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Characterizing spatial distribution of soil liquefaction potential is critical for assessing liquefaction-
related hazards (e.g. building damages caused by liquefaction-induced differential settlement). Howev-
er, in engineering practice, soil liquefaction potential is usually measured at limited locations in a specific
site using in situ tests, e.g. cone penetration tests (CPTs), due to the restrictions of time, cost and access to
subsurface space. In these cases, liquefaction potential of soil at untested locations requires to be
interpreted from limited measured data points using proper interpolation method, leading to remarkable
statistical uncertainty in liquefaction assessment. This underlines an important question of how to
optimize the locations of CPT soundings and determine the minimum number of CPTs for achieving a
target reliability level of liquefaction assessment. To tackle this issue, this study proposes a smart
sampling strategy for determining the minimum number of CPTs and their optimal locations in a self-
adaptive and data-driven manner. The proposed sampling strategy leverages on information entropy
and Bayesian compressive sampling (BCS). Both simulated and real CPT data are used to demonstrate the
proposed method. Illustrative examples indicate that the proposed method can adaptively and
sequentially select the required number and optimal locations of CPTs.
� 2022 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The occurrence of soil liquefaction may cause severe damage to
civil structures during an earthquake, such as foundation failure of
buildings, floating of buried tanks, and bridge collapse (e.g. Kramer,
1996). In situ tests, e.g. cone penetration tests (CPTs), are commonly
used in practice to assess the liquefaction potential of soil, in terms
of factor of safety (FS) against liquefaction (e.g. Seed and Idriss,
1982; Idriss and Boulanger, 2008). It is widely acknowledged that
the damage of structures during an earthquake, such as building
foundation failure caused by liquefaction-induced differential set-
tlement, is strongly influenced by spatial distribution of liquefied
soils (e.g. Holzer and Bennett, 2007; Cubrinovski et al., 2011; Bray
et al., 2014; Bong and Stuedlein, 2018; Guan et al., 2021). There-
fore, characterizing spatial distribution of soil liquefaction potential
(e.g. FS at each point within a vertical cross-section of a specific site)
is critical for assessing liquefaction-related hazards.
ock and Soil Mechanics, Chi-

s, Chinese Academy of Sciences. Pr
y-nc-nd/4.0/).
However, due to the restrictions of access, time, and cost, CPT
soundings are usually sparsely conducted (e.g. one CPT sounding for
every tens of meters) at a specific site. The spatial distribution of soil
liquefaction potential has to be interpreted from limited CPT sound-
ings, leading to statistical uncertainty in liquefaction assessment (e.g.
DawsonandBaise, 2005;Guanet al., 2020; Shi andWang, 2021). Such
uncertaintymight result in significant risk to civil structureswhen an
earthquake occurs. Generally, conducting numerous CPT soundings
provides increasingly reliable liquefaction assessment results in a
cross-section, but it also dramatically increases the time and expen-
diture of the liquefaction assessment (e.g. Wang et al., 2019; Guan
et al., 2020). A fundamental but challenging question in liquefaction
assessment is: how to optimize locations of CPT soundings and
determine the minimum number of CPTs for achieving a reliability
level of liquefaction assessment results that decision makers of a
project want to achieve (i.e. target reliability level).

Currently, no quantitative approach is available in engineering
practice for guidance on site investigation for liquefaction assessment.
Existing geotechnical manuals and standards only provide some
empirical site investigation guidelines. For example, Look (2007)
suggested a test spacing of 50e100 m during preliminary design
oduction and hosting by Elsevier B.V. This is an open access article under the CC BY-
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Fig. 1. Framework of proposed CPT sampling strategy for liquefaction assessment.
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phase, and a spacing of 30e100 m for roads and 20-30 m for bridges
and buildings during detail design phase. However, these guidelines
only provide the minimum requirements for site investigation. The
number and optimal locations of CPTs for a specific site should be
determined based on spatial variability of subsurface condition and
target reliability level of liquefaction assessment results (e.g. CEN,
2007; FHWA-NHI-16-072, 2017; Rix et al., 2018; Guan and Wang,
2021). The most challenging issue in site investigation for liquefac-
tion assessment is that much of the information about the subsurface
conditions is usually unavailable at the initial stage of site investiga-
tion, leading to the difficulty in pre-determining the appropriate
number and optimal locations of CPTs (e.g. FHWA-NHI-16-072, 2017).

Extensive studies have been carried out to develop CPT-based
methods for assessing soil liquefaction potential (e.g. Stark and
Olson, 1995; Moss et al., 2006; Robertson, 2010). More recently,
several studies have been performed to investigate the influences of
soil spatial variability on liquefaction evaluation (e.g. Assimaki et al.,
2003; Lenz and Baise, 2007; Montgomery and Boulanger, 2017;
Wang et al., 2017a; Bong and Stuedlein, 2018). Popescu et al. (1997)
indicated that soil spatial variability greatly influences the lique-
faction behavior of soils. Chen et al. (2016) proposed a random field-
based method for evaluating liquefaction potential considering soil
spatial variability. However, no quantitative and rational methods
are available for optimizing CPT locations and determining the
minimum number of CPTs for liquefaction assessment with
consideration of spatial variability of soil properties.

