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A real-space phase field model combining Landau–Lifshitz–Gilbert equation and time-dependent

Ginzburg–Landau equation is developed to investigate the evolution of ferromagnetic domains

and martensitic twin structures in a ferromagnetic shape memory alloy at different lengthscales.

Both domain and twin structures are obtained by simultaneously solving for minimization of

magnetic, elastic, and magnetoelastic coupling energy terms via a nonlinear finite element

method. The model is applied to simulate magneto-structural evolution within a nanoparticle and

a bulk single-crystal of the alloy Ni2MnGa, which are subjected to mechanical strains. It is shown

that a nanoparticle contains magnetic vortex structures within a single twin variant, whereas for a

bulk crystal both 90� and 180� domain structures are present within multiple twin variants.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4967531]

I. INTRODUCTION

Ferromagnetic shape-memory alloys (FSMAs) are a rela-

tively new class of multifunctional materials, which is getting

tremendous attention in recent years due to their demonstrable

applications in magnetic recording devices, magnetic/elastic

sensors and precision actuators.1–6 In order to achieve greater

reliability for FSMAs in end devices, it is nevertheless essen-

tial to be able to model the evolution of their magnetic and

twin structures under different externally imposed conditions

across different lengthscales. To this end, there have been a

number of theoretical and experimental studies.7–25 It was

demonstrated that phase-field models can be very effective in

predicting the stability of ferromagnetic domain and twin

structures in FSMAs, whereby the total free energy of the sys-

tem is derived with strain and magnetization as independent

variables. For example, to predict the ferroelastic and ferro-

magnetic domain structures in FSMAs, Zhang and Chen12

developed a computational model by combining the phase

field method, which is based on the micromagnetic model26

and the microelasticity theory of Khachaturyan.27 To simplify

numerical calculations, periodic boundary conditions were

employed in previous phase field simulations of FSMAs,

which used highly efficient fast Fourier transform technique,

so that the elastic solution for a given magnetization distribu-

tion can be obtained analytically in reciprocal space.

However, these results are only valid when the simulation sys-

tem is a bulk material and has regular geometric boundaries.

On the other hand, periodic boundary conditions are not suit-

able for nanoparticles, which have a finite size and aperiodic

boundary conditions. Recently, nanoparticles of ferromagnetic

Heusler alloys have received greater attention due to their

potential applications in advanced magnetic/mechanical sen-

sors and biotechnology areas, which have further been

facilitated by advancements in their easy synthesis routes.28–31

It is therefore necessary to broaden the scope of the earlier

phase field models to accommodate components with differ-

ent lengthscales and arbitrary geometries. In this regard, finite

element based phase field methods provide a strong tool for

numerical analysis of both macroscopic and nanoscale devi-

ces. In such models, the spatial discretization of the physical

domain into tetrahedral/ hexahedral subdomains allows for a

precise approximation of any geometric boundaries in either a

nanoparticle or a bulk material.

Here, we developed such a real-space phase field model to

investigate the evolution of ferromagnetic domain and twin

structures in a FSMA at different lengthscales. The current

work expands upon the earlier computational modeling studies

of Zhang.12,19,20 Our model can be applied into a finite dimen-

sional body with arbitrary geometric and boundary conditions,

as well as for bulk materials with periodic boundary conditions.

The model is used here for simulating detailed domain and

twin structures within a nanoparticle and a bulk single-crystal

of the prototypical alloy of Ni2MnGa. For the time-dependent

multi-physics coupling characteristics, the present model is able

to predict the temporal evolution of the ferromagnetic domain

and martensitic plate morphologies under external mechanical

load and/or magnetic field without any priori assumptions. It is

shown that while a nanoparticle contains magnetic vortex struc-

tures and a single twin variant, both 90� and 180� domain struc-

tures within multiple twin variants are instead present for a

bulk single crystal. The simulation results are discussed with

reference to potentially unique behavior of nanoscale FSMAs.

