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Bayesian identification of multiple seismic change
points and varying seismic rates caused
by induced seismicity

Silvana Montoya-Noguera1 and Yu Wang1

1Department of Architecture and Civil Engineering, City University of Hong Kong, Hong Kong

Abstract The Central and Eastern United States (CEUS) has experienced an abnormal increase in
seismic activity, which is believed to be related to anthropogenic activities. The U.S. Geological Survey has
acknowledged this situation and developed the CEUS 2016 1 year seismic hazard model using the catalog of
2015 by assuming stationary seismicity in that period. However, due to the nonstationary nature of induced
seismicity, it is essential to identify change points for accurate probabilistic seismic hazard analysis (PSHA).
We present a Bayesian procedure to identify the most probable change points in seismicity and define their
respective seismic rates. It uses prior distributions in agreement with conventional PSHA and updates them
with recent data to identify seismicity changes. It can determine the change points in a regional scale and
may incorporate different types of information in an objective manner. It is first successfully tested with
simulated data, and then it is used to evaluate Oklahoma’s regional seismicity.

1. Introduction

The Central and Eastern United States (CEUS) has recently presented an important increase in seismicity.
Multiple studies have shown that wastewater injection could be the primary cause of such increase by relating
it, for example, to oil and gas production [Hough and Page, 2015], the specific geologic settings [Gobel, 2015],
and spatial and temporal distribution of injection wells and earthquakes [Llenos and Michael, 2013; Walsh and
Zoback, 2015; Weingarten et al., 2015]. Even if the seismicity increase has been unanimously acknowledged,
there is still some discussion on how it should be addressed [Ellsworth, 2013]. Whereas for the National Seismic
Hazard Model (NSHM) updated in 2014, the potentially induced earthquakes were removed; the U.S. Geolog-
ical Survey (USGS) presented a 1 year seismic hazard forecast for CEUS with contributions from both induced
and natural earthquakes [Petersen et al., 2016]. The importance of this assessment lies in acknowledging the
new hazard created by induced earthquakes to buildings, bridges, pipelines, and other important structures
which were designed for a significantly lower seismic hazard.

A fundamental aspect for accurate probabilistic seismic hazard analysis (PSHA) is to identify change points
in seismic activity related to wastewater injection and quantify their respective seismic rates [Walters et al.,
2015]. The seismic rate is inherently variable and nonstationary; however, there is no objective procedure
to describe this change of seismic rate with time. The 2014 NSHM used the earthquake catalog since 1700
for a 50 year forecast, but the 2016 NSHM provided a forecast for only 1 year. The latter used simple, ad hoc
windows of the earthquake catalog to estimate the current rate of seismicity in a logic tree. For example,
in zones previously defined as being affected by induced seismicity, the earthquakes observed in 2015 were
given more weight in one of the branches of the logic tree [Petersen et al., 2016]. Embedded on these proce-
dures is the assumption that the process is stationary in the interval of time analyzed and forecast. An existing
challenge is therefore to identify the latest seismicity change point and assess the current seismic rate to be
used in PSHA and define the future hazard expected. We propose a Bayesian procedure to objectively iden-
tify the date or dates of significant seismic change and, most importantly, define the seismic rate for each
interval.

Bayesian analysis has been used in a variety of situations to deal with uncertainty and limited data. Since more
than 40 years ago, it has been applied in the context of PSHA to integrate prior knowledge with observational
data [Esteva, 1969]. Ever since, many applications can be found in the literature, such as Bayraktarli et al. [2005];
Koutsourelakis [2010] and Wang et al. [2015] among others.
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Two recent studies have proposed the use of Bayesian tools to identify and quantify the hazard changes
due to induced seismicity. Gupta and Baker [2015] proposed a Bayesian change point model to evaluate
whether a change in seismicity rate has occurred, the time of change and the rate before and after it. In
contrast, the Bayesian procedure that we propose analyzes different changes in seismicity by evaluating not
only one but also various change points in time. This feature is particularly advantageous when an addi-
tional change is expected, for example, due to a decrease in wastewater injections. The second study was
presented by P. Wang et al. [2016]. It consists of a modification of the epidemic-type aftershock sequences
(ETAS) model [Ogata, 1988], to capture the nonstationarity due to induced seismicity by testing various para-
metric functions (e.g., no change due to induced seismicity or a step or logistic function). It is a sophisticated
methodology because for each identified seismic rate, eight parameters of the ETAS model are found. One
advantage of P. Wang et al. [2016] method is that it includes aftershocks; hence, the catalog does not need to
be declustered. However, it results in a higher computational cost where Markov chain Monte Carlo method
and parallel tempering are needed. Our proposed procedure is intended for use in a PSHA context; thus, it
is less complex than that of P. Wang et al. [2016] because there is no need for prespecified multiparametric
models.