Totackle this issue, this studyproposesasmartsamplingstrategy for
determining theminimumnumber of CPTsoundings and their optimal
locations in a self-adaptive and data-drivenmanner. Using information
entropytheoryandBayesiancompressivesampling(BCS), theproposed
sampling strategy sequentially increases the number of CPTs at the
optimal location until the target reliability level of the interpreted
liquefaction assessment results is achieved. The rest of this paper is
organizedas follows. TheproposedCPTsampling strategy framework is
firstly introduced, followed by its detailed implementation procedure.
Then, an illustration example of simulated CPT data is provided. Finally,
real CPT data from New Zealand Geotechnical Database are used to
demonstrate the proposed sampling strategy.

2. The proposed smart sampling strategy

In geotechnical engineering practice, it is usually difficult to
conduct a comprehensive site investigation for spatial liquefaction
assessment, particularly during the initial stage of site investigation
due to a lack of information about subsurface conditions. However, as
the subsurface information is gradually acquired during site investi-
gation, engineers’ knowledge on the subsurface condition accumu-
lates and improves, and the effectiveness of site investigation can also
be improved using the accumulated knowledge of the site. Therefore,
for example, FHWA-NHI-16-072 (2017) recommends a phased site
investigation plan for a poorly understood site. In the phased site
investigation, preliminary investigation points (e.g. CPTs) might be
performed at a relatively large spacing. Then, the preliminary inter-
pretation of subsurface condition from the initial investigation point
measurements isevaluatedbasedonthedesired reliability level. If the
preliminary interpretation results do not meet the requirement,
additional investigationpoints areperformed to improve reliabilityof
the interpreted subsurface conditions. It should be noted that geo-
morphology plays an important role in geotechnical site investiga-
tion, and careful consideration of geology and geomorphology can
help to reduce uncertainty in planning explorations.

Key idea of the proposed method is consistent with the phased
site investigation plan. To deal with the challenge in unknown
subsurface condition, the proposed sampling strategy conducts the
CPT soundings in a self-adaptive manner. It continuously evaluates
the FS in the cross-section interpreted from the already performed
CPT soundings and decides whether or not adaptation (i.e. addition
CPT soundings) is required. In other words, site investigation for
liquefaction assessment is considered as a sequential process, in
which determining the k-th CPT sounding is based on the infor-
mation obtained from the previously conducted (k-1) CPT sound-
ings, and self-adaptive process stops when reliability of the
interpreted FS in the cross-section achieves the target level. Thus,
even without sufficient prior information about the subsurface
conditions, the minimum number and optimal locations of CPTs
can be determined automatically.

In this study, the interpretation of FS at each point of a cross-
section is performed using two-dimensional (2D) BCS and limited
CPT soundings. The 2D BCS is adopted in the proposed sampling
strategy, because it provides not only a point (single) estimate of FS
in a cross-section but also the full marginal probability distribution
of the estimated FS, which quantify uncertainty and offers error bars
(e.g. mean, m � standard deviation (SD), s) on the interpretation
results. These error bars or coefficient of variation, COV ¼ s=m,
reflect confidence (or reliability) level on interpreted results. In
addition, BCS has unique capability of dealing with non-stationary
spatial data and is directly applicable to CPT data in subsurface
conditions with multiple, but unknown, number of soil layers
without pre-stratification of subsurface space (e.g. Zhao et al., 2020).

The framework of the proposed method mainly contains five
steps, as illustrated in Fig. 1. In Steps 1 and 2, the target reliability
level in terms of target coefficient of variation, COVT, and pre-
liminary number of CPT soundings are determined. Then, in Step 3,
for a given earthquake, the reliability level, COVM, of FS in the cross-
section interpreted from preliminary number of CPTs is evaluated.

If COVM > COVT, reliability of the interpreted FS in the cross-
section requires improvement, and hence, in Step 4, the adaptive
process is triggered to reduce COVM sequentially by performing an
additional CPT sounding at its optimal location. Note that, only one
additional CPT sounding is conducted at each adaptation. The self-
adaptive process stops when COVM � COVT. After that, the mini-
mum number and optimal locations of CPT soundings are deter-
mined automatically for achieving the target reliability level of
liquefaction assessment results in Step 5. The approaches and
procedure of each step are described in detail below.
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2.1. Steps 1 and 2: determining target reliability level and
preliminary CPT soundings

In Step 1, COVT for the interpreted FS in the cross-section is first
determined. The selection of COVT should be based on soil spatial
variability at a specific site, importance of the structures and risks
associatedwith the potential earthquake. For example, if a structure
is extremely sensitive to differential settlement, a stringent target
reliability level should be adopted. The preliminary number of CPT
soundings is selected depending on the local engineering experi-
ence or the recommendations provided by geotechnical design
codes and guidelines in Step 2 (e.g. FHWA-NHI-16-072, 2017). As
suggested by most geotechnical design codes and manuals, the
investigationpoints should be evenly distributedwithin a sitewhen
no pre-existing information about subsurface condition is available
(e.g. CEN, 2007; FHWA-NHI-16-072, 2017; Zhao andWang, 2019). In
addition, basedon the information entropy theory, Zhao et al. (2021)
showed that when no pre-existing CPT data are available, equal
spacing along with the horizontal direction is an efficient sampling
strategy for CPT. Therefore, an equally spaced sampling strategy is
adopted for preliminary CPT soundings in this study.