II. FORMULATION OF PHASE FIELD MODEL

A. Free energy terms

FSMA is intrinsically a multiferroic material, whose ther-

modynamic state is characterized by two kinds of independent

order parameters, which are spontaneous transformation strain

a)Author to whom correspondence should be addressed. Electronic mail:

hhwuaa@connect.ust.hk
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e0
ij and spontaneous magnetization Mi. In the current model, a

given microstructural state of the FSMA component is

described by spatial distribution of spontaneous magnetization

field M(r) and spontaneous transformation strain field e0
ijðrÞ,

which denote the ferromagnetic domain and the martensitic

twin structure, respectively.

The total free energy density of a ferromagnetic shape

memory alloy is given by

ftotal ¼ fanis þ fexch þ fmag þ fmart þ felas þ fgrad þ fcoup; (1)

where fanis is the magnetic anisotropy energy density of a cubic

crystal, fexch is the exchange energy density that represents the

penalty for spatially inhomogeneous distribution of magneti-

zation, fmag is the magnetic energy density that includes both

external magnetic field energy and the demagnetization field

energy, fmart is the martensitic energy density due to

symmetry-adapted strains for cubic to tetragonal transforma-

tion, felas is the elastic energy density due to internal and exter-

nal elastic strains, fgrad is the twin wall energy density due to

elastic gradients and fcoup is the energy density term describing

magnetoelastic coupling. The detailed formulations for each

of the above energy density terms are provided below.

The magnetic anisotropy energy density of a cubic crys-

tal fanis is given by

fanis ¼
K1

M4
s

M2
1M2

2 þM2
1M2

3 þM2
2M2

3

� �
þ K2

M6
s

M2
1M2

2M2
3; (2)

where K1 and K2 are the magnetocrystalline anisotropy con-

stants, Ms is the magnitude of saturation magnetization, and M
i

is the components of the magnetization vector. For a ferromag-

netic martensitic phase at a constant temperature well below

the Curie point and martensitic transformation temperature, the

saturation magnetization Ms, is constant, that is, Ms ¼ jMj.
The exchange energy density fexch, which is a penalty

for the spatially inhomogeneous distribution of magnetiza-

tion in the ferromagnetic materials, is a function of magneti-

zation derivatives as

fexch ¼
A

M2
s

ðM2
1;1 þM2

1;2 þM2
1;3 þM2

2;1 þM2
2;2

þM2
2;3 þM2

3;1 þM2
3;2 þM2

3;3Þ; (3)

where A is the exchange stiffness constant.

The total magnetic field in a ferromagnetic material

includes the external magnetic field and demagnetization

field. Considering the constitutive relation B ¼ l0ðH þMÞ,
the magnetic energy density can be expressed as

fmag ¼ �
ðB

0

HdB

¼ �
ðH

0

l0HdH þ
ðM

0

l0HdM

 !

¼ � 1

2
l0H2 þ l0H �M

� �

¼ � 1

2
l0 H2

1 þ H2
2 þ H2

3

� �
� l0 H1M1 þ H2M2 þ H3M3ð Þ (4)

in which l0 is the permeability of the vacuum. H, B and M
are the total magnetic field, magnetic induction, and material

magnetization vectors, respectively.

The martensitic energy density can be written as the

polynomial of structural order parameters describing the

martensitic transformation

fmart ¼ Q1e2
1 þ Q2ðe2

2 þ e2
3Þ þ Q3e3ðe2

3 � 3e2
2Þ

þ Q4ðe2
2 þ e2

3Þ
2 þ Q5ðe2

4 þ e2
5 þ e2

6Þ; (5)

where Q1, Q2, and Q5 are bulk, deviatoric, and shear modulus,

respectively. Q3 and Q4 denote third and fourth order elastic

constants. Q2 is related to temperature T and martensite trans-

formation temperature TM by Q2 ¼ Q20ðT � TMÞ=TM. ei are

the symmetry-adapted strain defined in term of the transfor-

mation strains, that is

e1 ¼ ðe0
11 þ e0

22 þ e0
33Þ=

ffiffiffi
3
p

;

e2 ¼ ðe0
11 � e0

22Þ=
ffiffiffi
2
p

;

e3 ¼ ð2e0
33 � e0

11 � e0
22Þ=

ffiffiffi
6
p

;

e4 ¼ e0
23;

e5 ¼ e0
13;

e6 ¼ e0
12: (6)