The Bayesian procedure proposed in this article simultaneously identifies multiple seismic intervals, charac-
terizes the hazard for each one, and selects the best model to describe the entire earthquake catalog. This
paper begins by describing in detail the procedure for varying seismic hazard identification. Then it is tested
in a simulated case. Finally, the Oklahoma earthquake catalog used is presented, and the Bayesian procedure
is applied to different zones.

2. Bayesian Procedure for Varying Seismic Hazard Identification

The Bayesian procedure consists of two methods: (1) the Bayesian system identification to identify the pos-
sible seismic intervals and characterize them and (2) the Bayesian model class selection to select the most
probable number of intervals. These methods have been previously defined and applied in civil and geotech-
nical engineering [e.g., Beck and Yuen, 2004; Yuen, 2010; Wang et al., 2010; Cao and Wang, 2013; Wang et al.,
2014; Y. Wang et al. 2016]. The source code of the Bayesian procedure is implemented in MATLAB [2012] and
is included in the supporting information.

2.1. Identification and Characterization of Seismic Intervals
The Bayesian system identification method defines the time of each change point

(
𝜏j
|||n

j=1

)
and the seismic

rate of each interval
(
𝜆j
|||n+1

j=1

)
. The current, or most recent, seismic rate (𝜆n+1) should then be used in PSHA to

define the future hazard expected. The input of the method is the vector of cumulative number of earthquakes
(N) as a function of time, which is the cumulative sum of interevent times (t).

The two most important components of the Bayesian methods are the likelihood function and the prior
distribution. For their formulations, we are based on the approach defined by Raftery and Akman [1986], sim-
ilar to Gupta and Baker [2015]. Following traditional seismic hazard analyses, the occurrences of earthquake
events follow a Poisson arrival process where the events are independent [Cornell, 1968]. Hence, the likelihood
function has an exponential distribution given by



(
t| 𝜏j

|||n

j=1
, 𝜆j

|||n+1

j=1

)
=

n∏
j=1

⎡⎢⎢⎣
𝜏j∏

t=𝜏(j−1)

𝜆j exp(−𝜆jt)
⎤⎥⎥⎦

=
n∏

j=1

𝜆
N(𝜏j)−N(𝜏(j−1))
j exp

[
−𝜆j(𝜏j − 𝜏(j−1))

] (1)

As there is no prevailing information available for the time of the changing points, an uninformative prior
distribution of the change points, i.e., a uniform distribution, is considered appropriate. This implies that seis-
micity is equally likely to change at any time during the observation period. Concerning the seismic rate, the
conjugate prior of a Gamma distribution is used and defined as follows:

(𝜆j) ∝ 𝜆
bj−1

j exp(−𝜆jaj) (2)
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The parameters aj and bj control the scale and shape of the probability density function, respectively, and
are strictly nonzero. Hence, the posterior distribution has a Gamma distribution with parameters r and S
[e.g., Yuen, 2010]:



(
𝜏j
|||n

j=1
, 𝜆j

|||n+1

j=1
|t) ∝ 

(
t| 𝜏j

|||n

j=1
, 𝜆j

|||n+1

j=1

) n+1∏
j=1

(𝜆j)
n∏

j=1

(𝜏j) (3)

≈
n+1∏
j=1

𝜆
rj(𝜏)−1

j exp[−𝜆jSj(𝜏)]
n∏

j=1

(𝜏j) (4)

where

rj(𝜏) = N(𝜏j) − N(𝜏(j−1)) + bj

Sj(𝜏) = 𝜏j − 𝜏(j−1) + aj

To identify the unknown parameters, we implement the formulation given for multiple change point models
by Stephens [1994]. Since the t values are conditionally independent of𝜆, the conditional posterior distribution
of 𝜏j is only dependent on change points 𝜏j−1 and 𝜏j+1, and the data between them. Similarly, the marginal
posterior density for 𝜆j depends on the values and data between 𝜏j−1 and 𝜏j . The idea is then to sample the
unknown change points, so that the set of full conditional posterior distributions for 𝜆 is defined as follows:

n+1∏
j=1

P(𝜆j|t) ≈ T∑
𝜏j=0

(
1

T n+1

n+1∏
j=1

{
Γrj(𝜏)

