain, because the Kohn
anomaly requirement is not satisfied.27 As a result, the point
defect graphene is more resistive against the applied strain,
making the graphene to present higher mechanical strength
due to the introduction of point defects. A detailed discussion
on the relationship between graphene mechanical strength
and the Kohn anomaly is available in Ref. 31. Moreover, a
relevant study using adding or subtracting electrons to re-
duce graphene Kohn anomaly was also reported.29 However,
the reduced graphene Kohn anomaly in Ref. 29 is mainly
due to the motion of Fermi level; while in our situation, the
small bandgap contributes to the weakening of the graphene
Kohn anomaly. Both of the Fermi level motion and the small
bandgap break the conditions of graphene Kohn anomaly, as
discussed in Ref. 28. The point defect enhanced graphene me-
chanical strength is due to the reduced Kohn anomaly. Fur-
ther, what determines the order of the point defect mechan-
ical strengths? To answer this question, the quantum elec-
tronic stress32 and the atomic mass change are considered.
The quantum electronic stress is proportional to the deforma-
tion potential and the change of electronic density, and the
existing literature has determined that the p-type graphene
presents a higher strength than n-type graphene.29, 32, 33 Thus,
Graphene_B presents a higher mechanical strength than those
of Graphene_BN and Graphene_N. On the other hand, the
atomic mass and radius change also affects the graphene me-
chanical strength. Note that boron atom has a larger atomic
radius and a smaller atomic mass than those of nitrogen.
Due to the atomic mass and radius difference, the boron
atom strengthens the graphene’s highest optical phonon fre-
quency, while nitrogen atom weakens the graphene’s high-
est phonon frequency, as presented in Figure 5(a). Based on
the discussion above, considering the reduced Kohn anomaly,
quantum electronic stress, and the effects of atomic mass
and radius change, it is the point defect that enhances the
graphene mechanical strength, and the p-type Graphene_B
presents a higher mechanical strength than that of the n-type
Graphene_N. Thus, the mechanical strength order is well un-
derstood.

Point defects affect the amplitude of the graphene ther-
mal contraction. Indeed, these defects also decrease the tem-

perature required to reach the maximum negative LTEC,
as shown in Figure 4(a). In order to seek the underly-
ing reasons for this behavior, the low acoustic and optical
phonon branches of our four configurations are plotted in Fig-
ure 5(b). It is found that point defects affect the graphene
phonon frequency. As presented in the figure, the lowest
four phonon branches are related to the graphene and point
defect graphenes’ ZA modes. Compared with the perfect
graphene ZA mode, the phonon frequencies of the point de-
fect graphene ZA modes shift to a lower frequency, which
implies that the phonon frequency in ZA mode is decreased
by a point defect, especially in Graphene_B. Accordingly,
the excitation temperature for ZA mode is reduced. Conse-
quently, the negative LTEC with maximum absolute value of
point defect graphene occurs at a lower temperature. This is
consistent with the temperature values obtained for minimum
LTECs of our four configurations. The thermal expansion be-
haviors of graphene and point defect graphenes are now well
understood.

After the thermal contraction of point defect weakened
graphenes is well understood, we turn to study whether there
is a dilute limit for this behavior. Since the magnitude of
thermal contraction is inversely proportional to the size of
mechanical strength, the dilute limit can be found by sim-
ply comparing the mechanical strength magnitudes of pristine
graphene and defect graphenes with varied defect densities.
Figure 6(a) presents the structures of the defect graphenes in-
vestigated, with the defect density increasing from the left to
the right side on the x-axis of Figure 6(b). For boron or ni-
trogen substituted graphenes presented in the first and second
rows in Figure 6(a), their surfaces are buckled when defect
densities are higher than 4%. Nevertheless, for the boron-
nitrogen substituted graphene presented in the third row in
the same figure, their surfaces present planar configurations
regardless of the defect density increase. To investigate the
mechanical strengths of these defect graphenes, similar to the
method for point defect graphenes, four strained configura-
tions of each optimal structure are optimized, and then the
total energy is fitted as a function of the lattice parameter
by a polynomial expression to the fourth order. Since the
layer thickness could be changed after the defect graphene
surface is buckled, the stiffness coefficient of (c11 + c12) ∗ d

is considered, with d denoting the layer thickness. From the
elastic theory, the vibration energy is proportional to the

FIG. 5. (a) The highest optical branches of Graphene, Graphene_B, Graphene_N, and Graphene_BN. (b) The phonon frequency below 80 cm−1 of Graphene,
Graphene_B, Graphene_N, and Graphene_BN. They are denoted with black squares, red circles, blue upper triangles, and megaton lower triangles, respectively.



064705-6 Zha, Zhang, and Lin J. Chem. Phys. 141, 064705 (2014)

FIG. 6. (a) The structures of graphene with varying defect densities: the first
row presents the boron substituted graphene, the second row is the nitro-
gen substituted graphene, and the last column is the boron-nitrogen substi-
tuted graphene. The defect density increases from the left to the right side.
(b) The defect density dependence of defect graphene stiffness coefficient
(c11 + c12) ∗ d, here d is the layer thickness. The megaton squares, blue
circles, and red upper triangles denote the mechanical strengths of boron-
nitrogen, nitrogen, and boron substituted graphenes, respectively. The dashed
line presents the mechanical strength of the pristine graphene.

(c11 + c12) ∗ d. The defect density dependence of the defect
graphene mechanical strength is presented in Figure 6(b).
It shows that the boron substituted graphene’s mechanical
strength is lower than that of pristine graphene when the de-
fect density is higher than 8%. Whereas, the nitrogen sub-
stituted graphene’s mechanical strength is lower than that of
pristine graphene when the defect density is higher than 4%.
However, the mechanical strength of boron-nitrogen substi-
tuted graphene is higher than that of pristine graphene re-
gardless of defect density change, as presented in Figure 6(b).
This mechanical strength comparison demonstrates that there
are dilute limits for defect weakened graphene thermal con-
traction in boron or nitrogen substituted graphenes, while
the defect weakened graphene thermal contraction in boron-
nitrogen substituted graphene is unchanged regardless of the
defect density.

Our work suggests that creating point defects in graphene
is beneficial not only in modifying electronic properties
but also in controlling the thermal expansion behavior of
graphene. Furthermore, this work will enable future re-
searchers to adjust the thermal expansion behavior of mono-
layer systems by incorporating various point defects.

IV. SUMMARY AND CONCLUSIONS

We have researched the thermal expansion behav-
iors of perfect graphene and three point defect graphenes:
Graphene_B, Graphene_BN, and Graphene_N. It has been
determined that point defects enhance the mechanical strength
of graphene. The LTEC of perfect or point defect graphene is

related to graphene mechanical strength: the larger the me-
chanical strength, the lower the thermal contraction which
occurs. Graphene has the largest thermal contraction, while
Graphene_N, Graphene_BN, and Graphene_B have smaller
thermal contractions in sequence. Moreover, the temperature
for maximum negative LTEC is inversely proportional to me-
chanical strength.

This work could be very useful in reducing stress or strain
on graphene-based nanodevices. Additionally, this work will
enable the thermal expansion behavior of monolayer system
to be adjusted, by creating a variety of point defects.
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