Since only cubic to tetragonal martensitic transition is stud-

ied here, we set e0
23 ¼ e0

13 ¼ e0
12 ¼ 0 for simplicity.

The elastic energy density felas is given by

felas¼
1

2
cijkl eij�e0

ijþeext
ij

� �
ekl�e0

klþeext
kl

� �
¼1

2
c11

�
e11�e0

11þeext
11

� �2þ e22�e0
22þeext

22

� �2

þ e33�e0
33

� �2
�
þc12

�
e11�e0

11þeext
11

� �
e22�e0

22þeext
22

� �
þ e22�e0

22þeext
22

� �
e33�e0

33

� �
þ e11�e0

11þeext
11

� �
� e33�e0

33

� ��
þc44

�
e12�e0

12

� �2þ e23�e0
23

� �2

þ e13�e0
13

� �2þ e21�e0
21

� �2þ e32�e0
32

� �2þ e31�e0
31

� �2
�
;

(7)

where cijkl is the second order elastic stiffness tensor. eij is

the total strain, eext
ij is the external strain, only eext

11 and eext
22 are

studied in the current work.

The energy contribution of a wall between two tetrago-

nal variants is introduced through gradients of the order

parameters

fgrad ¼
1

2
g

	
e0

11;1

� �2

þ e0
11;2

� �2

þ e0
11;3

� �2

þ e0
22;1

� �2

þ e0
22;2

� �2

þ e0
22;3

� �2

þ e0
33;1

� �2

þ e0
33;2

� �2

þ e0
33;3

� �2


; (8)

where g is the isotropic gradient energy coefficient.
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The coupling effect between the magnetization and

mechanical strain is very important for modeling the FSMA,

which is described by the magnetoelastic coupling energy.

For a cubic crystalline magnetic material, its density is writ-

ten as

fcoup ¼ B0

"
e0

11

M2
1

M2
s

� 1

3

 !
þ e0

22

M2
2

M2
s

� 1

3

 !

þ e0
33

M2
3

M2
s

� 1

3

 !#
; (9)

where B0 is the magnetoelastic coefficient, which is a

measure of degree of coupling between strain and

magnetization.

B. Formulation of governing equations

With the energy expression as described above,

the stress rij and the magnetic induction Bi can be

derived as

rij ¼
@f

@eij
; and Bi ¼ �

@f

@Hi
; (10)

where eij is the elastic stain, and Hi is the total magnetic

field.

Furthermore, ignoring the body force in the materials,

the mechanical equilibrium equation and the Maxwell’s

equation should be satisfied as stated below

@

@xj

@f

@eij

� �
¼ 0 (11)

and

@

@xi
� @f

@Hi

� �
¼ 0: (12)

The temporal evolution of the magnetization distribution

(Mi) and ferromagnetic domain structure is described by the

Landau-Lifshitz-Gilbert (LLG) equation

dM

dt
¼ �c0 M�Heffð Þ þ a

Ms
M� dM

dt

� �
; (13)

where c0 is the gyromagnetic ratio, a is the damping con-

stant, t is time and Ms is the saturation magnetization. We

will rewrite the above equation in dimensionless form by the

following dimensionless variables. The dimensionless mag-

netization is expressed as, mi ¼ Mi=Ms. Heff is the effective

magnetic field and is given by

Heff ¼ �
1

l0

dF

dM
¼ � 1

l0

dF

Msdm

¼ � 1

Msl0

@ftotal

@mi
� @

@xj

@ftotal

@mi;j

� �� �
; (14)

where l0 is the permeability of vacuum, and F ¼
Ð
XftotaldV

is the total energy over the whole system.