2.2. Step 3: Evaluation of the interpreted FS in the cross-section

In Step 3, measured data points from preliminary CPT soundings
are used to interpret FS in a cross-section. There are two key
modules in Step 3: (1) CPT-based simplified procedure for lique-
faction assessment, and (2) BCS for interpretation of high spatial
resolution FS in the cross-section from limited CPT measurements.

2.2.1. Simplified procedure for liquefaction assessment using CPTs
Liquefaction triggering analysis is usually performed following

the simplified procedure (e.g. Seed and Idriss, 1971; Cetin et al.,
2004). In the simplified procedure, FS is used to quantify the lique-
factionpotential of soil,which is computed as (e.g. Youd et al., 2001):

FS ¼ CRR
CSR

¼ CRR7:5
CSR

MSF (1)

where CRR is the cyclic resistance ratio, which indicates soil
liquefaction resistance; CSR is the cyclic stress ratio, which repre-
sents the earthquake demand on soil; CRR7.5 is the CRR when the
earthquake magnitude M ¼ 7.5; MSF ¼ 174=M2:56 represents the
magnitude scaling factor; andM represents earthquake magnitude.
If the calculated FS < 1, liquefaction is estimated to occur.

Based on case histories, Robertson and Wride (1998) proposed
the following equations to estimate CRR7.5 directly from CPT mea-
surement data:

CRR7:5 ¼

8>>><>>>:
93

"�
qc1N

�
cs

1000

#3
þ0:08

�
50� �

qc1N
�
cs<160

�
0:833

"�
qc1N

�
cs

1000

#
þ0:05

��
qc1N

�
cs <50

� (2)

where ðqc1NÞcs represents the equivalent cone penetration resis-
tance in clean sand, as expressed below:�
qc1N

�
cs ¼ Kcqc1N (3)

where qc1N ¼ ðqc =paÞCQ is the normalized cone tip resistance; qc
is themeasured cone tip penetration resistance; CQ ¼ ðpa=s0voÞn �
1:7; s0vo is the effective overburden stress; pa ¼ 100 kPa; and n
varies from 0.5 to 1 depending on the soil type. Correction factor for
grain characteristics, Kc, is computed as (e.g. Robertson and Wride,
1998):

Kc ¼
(
1 ðIc�1:64Þ
33:75Ic�21:63Ic2þ5:581Ic3�0:403Ic4�17:88 ðIc>1:64Þ

(4)

where Ic ¼
h
ðlog 10 F þ 1:22Þ2 þ ð3:47� log 10 QÞ2

i0:5
, F ¼

fs=ðqc � svoÞ� 100%, Q ¼ ½ðqc � svoÞ =pa�ðpa=s0voÞn, svo is the total
overburden stress, and fs is the CPT sleeve friction.

CSR is a function of maximum acceleration, amax (e.g. Seed and
Idriss, 1971):

CSR ¼ 0:65
�
amax

g

��
svo
s0vo

�
rd (5)

where g represents the gravitational acceleration constant; rd is the
shear stress reduction coefficient and expressed as a function of
depth, z (e.g. Liao and Whitman, 1986):

rd ¼

8>><>>:
�0:00765zþ 1 ðz < 9:15 mÞ
�0:0267zþ 1:174 ð9:15 m � z < 23 mÞ
�0:008zþ 0:744 ð23 m � z < 30 mÞ
0:5 ðz � 30 mÞ

(6)

Using the simplified procedure, FS can be estimated at the lo-
cations with CPT measurements. To obtain FS over the whole cross-
section, ðqc1NÞcs within a cross-section is interpolated from limited
measured CPT data using 2D BCS.
2.2.2. BCS interpretation of FS at each point of a cross-section
The 2D BCS is an innovative interpolation method that can

reconstruct a high spatial resolution cross-section of spatially
correlated properties (e.g. ðqc1NÞcs) from limited measurement data
(e.g. Ji et al., 2008, 2009; Babacan et al., 2009; Zhao et al., 2018). It
not only provides an estimate of ðqc1NÞcs at untested locations from
limited measurements, but also quantifies the confidence level of
the estimated ðqc1NÞcs. Note that BCS is a non-parametric and data-
driven method which can deal with soil properties with non-
Gaussian marginal distribution functions, such as lognormal dis-
tribution, gamma distribution, exponential distribution and even
unknown distribution functions (e.g. Wang et al., 2021). Mathe-
matically, ðqc1NÞcs at each point within a cross-section can be rep-
resented by anNx1 � Nx2 datamatrix F.Mc represents the number of
CPT soundings. ðqc1NÞcs measurements from Mc CPT soundings
conducted within the site (i.e. the corresponding CPT data from F)
are denoted by a matrix Y with a dimension of Nx1 � Mc. In the
context of 2D BCS, F can be written as a linear summation of Nx1 �
Nx2 2D basis functions (e.g. Candes et al., 2006; Candès and Wakin,
2008; Zhao et al., 2020):