Sj(𝜏)rj(𝜏)
𝜆

rj(𝜏)−1

j exp
[
−𝜆jSj(𝜏)

]})
(5)

By maximizing equation ((5)) or, for numerical convenience, minimizing the objective function(
fobj = − ln

[∏n+1
j=1 P(𝜆j| t)

])
, we obtain the most probable value (MPV) of the seismic rates and change

points. Note that the interevent time vector is not explicit in equations ((4)) and ((5)) but is expressed in the
pair of cumulative events (N(𝜏j)) and change points (𝜏j). To evaluate fobj, a numerical integration is performed
by using a grid in time. For convenience, a moving time window is specified to reduce the possible locations
of the change points. Detailed formulation of the proposed method is given in the supporting information
(Text S1).

2.2. Most Probable Number of Change Points
The number of change points (n) was an input in the previous subsection, but to evaluate the MPV for n, a
variety of probable values are evaluated using the Bayesian model class selection method. A model class (Mn)
is defined as a family of all possible interval lengths described by n change points. The most probable model
class (M∗) is the one with the minimum objective function and pertains to the number of change points
from the posterior distribution. Hence, we find simultaneously MPV of change points n∗, their location, and
their corresponding seismic rates. Note that equation ((5)) contains a term of T−(n+1) in the right-hand side,
so the penalty against the sophisticated model (i.e., a model with a large number of change points) has been
incorporated in the objective function.

3. Illustrative Examples: Simulated Case

The algorithm developed is validated through application to simulated data. For this case, 15 interevent times
(t) are generated at a rate of 𝜆1=0.01 day−1, followed by 20 with 𝜆2 = 0.05 day−1 and 10 with 𝜆3 = 0.015 day−1.
The t values follow an exponential distribution with each specified rate. For a time section of constant seismic
rate (𝜆), according to the inversion method [e.g., Devroye, 1986], each simulated value ti is generated as the
natural logarithm of a random number that follows a standard uniform distribution (ui) divided by −𝜆:

ti = −
ln ui

𝜆
(6)

The change points vary for each simulation and are calculated by the sum of t with same seismic rate. For this
simulation, 𝜏1 is 1427 days and 𝜏2 is 1744 days. The moving time window was 100 days and the parameters aj

and bj are 0.5 and 0, respectively. The cumulative number of events and the results of the model class selection
are shown in Figure 1. The input change points are shown in red dashed lines.
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Figure 1. Cumulative number of earthquakes and change points identified for each model class for the simulated case
as a function of cumulative days. Red dashed lines show the input change point and the obtained seismic rates are
shown for each model class.

The minimum objective functions for M0 to M3 are 698.47, 692.09, 684.12, and 691.06, respectively. Note how
they decrease until M2 and then increase again; hence, M2 is the most probable model class. The model cor-
rectly identifies the two change points, and the 𝜏 results are 1400 and 1700, respectively, that match the true
values with a difference smaller than the moving time window specified. The relative errors of the change
points are below 2%. The results for 𝜆 are shown for each model class in the bottom part of Figure 1. Note that
if only one change point were used, the last—or current—seismic rate would be overestimated by 90%. This
highlights the importance of properly identifying the number and locations of seismic change points.

4. Application to the Oklahoma Earthquake Catalog

The catalog of earthquakes with magnitude (M) equal to or greater than 3 for the state of Oklahoma since 1900
until the end of May 2016 was retrieved from U.S. Geological Survey (USGS) [2016]. The catalog was declustered
with Reasenberg [1985] method because of the assumption of event independency used in the model and
often used in seismic hazard analysis [Cornell, 1968]. Three sets of parameters taken from Van Stiphout et al.
[2012] were tested (see Text S2 in the supporting information). Even if the rate of earthquakes is highly sen-
sitive to declustering, some change points are consistently identified. When the full catalog is analyzed, i.e.,
with no declustering or with minimum declustering, additional change points are identified. It is useful to test
different declustering parameters to identify the change points that are insensitive to these parameters. For
the following analyses, the maximum declustering parameters presented by Van Stiphout et al. [2012] were
used. The declustered catalog is shown in Figure 2. The location of all the active wells of 2014 is also shown in
the figure.