In the dimensionless form, heff ¼ Heff=Ms, and therefore

we get

heff ¼
1

M2
s l0

@

@xj

@f �total

@mi;j

� �
� @f �total

@mi

� �
: (15)

The dimensionless time s is given by

s ¼ c0Ms

1þ a2
t: (16)

In the dimensionless form, the LLG equation then becomes

dm

ds
þ m� heffð Þ � a m� dm

ds

� �
¼ 0: (17)

The temporal evolution of the martensitic microstructure dis-

tribution is described by the time-dependent Ginzburg-

Landau (TDGL) equations32,33

@e0
ii x; tð Þ
@t

¼ �L
dF

de0
ii

¼ �L
@ftotal

@e0
ii

� @

@xj

@ftotal

@e0
ii;j

 ! !
; (18)

where L is the kinetic coefficient related to twin boundary

mobility.

C. Finite element implementation

For ferromagnetic shape memory alloy with arbitrary

geometric or/and boundary conditions, the mechanical equi-

librium equations and Maxwell equations in Eqs. (11) and

(12) are almost impossible to be solved analytically. Only

with the periodic boundary condition and simple geometric

shape, the solution to those equations could be obtained ana-

lytically. Furthermore, the evolution of Eqs. (17) and (18)

are highly nonlinear equations which are coupled with the

mechanical equilibrium equations and Maxwell’s Eqs. (11)

and (12). This is a typical multi-physical field coupling non-

linear problem. To solve this problem with arbitrary bound-

ary condition, a nonlinear multi-physical field coupling finite

element formulation is developed. The mechanical equilib-

rium equations, Maxwell’s equation, LLG equation, and

TDGL equation are all differential forms of governing equa-

tions on the domain evolution.

To solve the partial differential equations with finite ele-

ment method, we adopt the integration by parts and diver-

gence theorem to obtain the weak form of Equations (11),

(12), (17), and (18), which can be expressed as (19), (20),

(21), and (22), respectively,

ð
V

@f �

@eij
deij

� �
dV ¼

þ
@X

@f �

@eij
njdui

� �
dS; (19)

ð
V

@f �

@hi
dhi

� �
dV ¼

þ
@X
� @f �

@hi
nid/

� �
dS; (20)
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ð
V

dm1

ds
dm1 þ

dm2

ds
dm2 þ

dm3

ds
dm3

þ A� m3m2;j � m2m3;jð Þdm1;j þ m3

@f �

@m2

� m2

@f �

@m3

� �
dm1

� �

þ A� m1m3;j � m3m1;jð Þdm2;j þ m1

@f �

@m3

� m3

@f �

@m1

� �
dm2

� �

þ A� m2m1;j � m1m2;jð Þdm3;j þ m2

@f �

@m1

� m1

@f �

@m2

� �
dm3

� �
�a m2m3;t � m3m2;tð Þdm1 þ m3m1;t � m1m3;tð Þdm2 þ m1m2;t � m2m1;tð Þdm3

� �

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

dV;

¼
þ
@X

m3

@f �

@m2;j
njdm1 þ m1

@f �

@m3;j
njdm2 þ m2

@f �

@m1;j
njdm3

�m2

@f �

@m3;j
njdm1 � m3

@f �

@m1;j
njdm2 � m1

@f �

@m2;j
njdm3

0
BBB@

1
CCCAdS (21)

ð
V

1

L�
@e0

11 x; tð Þ
@s

de0
11þ

1

L�
@e0

22 x; tð Þ
@s

de0
22þ

1

L�
@e0

33 x; tð Þ
@s

de0
33

þ @f �

@e0
11

de0
11þ

@f �

@e0
22

de0
22þ

@f �

@e0
33

de0
33

@f �

@e0
11;j

de0
11;jþ

@f �

@e0
22;j

de0
22;jþ

@f �

@e0
33;j

de0
33;j

0
BBBBBBB@

1
CCCCCCCA

dV ¼
þ
@X

@f �

@e0
11;j

njde0
11þ

@f �

@e0
22;j

njde0
22þ

@f �

@e0
33;j

njde0
33

 !
dS (22)

respectively, where nj (j¼ 1, 2, 3) is the unit vector normal

to the surface and f � is the normalized energy density.