F ¼ B1D
1 U

�
B1D
2

�T ¼
XNx1

i¼1

XNx2

j¼1

u2D
i;j b

1
i

�
b2j

�T ¼
XNx1

i¼1

XNx2

j¼1

u2D
i;j B

2D
i;j

(7)

where B1D
1 with a dimension of Nx1 � Nx1 and B1D

2 with a dimension

of Nx2 � Nx2 are one-dimensional orthonormal matrices; b1i is the i-

th column of B1D
1 ; b2j is the j-th column of B1D

2 ; b1i
�
b2j

�T
is the 2D

basis function, B2D
i;j ; u

2D
i;j is the weight coefficient corresponding to

B2D
i;j and U is a weight matrix including all u2D

i;j .
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Mathematically, CPT measurement data Y are expressed as Y ¼
Fjx2 ¼ B1D

1 U
�
B1D
2

�T
jx2 ¼ B1D

1 UðA2ÞT, where jx2 represents the

locations of Mc CPT soundings, and A2 ¼ jx2
TB1D

2 . The estimated

weight coefficients bu2D ¼
hbu2D

1 ; bu2D
2 ; :::; bu2D

Nx1
�Nx2

i
can be obtained

from limited measurements using the Bayesian approach (e.g.

Tipping 2001). Zhao et al. (2020) has shown that bu2D follows a
multivariate normal distribution with mean value mbu2D and

covariance, COVbu2D , which are expressed as

mbu2D ¼ COVbu2DATy2Ds (8)

COVbu2D ¼
�
ATAsþ Da

��1
(9)

where y2D ¼ vec
�
YT

�
; s follows a Gamma distribution; Da is a

diagonal matrix with a dimension of ðNx1 � Nx2 Þ � ðNx1 � Nx2 Þ; and
diagonal elements of Da, at (t ¼ 1, 2, ., Nx1 � Nx2 ), indicate the

inverse of variance of bu2D
t . In this study, Markov chain Monte Carlo

(MCMC) simulation is used for quantifying probability distribution

of bu2D. Detailed procedure for MCMC simulation is referred to Zhao

et al. (2020). In MCMC simulation, an initial number of bu2D samples

(e.g. the first 100) is discarded, and then many bu2D samples are

generated. Subsequently, many ðqc1NÞcs samples, bF , are generated

by substituting each bu2D sample into Eq. (7).

For each generated bF sample, the CRR at each point of the cross-
section is computed using Eqs. (1) and (2). CSR in a cross-section is
calculated using Eqs. (5) and (6) for a given earthquake. After that,
for each CRR cross-section sample together with estimated CSR, FS
at each point of the cross-section is obtained using Eq. (1), resulting

in many samples of FS in the cross-section, bX . Using these gener-

ated samples of bX , the probability distribution (e.g. mean and SD) of
FS over the whole cross-section is obtained. The reliability level,

COVM of bX interpreted from bu2D CPTs may be defined as the mean
value of COV of the interpreted FS:

COVM ¼ 1
Nx1Nx2

XNx1

i¼1

XNx2

j¼1

COVbXi;j
¼ 1

Nx1Nx2

XNx1

i¼1

XNx2

j¼1

sbX i;j
mbX i;j � 100%

(10)

where bXi;j represents the entry in the i-th row and j-th column of

the reconstructed cross-section of bX ; COVbXi;j
represents the coef-

ficient of variation of bXi;j; and mbXi;j
and sbXi;j

represent the mean and

SD of bXi;j, respectively. Using Eqs. (1)-(10), reliability level of the
interpreted FS in the cross-section from limited CPT soundings is
estimated.
2.3. Steps 4 and 5: Improvement of the liquefaction assessment
results from additional CPTs

When the preliminary interpreted liquefaction assessment re-
sults indicate that reliability level obtained from the preliminary
investigation results does not reach the target reliability level,
additional CPT soundings are required to obtain further measure-
ment data and enhance reliability level of the interpreted
liquefaction assessment results until the target reliability level is
achieved. Therefore, when COVM of interpreted FS in the cross-
section is larger than COVT, additional CPTs are adaptively and
sequentially performed at their optimal locations. In each adaptive
process, one additional CPT sounding is conducted at its optimal
location and used together with the previously obtained measured
data points to re-interpret the FS in the cross-section. The key
element in Step 4 is to determine the optimal location for an
additional CPT sounding based on the information from the pre-
viously conducted CPTs, which is introduced below.

In this study, the optimal location for an additional CPT sound-
ing is selected using an information entropy-based method (e.g.
Zhao et al., 2021). Information entropy is able to evaluate the un-
certainty in a random process (e.g. Goodfellow et al., 2016). Spatial
variation of FS in a cross-section may be considered as a random
process, and thus information entropy can be used to measure the
uncertainty in FS in the cross-section interpreted from limited CPT
measurements. Note that, for a random process modeling of a soil
property, autocorrelation function is used to model autocorrelation
of soil property among different points (e.g. Baecher and Christian,
2005). Generally, as the number of measured data points increases,
the information entropy or uncertainty of the interpreted cross-
section of FS decreases. When FS at each point of the whole
cross-section is measured completely, information entropy of the
interpreted FS in the cross-section decreases to zero, i.e. no
uncertainty.

