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Recent experiments showed that irreversible structural change or plasticity could occur in metallic

glasses (MGs) even within the apparent elastic limit after a sufficiently long waiting time. To

explain this phenomenon, a stochastic shear transformation model is developed based on a unified

rate theory to predict delayed yielding in MGs, which is validated afterwards through extensive

atomistic simulations carried out on different MGs. On a fundamental level, an analytic framework

is established in this work that links time, stress, and temperature altogether into a general yielding

criterion for MGs. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4954376]

Metallic glass (MG) is well known for its superior

strength and high elastic limit (�2%) at ambient temperature,

which has attracted tremendous research interest in the past

decades.1–5 In general, yielding point is defined as the lowest

stress at which the irreversible deformation occurs. For crys-

talline solids, the structural origin of their yielding point is

well understood, which can be structurally related to the

movement of dislocations. By comparison, the underlying

mechanism of yielding in MGs is still an issue under

debate,1,2,5–9 which however is commonly attributed to the

thermal activation process as initiated from a certain kind of

“defect-like” regions in an amorphous structure, such as free-

volume regions10 and/or anti-free-volume regions,4,11,12 shear

transformation zone (STZ),13,14 flow units,15,16 liquid-like

sites,17–22 geometrical unfavorable motifs (GUMs),23 and so

on.5

Regardless of the atomistic details of yielding in MGs,

however, the variety of theoretical models share, more or

less, a similar analytic framework.4,5,10–20,23 From a thermo-

dynamic viewpoint, yielding in MGs begins with the events

of “atom hopping” over the energy barriers of different size

on a “rugged” energy landscape; consequently, irreversible

structural change or plasticity takes place if the rate of the

“internal” flow, as mediated by cooperative atom hopping,

outpaces the external strain rate.24 Phenomenologically,

because of the relatively high energy barrier (�1 eV) against

the cooperative atom hopping, yielding in MGs leads to a

high yield strength under a quasi-static condition (roughly

1/50 of the corresponding elastic modulus)25 or a large elastic

limit of around 2%.24 To explain the elastoplastic transition

in MGs, tremendous efforts were already paid in theoretical

modeling and simulations.10,13,14,24–29 At high temperatures

close to the glass transition point, various viscoplastic mod-

els1,26,27 were developed to account for the temperature and

rate dependence of deformation in MGs. However, due to the

intrinsic complexity of the distributions of energy barriers,

the notion of a characteristic activation energy was also used

in the mean-field modeling.26–29 However, unlike the wide

distribution of energy barriers encountered during a high tem-

perature homogeneous flow,26,27,30–34 local irreversible struc-

tural transitions were found to be the controlling mechanism for

elastoplastic transition at low temperatures.1,26,27 Consequently,

the local plastic events were commonly attributed to the transi-

tion over a single dominant energy barrier.26,31

However, apart from the ordinary plastic flow as trig-

gered at a high stress, recent experiments7,16,19,35–37 and nu-

merical simulations9,38 also showed that a MG subject to a

constant stress smaller than the nominal yield strength could

also undergo a “hidden” flow, which was rather slow and dif-

ficult to notice within a short time period; nevertheless, this

flow appeared accelerated and became detectable after an

apparent incubation time.7,19,39,40 Theoretically, this phe-

nomenon of “hidden flow” or “delayed yielding,” as closely

related to creep in MGs, is not surprising because of the met-

astable nature of glass transition. In principle, MGs can be

viewed as a “frozen liquid” with an ultrahigh viscosity after

glass transition. Therefore, as long as one could wait for a

sufficiently long time, he might observe the flow in a MG

even though the applied stress is less than the ordinary elastic

limit. This simple notion is sensible; however, a quantitative

framework is still lacking to explain the crossover from a

slow to rapid flow after the incubation time. In this letter, we

would like to elucidate the mechanism of delayed yielding in

MGs from the perspective of flow defect activation and

accumulation.