The parameters of Ni2MnGa used in the simulation are

listed in Table I, which can also be found in the previous

literatures.12,19,20

The temporal evolution of the ferromagnetic domain

structure and the martensitic microstructure are obtained by

simultaneously solving Equations (17) and (18) using a three-

dimensional finite element method. In the numerical calculation,

to ensure the saturation magnetization Ms to be a constant, one

constraint equation m2
1 þ m2

2 þ m2
3 ¼ 1 should be complied in

each calculation step. For convenience of simulations, we

employ the following set of the dimensionless material variables:

K�1 ¼ K1=ðl0M2
s Þ; K�2 ¼ K2=ðl0M2

s Þ; A� ¼ 2A=ðl0M2
s l2

dÞ;
Q�1 ¼ Q1=ðl0M2

s Þ; Q�2 ¼ Q2=ðl0M2
s Þ; Q�3 ¼ Q3=ðl0M2

s Þ;
Q�4 ¼ Q4=ðl0M2

s Þ; Q�5 ¼ Q5=ðl0M2
s Þ; B� ¼ B=ðl0M2

s Þ;
C�11 ¼ C11=ðl0M2

s Þ; C�12 ¼ C12=ðl0M2
s Þ;

C�44 ¼ C44=ðl0M2
s Þ; g� ¼ g=ðl0M2

s l2dÞ:

The procedure to obtain equilibrium ferromagnetic and

martensitic domain structures is specified in the flowchart of

Figure 1. First, we built the desired simulation model,

defined the boundary condition, and input the coefficients

according to the target. Next, we generated the mesh within

the simulation model, and the initial condition is created by

assigning random orientation for the magnetization vectors

and values for the martensitic strain order parameters which

included a zero value plus a small random noise. In the third

step, by solving the governing Equations (11), (12), (17), and

(18), we can get the updated elastic strain field, transforma-

tion strain field, magnetization field, and magnetic potential,

respectively. In the fourth step, we adopted the convergence

tolerance 0.001 to judge whether the mentioned four fields

have reached the equilibrium state. If the elastic strain field,

transformation strain field, magnetization field, and magnetic

potential reached the equilibrium state, the solution was

stored. Otherwise, those solutions were used as initial values

to solve the initial boundary value problem of governing

equations. Finally, the equilibrium solution was plotted.

TABLE I. The coefficients of total free energy of Ni2MnGa, where T is temperature in Kelvin.19,20

T TM Ms a K1 K2

250 300 6.02� 105 A m�1 10 2.7� 103 J m�3 �6.1� 103 J m�3

Q1 Q20 Q3 Q4 c0 B0

2.32� 1011 J m�3 3.78� 108 J m�3 0.4� 1010 J m�3 7.5� 1010 J m�3 1.0 4� 106 J m�3

C11 C12 C44 g ld A

1.6� 1011 N m�2 1.52� 1011 N m�2 0.43� 1011 N m�2 1� 10�8 9 nm/18 nm 2� 10�11 J m�1

183904-4 Wu et al. J. Appl. Phys. 120, 183904 (2016)