HðbXÞ and HðbXnewÞ represent the information entropy of FS in
the cross-section interpreted from the previously conducted CPT
soundings and the one re-interpreted using the previously con-
ducted CPTs plus the additional CPT sounding, respectively. The
optimal location of CPT is the one that maximizes the information
obtained from additional CPT measurement data for reducing un-
certainty on the interpretation results (e.g. Zhao et al., 2021).
Therefore, the problem of finding the optimal location of CPT
sounding is equivalent to finding the location that maximizes the

reduction from HðbXÞ to HðbXnewÞ or the reduction from

H
�
vec

�bXT��
to H

�
vec

�bXT
new

��
. When the additional CPT sound-

ing is conducted at a given location j (j ¼ 1, 2, ., Nx2 ) along the

horizontal direction, the reduction from H
�
vec

�bXT��
to

H
�
vec

�bXT
new

��
can be computed using the following equation (e.g.

Zhao et al., 2021):

D ¼ H
�
vec

�bXT��
� H

�
vec

�bXT
new

��
¼ 1

2

XNx1

i¼1

ln
�
1þ s*s2bXi;j

�
(11)

Based on the principle of maximizing the reduction of infor-
mation entropy, the optimal CPT location is the one maximizing

term
PNx1

i¼1ln
�
1þ s*s2bXi;j

�
or its exponential form, Nx1 þ

s*
PNx1

i¼1s
2bXi;j

. Note that Nx1 and s* are constants for different po-

tential CPT locations. Therefore, the problem becomes to find a

location that maximizes the term
PNx1

i¼1s
2bXi;j

.
PNx1

i¼1s
2bXi;j

represents

the summation of variance of the interpreted FS along the depth at
a given location j, which may be obtained directly from BCS inter-
pretation results of the previously conducted CPT soundings. This
indicates that the optimal location for an additional CPT sounding is
the one with the maximum summation of uncertainty in the
interpreted FS along the depth.
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3. Numerical example

In this section, a simulated cross-section of ðqc1NÞcs is used to
demonstrate the proposed sampling strategy. It is widely recog-
nized that soil properties (e.g. ðqc1NÞcs) can exhibit spatial vari-
ability in a cross-section due to the complicated physical and
chemical processes undertaken during the formation of soils (e.g.
Wang et al., 2016). Random fields are commonly adopted in
geotechnical engineering for modeling spatial characteristics of
geo-materials (e.g. Vanmarcke, 1977; Phoon and Kulhawy, 1999;
Wang et al., 2020; Zhang et al., 2021; Chwa1a, 2021). Consider, for
example, a stationary normally distributed ðqc1NÞcs 2D random
field, with mean value m ¼ 100 and coefficient of variation
COV ¼ 0.2. Exponential autocorrelation function rðDx1;Dx2Þ is
adopted for this example (e.g. Vanmarcke, 2010) as

rðDx1;Dx2Þ ¼ exp

24� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDx1Þ2
l2v

þ ðDx2Þ2
l2h

vuut 35 (12)

where Dx1 and Dx2 are the vertical and horizontal distances be-
tween two data points, respectively; and lh and lv are the hori-
zontal and vertical correlation lengths taken as 60 m and 1.5 m,
respectively, which arewithin the typical ranges of lv and lh for CPT
data (e.g. Cao et al., 2016). After the random field of ðqc1NÞcs is
specified, a random field generator, such as circulant embedding
algorithm (e.g. Dietrich and Newsam, 1993), is used to generate a
cross-section of ðqc1NÞcs. Fig. 2 shows the generated cross-section of
ðqc1NÞcs with a depth of 15 m and width of 250 m. The vertical
resolution of the cross-section of ðqc1NÞcs is 0.1 m and the hori-
zontal resolution is 1 m. In total, the cross-section has
151 � 251 ¼ 37,901 data points.

For illustration purpose, the designed ground motion intensity
measures are taken as M ¼ 7 and amax ¼ 0.15g. Saturated unit
weight of soils is taken as 18 kN/m3, and the groundwater table is
assumed to be located at ground surface. In Step 1, COVT of inter-
preted liquefaction assessment results is taken as 10%. Then, the
preliminary number of CPTs, i.e. the starting point of the proposed
sampling strategy, is first selected. Based on the recommendations
from FHWA-NHI-16-072 (2017), CPT soundings with a spacing of
50 mmight be adopted for preliminary interpretation. The width of
the cross-section is 250 m, and thus Mc ¼ 250/50 þ 1 ¼ 6 CPT
soundings should be conducted, as illustrated in Fig. 2 by dashed
lines.

In Step 3, measurement data of the six CPT soundings are ob-
tained from the generated cross-section of ðqc1NÞcs in Fig. 2 and
used to interpret FS in the cross-section. To mimic the process of
performing six CPTs (i.e. C-1, C-2, ., C-6) in site investigation,
6 � 151 ¼ 906 data points of ðqc1NÞcs at these CPT locations are
taken from the original simulated ðqc1NÞcs data, as illustrated in
Fig. 2. Simulated equivalent cone penetration resistance in clean sand, ðqc1NÞcs in a
vertical cross-section.
Fig. 3. Using 2D BCS method and MCMC, Nb ¼ 500 samples of
ðqc1NÞcs cross-section are generated from these measurement data
of ðqc1NÞcs. Nb represents the size of generated sample realizations.
The mean and SD of generated ðqc1NÞcs samples are illustrated in
Fig. 4. The 2D discrete cosine transform (DCT) basis function is used
in this illustration example, because DCT is widely used in image
and signal processing (e.g. Candès and Wakin, 2008). Note that
class selection framework of Bayesian model can be used to select
the most appropriate basis function in engineering practice (e.g.
Wang et al., 2017b). Spatial resolutions of the generated samples ofbF are set as the same as the original one.