Most of the earthquakes after 2009 were first located in the center and afterward shifted to the north west.
Some of the earlier earthquakes are hard to see in Figure 2, especially those in the center, because of the
increase in seismicity over time. To overcome this, earthquakes prior to 2010 are plotted on top. The Bayesian
procedure will be applied to four areas of about 5000 km2. They account for 76% of the M≥3 earthquakes that
have ever been recorded in Oklahoma but sum to just 10% of the total area of the state. These areas are called
according to a town in them: (1) Jones, (2) Perry, (3) Cherokee, and (4) Waynoka. The declustered and complete
earthquake catalogs for each of the areas are included as data sets in the supporting information.

Figure 3 shows the cumulative number of earthquakes of magnitude greater than or equal to 3 and the
Bayesian results for the four areas studied. A sensitivity analysis was performed to analyze the effect of magni-
tude variations on the identified change points (see Text S3 in the supporting information). Three magnitudes
limits were tested: 2.5, 3, and 3.5. As the magnitude limit increased, fewer change points were identified.
Additionally, in most cases, the change points identified for catalogs of earthquakes of M≥3.5 were also iden-
tified in the other catalogs. For the sake of brevity, only the results for the catalogs of earthquakes M≥ 3 are

MONTOYA-NOGUERA AND WANG BAYESIAN TO IDENTIFY SEISMIC TRANSITIONS 3512
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Figure 2. Seismicity map in Oklahoma state (data from U.S. Geological Survey (USGS) [2016]), location of active wells in
2014 (data from Oklahoma Corporation Commission [2016]), and faults (taken from Heran et al. [2003]). The dashed boxes
depict the four studied areas. The color code is used for the date and the size for the magnitude of the earthquakes.
Earthquakes prior to 2010 are plotted on top.

presented. Table 1 is a summary of the results of the Bayesian procedure. A posterior predictive check was
performed to demonstrate that the identified change points in the four catalogs used are significant when
compared to change points identified in simulated random catalogs using the same procedure. One hundred
simulations were analyzed for each of the Oklahoma areas. The comparison between the simulated data and
the real catalogs is shown as the frequency distribution of the identified change points in Figure 3.

Figure 3. Cumulative number of earthquakes and model class selection results for (a) Jones, (b) Perry, (c) Cherokee, and
(d) Waynoka. The results for the posterior predictive check are also shown as frequency distributions of the identified
change points.

MONTOYA-NOGUERA AND WANG BAYESIAN TO IDENTIFY SEISMIC TRANSITIONS 3513
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Table 1. Bayesian Model Class Selection Results for Each Area Studied in Oklahoma Statea

Model Mininum (fobj) 𝜆1 𝜆2 𝜆3 𝜆4 𝜏1 𝜏2 𝜏3

Jones

M0 3118.58 0.0111 - - - - - -

M1 2147.37 1.74e–04 0.0694 - - 25-02-2009 - -

M2* 2090.83 3.48e–05 0.0221 0.0907 - 01-05-2008 14-08-2011 -

M3 2092.94 3.61e–05 0.0221 0.0717 0.1098 01-05-2008 14-08-2011 30-01-2014

Perry

M0 3712.71 0.0137 - - - - - -

M1 1852.02 2.82e–04 0.2298 - - 22-10-2013 - -

M2* 1828.24 2.81e–04 0.1217 0.2761 - 22-10-2013 18-08-2014 -

M3 1828.30 1.61e–04 0.0030 0.1217 0.2761 09-06-2012 22-10-2013 18-08-2014

Cherokee

M0 4055.35 0.0153 - - - - - -

M1 2014.74 2.20e–04 0.2359 - - 14-07-2013 - -

M2* 1960.35 1.58e–04 0.0417 0.2757 - 05-04-2013 30-01-2014 -

M3 1965.28 1.59e–04 0.0025 0.0575 0.2758 26-12-2012 14-07-2013 30-01-2014

Waynoka

M0 1056.25 0.0030 - - - - - -

M1 636.15 1.53e–04 0.0710 - - 18-08-2014 - -

M2* 622.68 9.27e–05 0.0113 0.0927 - 30-01-2014 06-03-2015 –

M3 623.71 0.0050 3.11e–05 0.0112 0.0927 20-07-1970 30-01-2014 06-03-2015
aSeismic rates are given in events per day. The most probable model class and the respective seismic change points

are written in bold letters.