We have run the simulations for two models at different

scales. The first one is a free-standing nanoparticle with the

dimension 80Dx1 � 40Dx1 � 1Dx1 (Dx1¼ 9 nm), for which

the magnetic boundary conditions of all directions are open

circuit. The second is a bulk crystal with dimensions 80Dx2

�160Dx2 � 1Dx2 (Dx2¼ 18 nm), for which periodic boundary

conditions are applied for all the directions. Due to the quasi-

2D nature of the used model, there are two kinds of martens-

itic variants and four types of ferromagnetic domains. The

two martensitic variants are namely, variant A tet1¼ð1=2e0;
�e0; 1=2e0Þ, and variant B tet2¼ð�e0; 1=2e0; 1=2e0Þ, where

e0 is the magnitude of the spontaneous strain at a given

temperature. Based on the magnetization vectors m1 and m2,

we can introduce four domains or magnetization variants,

which are X- domain (m1 < 0, m2 ¼ 0), Xþ domain (m1 > 0,

m2 ¼ 0), Y- domain (m1 ¼ 0, m2 < 0), and Yþ domain

(m1 ¼ 0, m2 > 0).

As a three-dimensional finite element implementation,

the eight-node hexahedral element is employed in the current

space discretization. There are ten degrees of freedom at each

node, which are three displacement components, one mag-

netic potential, three magnetization components, and three

stress-free transformation strains. For time integration, the

backward Euler algorithm is employed in the current work.

The schematic drawing of the simulated model is plotted in

Figure 2. Figure 2(a) gives a free-standing nanoparticle with

the dimension 80Dx1 � 40Dx1 � 1Dx1 (Dx1¼ 9 nm); the

magnetic boundary conditions of all directions are open cir-

cuit. Figure 2(b) presents a bulk material model with the

dimension 80Dx2 � 160Dx2 � 1Dx2(Dx2¼ 18 nm); for bulk

materials, periodic boundary condition are applied to all the

directions. A uniform initial dimensionless magnetization

m¼ (m1 ¼ 0;m2 ¼ 0;m3 ¼ 1:0) with the magnitude 1.0 is

used to trigger the polarization evolution, which leads to a

stable domain structure after 1000 adaptive step increments.

The automatic incremental step is also used to study the sub-

sequent domain evolution under mechanical strain.

III. RESULTS AND DISCUSSION

The ferromagnetic domain and martensitic twin structures

of a FSMA nanoparticle are shown in Figures 3(a1),–3(c1), and

3(a2),–3(c2), respectively. For free-standing FSMA nanopar-

ticles, the domain structures are mainly determined by

the competition between the exchange energy of Equation (3),

the demagnetization energy of Equation (4) and the elastic

energy of Equation (7). The closed vortex domain structures

are favored in terms of demagnetization energy and elastic

energy. As shown in Figure 3(a1), without external mechanical

strain, a magnetic vortex structure is formed within the single

martensitic variant B. Under mechanical tension eext
11 ¼ 0.01,

the ferromagnetic domain structure changes to three pairs of

180� domain wall structures and the martensitic domain struc-

ture changes to variant A (Figures 3(b1) and 3(b2)). On the

other hand, under mechanical compression eext
11 ¼�0.01, a hori-

zontal 180� domain structure is instead, formed within the mar-

tensitic variant B (Figures 3(c1) and 3(c2)). Experimentally,

such kinds of ferromagnetic vortex structures were earlier

observed in ferromagnetic materials.34–38 For example, using

high-resolution full-field magnetic transmission soft X-ray

microscopy, Im et al.35 observed the formation process of

vortex states in a permalloy Ni80Fe20 nanodisk directly, and

subsequent micromagnetic simulations confirmed intrinsic

Dzyaloshinskii–Moriya interaction for the asymmetric forma-

tion of vortex states.35 Interface is another place, which could

possess significant demagnetization field effect. With micro-

magnetic measurements and in-situ observation over a temper-

ature interval of 50 to 235 �C, Sullivan et al.38 found that the

magnetic domain walls terminate at martensite-austensite inter-

face, which causes the flux to penetrate the anstenite phase and

gives rise to the vortex-like structures.