For each generated bF sample, CRR is calculated within the cross-
section using Eqs. (1) and (2). Fig. 5a and b shows the mean and SD
of 500 calculated CRR cross-section samples (Nb ¼ 500). The cross-
section of CSR is computed for amax ¼ 0.15g using Eqs. (5) and (6), as
shown in Fig. 6.

After that, for each CRR sample together with estimated CSR, the
cross-section of FS is calculated using Eq. (1), leading to Nb ¼ 500 FS
in the cross-section samples. Fig. 7a and b shows the mean and SD
of the Nb ¼ 500 FS samples generated from six CPT soundings. The
reliability level of FS in the cross-section interpreted from six CPT
soundings is estimated as COVM ¼ 14.2% using Eq. (10), and it is
greater than COVT ¼ 10%. This suggests that the reliability of the
interpretation results should be further improved. Hence, the self-
adaptive process is triggered to perform additional CPT soundings
at their optimal locations.

In Step 4, the target reliability level of interpreted FS in the cross-
section is reached in a self-adaptive manner. One additional CPT
sounding is conducted at its optimal location for each adaptation
based on the information obtained from performed CPT soundings,
and the new ðqc1NÞcs measurement from the additional CPT
sounding together with the previously measured data points are
used to re-interpret FS in the cross-section. Once the target reli-
ability level is reached, the self-adaptive process stops. As intro-
duced in previous section, the optimal CPT location is the one
where the summation of variance or SD of the interpreted FS along
Fig. 3. Equivalent cone penetration resistance in clean sand, ðqc1NÞcs measurement
data of six CPT soundings: (a) C-1, (b) C-2, (c) C-3, (d) C-4, (e) C-5, and (f) C-6.



Fig. 4. Interpreted cross-section of equivalent cone penetration resistance in clean
sand, ðqc1NÞcs, using six preliminary CPT soundings: (a) Mean and (b) SD.

Fig. 5. High-resolution cyclic resistance ratio, CRR, cross-section interpreted from six
CPTs: (a) Mean and (b) SD.

Fig. 6. CSR estimated from maximum acceleration, amax ¼ 0.15g.

Fig. 7. Interpreted high-resolution FS in the cross-section using six CPTs: (a) Mean and
(b) SD of FS, and (c) Summation of SD of interpreted FS along the depth.
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the depth is the largest. Fig. 7c shows the summation of SD of the
interpreted FS along the depth at different locations. It is observed
from that the summation of SD at around 175 m is larger than that
at around 75 m. This is reasonable because the uncertainty of the
soil properties interpolated from the proposed method depends
not only on the distance from the sampled points, but also on the
local variation of measured data points. Fig. 3 shows that the overall
variability of ðqc1NÞcs from C-4 and C-5 conducted at the horizontal
coordinate of 150 m and 200 m is larger than that from C-2 and C-3
conducted at the horizontal coordinate of 50 m and 100 m, leading
to the relatively large summation of SD at around 175 m. Such re-
sults are consistent with the geotechnical engineering experience
and judgment that subsurface conditions are expected to be highly
variable when the nearby measured soil properties exhibit
significant variability. Fig. 7c indicates that the maximum sum-
mation of SD along the depth is 60 which is located at the hori-
zontal coordinate of 125 m. This indicates that an additional CPT
sounding shall be conducted at this location for the first adaptation.

To mimic the process of conducting additional CPT, ðqc1NÞcs data
points along the depth at the horizontal coordinate of 125 m are
taken from the simulated ðqc1NÞcs cross-section in Fig. 2 and used
together with the previous 906 ðqc1NÞcs data points to re-interpret
FS in the cross-section. In total, 7 � 151 ¼ 1057 ðqc1NÞcs measure-
ment data obtained fromMc ¼ 6 þ 1 ¼7 CPT soundings are used to
interpret the FS in the cross-section. Fig. 8a and b shows the mean
and SD of the FS in the cross-section interpreted from seven CPT
soundings. Fig. 8c shows the summation of SD of interpreted FS
along the depth.
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A comparison between Figs. 7c and 8c shows that SD of the
interpreted FS close to the location (i.e. 125 m in the horizontal
direction) of the additional performed CPT is significantly reduced.
The COVM is calculated to be 13.3%. This suggests that the reliability
level of the interpreted liquefaction assessment results is enhanced
after conducting an additional CPT. However, COVM ¼ 13.3% is still
greater than COVT ¼ 10%, and therefore, the self-adaptive process
continues to further improve reliability level of the interpreted
results. It is observed from Fig. 8c that the maximum summation of
SD is located at the horizontal coordinate of 29m, and thus the next
CPT sounding is conducted at this location. Fig. 9a and b shows the
mean and SD of the FS in the cross-section interpreted from
Mc ¼ 6þ 2¼ 8 CPT soundings. The COVM is further reduced to 12.1%.