4.1. Jones Area
Oklahoma’s seismicity started increasing in Jones area, located north east of Oklahoma City. The first event
recorded of M ≥ 3 took place on 9 June 2008. The results for this area, shown in Figure 3a, suggest that there
are two change points in seismicity: 1 May 2008 and 14 August 2011. The first one is identified prior to
the first event recorded; thus, it is an obvious change point. Gupta and Baker [2015] studied this area—but
with a different catalog and declustering method—and found a change point on 13 June 2009; however,
their procedure did not allow the identification of multiple change points. This date is about 4 months after
the change point identified for model class 1, as seen in Table 1. The second change point was identified
about 3 months prior to the Prague earthquake sequence of 5, 6, and 8 November 2011, which includes the
second largest recorded earthquake in Oklahoma history at the time of writing. Our results are consistent with
the findings by Keranen et al. [2013], Walsh and Zoback [2015], and McNamara et al. [2015a], who studied the
relation between the effect of this sequence on seismicity with wastewater injections.

4.2. Perry Area
Seismicity in Perry area started later than that in Jones area, as shown in Figure 3b. The first change point
identified by the Bayesian procedure is the same in all model classes evaluated; hence, it is a clear change
point. The before and after ratio of seismic rates for the first identified change point is more than 400—i.e.,
from one event every 10 years to almost one event every 8 days, but for the second one the rate is increased
about twice—i.e., an event every 4 days. This current—or last—seismic rate in Perry area is considerably
higher than that in Jones area, which is calculated as an event every 11 days. The latter is even lower than the
seismic rate in Perry area before the last change point (i.e., an event every 8 days).

4.3. Cherokee Area
Seismicity increase in Cherokee area started about the same time as that in Perry area but presented ini-
tially lower rates, as can be seen in Figure 3c. Note that the two change points are about 6 months prior to
those identified for Perry area, suggesting a possible spatial correlation given that these areas are very close.
Cherokee and Perry present the highest seismic rate of almost one event of M ≥ 3 every 4 days.
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4.4. Waynoka Area
In Waynoka area, seismicity increased in the last couple of years, as shown in Figure 3d. The accumulated
number of earthquakes is considerately lower than those in the other studied areas. However, the current
seismic rate is almost the same as in Jones area which means that the change in seismicity has been more
pronounced. In almost 1 year, the seismic rate increased 1000 times. Note that the first change point for model
class M3 evaluated as 20 July 1970 as stated in Table 1 is not shown in Figure 3d.

5. Conclusions

Accurately assessing the change points of the induced seismicity is important for probabilistic seismic hazard
analysis (PSHA). Regions experiencing induced seismicity have a critical risk, especially when previously low
seismicity hazard was expected and existing structures and constructions are now facing higher vulnerabil-
ity. In this article, we propose a Bayesian procedure to objectively improve the assessment of seismic change
points and respective seismic rates. The procedure was developed by integrating epistemic uncertainty as
prior distribution and likelihood functions with observed data. This framework consists of two methods:
a Bayesian system identification to estimate probable seismic change points and corresponding seismic
rates and a Bayesian model class selection to simultaneously decide which is the most probable number of
change points.

The procedure’s formulation is compatible with traditional principles and can be used to improve current
PSHA in cases where induced seismicity could be important. The proposed procedure can be used to iden-
tify the latest seismic change point and assess the current seismic rate to be used in PSHA and define the
future hazard expected. The latest seismic change point indicates the latest interval of time analyzed in
which seismicity is stationary and could be used to define the forecast interval. An advantage of the pro-
posed procedure is the evaluation of different number of seismic change points which could provide insights
in cases where external measures are being used to control induced seismicity, as the regulations from
Oklahoma Corporation Commission [McNamara et al., 2015b].

Application to simulated data validated that the procedure is able to provide consistent results on the num-
ber of change points, its location in time, and the corresponding seismic rate. The results for the tested areas
in Oklahoma show the expediency of the proposed procedure and the need to properly identify the seis-
mic change points. The change points found were critical to define the current seismic rate of each area. This
framework is easy to implement and could be applied systematically to define the seismic change points on a
larger scale. This procedure could be extended to analyze objectively the seismicity changes in space, in addi-
tion to time. Furthermore, the Bayesian framework could provide a route to include industry data in the prior
distribution. Direct monitoring by the energy industry and new assessment for hazard models could bene-
fit from the proposed Bayesian procedure to directly evaluate variations in seismicity due to either natural or
anthropological causes.
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