FIG. 2. Schematic drawing of the simulated model (a) a free-standing nanopar-

ticle with normalized size 80Dx1 � 40Dx1 � 1Dx1; (b) a bulk material with

normalized size 80Dx2 � 160Dx2 � 1Dx2 under periodic boundary condition.

FIG. 1. The flowchart for the finite element based phase field method. The gov-

erning Equations (11), (12), (17) and (18) are solved by backward Euler method.

183904-5 Wu et al. J. Appl. Phys. 120, 183904 (2016)



FIG. 3. The ferromagnetic domain and

martensitic twin structures of the simu-

lated nanoparticle: (a1) and (a2) with-

out external mechanical strain, (b1)

and (b2) under tensile strain

eext
11 ¼ 0:01, and (c1) and (c2) under

compression strain eext
11 ¼ �0:01.

FIG. 4. The ferromagnetic domain and

martensitic twin structures of the simu-

lated bulk crystal: (a1) and (a2) with-

out external mechanical strain, (b1)

and (b2) under tensile strain

eext
22 ¼ 0:012, and (c1) and (c2) under

compression strain eext
22 ¼ �0:017.
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Because the size of FSMA bulk materials is much

larger than the counterpart nanoparticle, the domain struc-

tures are significantly different from those of FSMA with

finite size. The corresponding ferromagnetic domain and

martensitic twin structures of a FSMA bulk crystal are

shown in Figures 4(a1),–4(c1), and 4(a2),–4(c2), respec-

tively. Interestingly, both Yþ and Y- ferromagnetic

domains exist within the martensitic twin variants A, in

the absence of an external mechanical strain (Figures 4(a1)

and 4(a2)). Under mechanical tension eext
22 ¼ 0.012, the Yþ

ferromagnetic domains disappear along with shrinkage of

the Y- ferromagnetic domains (martensitic twin variants A)

and concurrent expansion of the X- ferromagnetic domains

(martensitic twin variants B), as shown in Figures 4(b1)

FIG. 5. The temporal evolution of fer-

romagnetic domain structures for: (a) a

nanoparticle upon an external tensile

strain of eext
11 ¼ 0:01, and (b) a bulk

crystal upon an external strain of

eext
22 ¼ 0:012. Note: m1 þ 3m2 is used

as the legend.
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and 4(b2). Alternatively, under mechanical compression

eext
22 ¼�0.017, the Y- ferromagnetic domains (martensitic

twin variants A) grow, while the X- ferromagnetic domains

shrink (martensitic twin variants B), as shown in Figures

4(c1) and 4(c2). Such kind of 180� (and 90�) ferromagnetic

domain/single (90�) martensitic domain configurations

were widely observed in experiments.39–43 With a scanning

electron microscope in three Ni–Mn–Ga alloys with five-

layered, seven-layered, and non-layered (T) martensite

structure, Ge et al.41 observed the 180� and 90� ferromag-

netic domain/90� martensitic domain and 180� ferromag-

netic domain/single martensitic domain configurations. The

180� ferromagnetic domain/single martensitic domain con-

figuration was achieved by compression.

In addition to calculating the equilibrium states, the tem-

poral evolution of the domain and twin structures for FSMA

components across different scales can also be obtained by

the current approach. Figure 5(a) shows the temporal evolu-

tion of the ferromagnetic domain structure for a FSMA nano-

particle, upon an external tensile strain of eext
11 ¼ 0.01. To

better visualize the domain evolution and magnetization

switching with all of the ferromagnetic variants, a combined

order parameter m1 þ 3m2 is used to plot the ferromagnetic

domain configuration. Initially, in order to reduce the influ-

ence of demagnetization field, magnetizations on the surface

tend to be parallel to the boundary, and hence, a typical vor-

tex structure is formed. Interestingly, there are two slightly

nonuniform regions at the center, which become nucleation

sites for new domains. With increase in time, the magnetiza-

tions within these nonuniform regions begin to rotate, even-

tually giving rise to two new ferromagnetic domains with

magnetic vortex structures and three 180� domain walls as

the minimum energy configuration. Although, evolution of

ferromagnetic vortex structures for Ni-Mn-Ga alloys has

not yet been studied experimentally, similar observations for

other ferromagnetic materials exist; such as, Mozooni et al,
by performing time-resolved wide-field Kerr microscopy