Self-adaptive process continues until COVM � COVT. The evolu-
tion of COVM with the number of adaptations is shown in Fig. 10. It
is found that COVM decreases from 14.2% to 9.5% as Mc increases
from 6 to 12. The reliability level of interpreted FS in the cross-
section is monitored at each adaptation, and the FS in the cross-
section is re-interpreted with the newly conducted CPT sounding,
which in turn is used for decision on further CPT soundings, if
needed. When Mc increases to 12, COVM ¼ 9.5% < COVT ¼ 10%. This
suggests that the reliability level of the interpreted liquefaction
assessment results achieves the target reliability level, and the self-
adaptive process stops. It should be noted that, although the gen-
eral trend of overall uncertainty of the interpreted FS in the cross-
section is decreasing, the interpreted FS uncertainty at a given
Fig. 8. Interpreted high-resolution FS in the cross-section using previously conducted
six CPTs together with one additional CPT: (a) Mean and (b) SD of FS in the cross-
section, and (c) Summation of SD of interpreted FS along the depth.
location cannot be guaranteed to decrease monotonically. Fig. 11
illustrates the FS in the cross-section interpreted from the 12 CPT
soundings. The preliminary CPT soundings and the additional six
CPT soundings are illustrated in Fig. 11 by dashed lines and dash-
dotted lines, respectively. Using the proposed sampling strategy,
12 CPT soundings and their locations are automatically determined.

4. Real CPT data example

In this section, the proposed sampling strategy is demonstrated
using a set of real CPT data from a site located at the central busi-
ness district of Christchurch, New Zealand with a latitude of
43.522� south and a longitude of 172.655� east. Based on site
investigation reports, sediments of this site consist of 5e6 m thick
layer of silty sand and sandy silt with a saturated unit weight of
18 kN/m3. The water table is about 1.2 m below the ground surface.
To evaluate the performance of the proposed method, it is applied
to evaluating liquefaction hazard at this site under the 2011
Christchurch Earthquake with M ¼ 6.2. Based on recordings from a
Fig. 9. Interpreted high-resolution FS in the cross-section using eight CPTs: (a) Mean
and (b) SD.

Fig. 10. COVM of interpreted FS in the cross-section versus the number of additional
CPT soundings (i.e. number of adaptation).



Fig. 12. Layout of five preliminary CPT soundings at a site in Christchurch, New
Zealand.
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nearby strong motion station, amax ¼ 0.52g is used in this example
(e.g. Bradley and Cubrinovski, 2011).

The proposed sampling strategy is performed for cross-section
A-A0 , as illustrated in Fig. 12 by a solid line. Seven CPT soundings
including CPT_385, CPT_55692, CPT_55682, CPT_55684,
CPT_55680, CPT_55685 and CPT_55683 conducted by Lankelma
Ltd. and Tonkin & Taylor Ltd. in 2012 are used to demonstrate the
proposed method, as shown in Fig. 12 by solid triangles and solid
circles, respectively. In Step 1, a target reliability level, COVT ¼ 5% is
used for illustration. Then, in Step 2, five CPT soundings (i.e.
CPT_385, CPT_55692, CPT_55682, CPT_55684 and CPT_55680) with
a horizontal spacing of 40e50 m are adopted for preliminary
interpretation of soil liquefaction potential, as illustrated in Fig. 12
by solid triangles. Fig. 13 shows the CPT measurement data (qc
and fs) of these CPT soundings which are downloaded from New
Zealand Geotechnical Database (NZGD) (NZGD, 2021). For each set
of qc and fs, ðqc1NÞcs is calculated using Eqs. (3) and (4).

In Step 3, measured data points from the selected CPT soundings
for the preliminary analyses are used to interpret the FS in the
cross-section. Using measured ðqc1NÞcs data from these five CPT
soundings, Nb ¼ 500 samples of ðqc1NÞcs cross-section are gener-
ated using 2D BCS and MCMC. The mean and SD of generated
ðqc1NÞcs samples are shown in Fig. 14. The vertical and horizontal
resolutions of the samples of ðqc1NÞcs cross-section are 0.01 m and
1 m, respectively. Then, Nb ¼ 500 CRR cross-section samples are
computed from the samples of ðqc1NÞcs using Eqs. (1) and (2). Fig.15
shows themean and SD of the generated CRR samples. For the given
earthquake (i.e. amax ¼ 0.52g), the CSR within cross-section A-A0 is
computed using Eqs. (5) and (6), as illustrated in Fig. 16.

Using the generated CRR samples together with estimated CSR,
Nb ¼ 500 FS samples in the cross-section are calculated using Eq.
(1). Fig. 17a and b shows the mean and SD of the FS samples
generated from five CPT soundings. The reliability level of inter-
preted FS in the cross-section is calculated to be COVM ¼ 11.4% from
Eq. (10), which is greater than COVT ¼ 5%. Therefore, additional CPT
soundings are conducted, one by one, at their optimal locations for
improving reliability of the interpretation results in Step 4. Fig. 17c
shows the summation of SD of the interpreted FS along the depth at
different locations. It is observed from Fig. 17c that the maximum
Fig. 11. Interpreted high-resolution FS in the cross-section using 12 CPTs: (a) Mean and
(b) SD.
summation of SD along the depth is 34.7 and occurs at the hori-
zontal coordinate of 112 m. To mimic the process of conducting CPT
at this location, CPT_55683, which was approximately conducted at
the horizontal coordinate of 112 m and obtained from NZGD, is
used together with previous five CPT soundings to re-interpret FS in
the cross-section. CPT measurement data (qc and fs) from
CPT_55683 are shown in Fig. 18a. The interpretation results from
six CPT soundings are illustrated in Fig. 19. The COVM of the FS in the
cross-section interpreted from six CPT is computed to be 8%, and
the self-adaptive process continues. As shown in Fig. 19c, the
optimal location for next CPT sounding is 158 m in the horizontal
direction.
Fig. 13. Measurement data (cone tip penetration resistance, qc and sleeve friction, fs)
from preliminary CPT soundings at a site in Christchurch, New Zealand: (a) CPT_385,
(b) CPT_55692, (c) CPT_55682, (d) CPT_55684, and (e) CPT_55680.



Fig. 14. Cross-section of equivalent cone penetration resistance in clean sand, ðqc1NÞcs ,
interpreted from preliminary CPTs: (a) Mean and (b) SD.

Fig. 15. High-resolution cyclic resistance ratio, CRR, cross-section interpreted from five
preliminary CPTs: (a) Mean and (b) SD.

Fig. 16. CSR estimated from maximum acceleration, amax ¼ 0.52g.

Fig. 17. Interpreted high-resolution FS in the cross-section using five preliminary CPTs:
(a) Mean and (b) SD, and (c) Summation of SD of interpreted FS along the depth.
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CPT_55685 was approximately conducted at the horizontal co-
ordinate of 158 m, and thus it is obtained from NZGD and used
together with previous six CPT soundings to re-interpret FS in the
cross-section. CPT measurement data (qc and fs) from CPT_55685
are shown in Fig. 18b. Fig. 20 shows the FS interpreted from seven
CPT soundings. It is found from Fig. 20b that the overall SD of
interpreted FS is significantly reduced after performing two addi-
tional CPT soundings. The reliability level of interpretation results
(COVM) is improved from 11.4% to 4.9% achieving the target reli-
ability level, COVT ¼ 5%. The layout of additional CPT soundings is
illustrated in Fig. 12 by solid circles. Using the proposed sampling
strategy, seven CPT soundings and their locations are determined
for achieving COVT ¼ 5%.
It is observed from Fig. 20 that most of soils within the cross-
section A-A0 are likely to be liquefied during the earthquake, and
thus significant liquefaction-induced building damages are ex-
pected. Such results are consistent with the field observations.
Based on the field observations reported by Tasiopoulou et al.
(2011), although liquefaction-induced surface ejection was not
observed at this site, numerous nearby buildings were damaged
during the earthquake. Note that, in this real data example, it takes
150e170 s to perform the analysis using a personal computer with
Intel� Core� i7e6700 3.4 GHz (4 Cores) CPU and 16.0 GB RAM and
determine the optimal location of the subsequent CPT. Therefore, it
is a nearly real-time method. Once the CPT data are collected, the



Fig. 18. Measurement data (cone tip penetration resistance, qc and sleeve friction, fs)
from additional CPT soundings at a site in Christchurch, New Zealand: (a) CPT_55683
and (b) CPT_55685.

Fig. 19. Interpreted high-resolution FS in the cross-section using six CPTs: (a) Mean
and (b) SD, and (c) Summation of SD of interpreted FS along the depth.

Fig. 20. Interpreted high-resolution FS in the cross-section using seven CPTs: (a) Mean
and (b) SD.
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proposed method can provide the liquefaction assessment results
and corresponding uncertainty within minutes for decision-
making of further CPT soundings.
5. Conclusions

A smart sampling strategy was developed in this study for
characterizing spatial distribution of soil liquefaction potential in a
vertical cross-section using CPTs. A high-resolution CPT data cross-
section is interpolated from limited measurements using 2D BCS,
while the location for an additional CPT is optimized using the
information entropy-based method. When reliability level of the
interpreted liquefaction assessment results does not meet the
target and requires improvement, a self-adaptive process is trig-
gered to perform additional CPT soundings at optimal locations (i.e.
the locations with the maximum entropy reduction). Once the
target reliability level is reached, the self-adaptive process stops.
Using the proposed method, the minimum number and optimal
locations of CPT soundings are automatically determined for
achieving a target reliability level of the liquefaction assessment
results. Note that more study will be conducted to consider un-
certainties in liquefaction triggering procedure and that associated
with seismic hazard in the model. In addition, the proposed
method has not considered the liquefaction-induced damages and
consequences (e.g. building damage caused by liquefaction-
induced differential settlement) which will be addressed in the
future study. The proposed method can be readily extended to
three-dimensional (3D) space, while demanding intensive
computation. Thus, an efficient computational method is required.
The proposed sampling strategy for liquefaction assessment was
illustrated using both simulated and field CPT data. The results
show that the proposed sampling strategy is able to provide the
optimal locations and minimum number of required CPT
soundings.
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