with phase-locked harmonic excitation,36 observed the tem-

poral evolution of the magnetic domain distribution with

easy-axis magnetization reversal in patterned

(Fe90Co10)78Si12B10 ferromagnetic elements.

Figure 5(b) shows the temporal evolution of the ferromag-

netic domain structure for a FSMA bulk single crystal with

periodic boundary conditions, upon an external tensile strain of

eext
22 ¼ 0.012. Again, a combined order parameter m1 þ 3m2 is

used to plot the domain configuration. Interestingly, with exter-

nal strain, the Yþ ferromagnetic domains in the lamellar

domain structure initially shrink and then disappear, while

being replaced by the X- ferromagnetic domains. The X-

domains, therefore, play a coordinating role in the domain wall

motion and domain evolution. Eventually, the Y- ferromag-

netic domains merge to form lamellae with reduced thickness

than before, while the thickness of the lamellae of the X- ferro-

magnetic domains increases. By means of optical and scanning

electron microscopy, the temporal evolution of a magnetic

domain pattern with an applied field in two perpendicular

directions on the surface of a Ni–Mn–Ga alloy was experimen-

tally studied by Ge et al.43 The nucleation and growth of 180�

and 90� ferromagnetic domain/90� martensitic domain was

observed. Our numerical simulation provided more detailed

information about the domain nucleation and growth processes

within bulk material volume.

Size scale effects are important to understand the func-

tional behavior of materials. In case of martensites, it has

been suggested that size scale effects could lead to different

phase transition sequences due to effects of surface

stresses.28,31 In addition, one should also consider size scale

effects on domain and twin structures of ferromagnetic mar-

tensites. As we have shown here, a crucial factor for nano-

particles is the effect of demagnetization fields in

nanoparticles, which drastically changes, not only the stable

domain states, but also their evolution under stain. From an

application viewpoint, the different ferromagnetic and twin

structures for nanoparticles and bulk crystals of FSMAs

could be important for their different magneto-mechanical

behaviors.28–30 Such behaviors need to be explored for

potentially improving material functionalities. For example,

based on their ferromagnetic vortex-type domain structures

and spatially distributed nucleation centers, one can expect

more gradual changes in the magnetic response for FSMA

nanoparticles when compared to rather discrete magnetiza-

tion changes in bulk crystals – this can potentially lead to

development of mechanical/magnetic load sensors with a

more uniform response and greater sensitivity. Future studies

should also consider the effects of such demagnetizing fields

on phase transition behaviors in FSMA nanoparticles, con-

sidering their applications in other areas such as magneto-

caloric cooling.44,45

IV. CONCLUSION

In summary, a real-space phase field model is developed

here to study the coupled evolution of the ferromagnetic

domain and martensitic twin structures of a prototypical

FSMA alloy, under different external strains and as a func-

tion of time. Using a nonlinear finite element based computa-

tion approach, we successfully investigated the

ferromagnetic domain and twin structures for a nanoparticle

and a bulk single crystal. Interestingly, the simulation results

show that magnetic vortex structure forms in a nanoparticle

to reduce the demagnetizing field energy, while both 90� and

180� ferromagnetic domain configurations dominate in a

bulk single crystal. The ferromagnetic domain structures are

consistent with the configuration of the martensitic twin var-

iants, whereby the orientation of the magnetic moments are

close to the shorter crystallographic axis. The different

nucleation mechanisms for domain structures in nanoparticle

and bulk crystal under external strains are elucidated in

detail, which may provide insights into their different func-

tional responses.
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