To quantitatively understand the delayed yielding behav-

ior, we turn to the stochastic shear transformation (SST)

model17,41 that we developed previously for anelasticity in

MGs. Different from the existing yielding models, which treat

the onset of yielding in MGs as a deterministic process, the

general idea for our SST model is that the thermally activated

and stress assisted atom-hopping events in MGs are the sto-

chastic process.1,3,5 Therefore, when a stress is applied, not

only the rate of the individual thermal activation process rises,

as the previous deterministic models suggest,1,10,13,17,24 but

also the cumulative probability of the thermal activation pro-

cess throughout the sample volume increases. Consequently,

anelasticity comes about if these stochastic thermal activation
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processes are reversible in the sense that they preserve the

total internal energy of the system, which entail both forward

and backward “transitions.”1–3,17,18,20,42 From the standpoint

of the potential energy landscape (PEL),17,41,43,44 these

“reversible” transitions cross very shallow energy barriers

(0.3–0.5 eV) and are short-lived (�0.1 ms),17,18,45,46 which is

prominent only for a small stress and resembles a local fast

b-mode relaxation process as recently discovered by Wang

et al.46 On the other hand, one can consider a completely irre-

versible transition process, in which thermal activation is

directed only in the direction of the applied stress because of

the large energy difference across the saddle point. In theory,

these thermal activations bring about irreversible structural

changes and leads to long-lived plastic flow. Following the sim-

ilar line of reasoning as discussed in Refs. 17 and 20 (see sup-

plementary materials), it can be derived that the cumulative

probability P for the irreversible transition must satisfy the fol-

lowing kinetic equation:47 dP=dt ¼ ð1� PÞx0 exp ð�Ws=kTÞ,
where t is the time, x0 is the average attempt frequency of

the local transition, Ws is the energy barrier for a given shear

stress s, k is the Boltzmann constant, and T is the ambient

temperature.

To quantify the temperature- and stress-dependence

of Ws, we adopt the cooperative shear model (CSM) devel-

oped by Johnson and Samwer,24 according to which Ws

¼ W0ð1� s=scÞf, where W0 and sc denote, respectively, the

stress-free energy barrier and the athermal shear strength at

T¼ 0 K, and f¼ 3/2 conforming to a fold catastrophe.48

According to CSM,24 W0 scales with GXcc
2, where G is the

bulk shear modulus, X is the average size of the local defect-

like or STZ region,13 and cc is the universal yield strain in

shear. Following Lind et al.49 and Demetriou et al.,50 G=G0 ¼
exp ð�nT=TgÞ and X=X0 ¼ exp ð�pT=TgÞ in the supercooled

liquid regime, where G0 and X0 represent, respectively, the

characteristic values for the shear modulus and STZ volume,

while n is defined as the reduced “elastic fragility” and p as

“STZ volume fragility.” Therefore, by assuming that the

above scaling relations can be extended to below glass transi-

tion temperature and thereby rescaling W0 to W0g (the stress-

free energy barrier at the glass transition temperature Tg), we

obtain W0=W0g ¼ exp ½ðpþ nÞðTg � TÞ=Tg�. Substituting this

equation into the kinetic equation and carrying out the integra-

tion,43 we finally obtain the probability for the long-lived irre-

versible transition at a given shear stress s and temperature T

P ¼ 1� 1� P0ð Þexp

�
�x0t exp

�
�ln x0tgð Þ

Tg

T

� �

� exp pþ nð Þ
Tg � T

Tg

� �� �
1� s

sc

� �f��
; (1)

where P0 is the transition probability at t¼ 0 and tg ¼
x0 exp ðW0g=kTgÞ is the relaxation time at Tg. According to

Eq. (1), the probability of the irreversible transition P
increases with time t, which suggests that delayed yielding is

possible even within the apparent elastic regime (s< sc).

In line with our SST model, we propose that yielding in

MGs occurs once the cumulative probability for the irrevers-

ible transitions reaches a critical value Pc, such as the perco-

lation limit for an amorphous structure as discussed in

Ref. 12. This is similar to the common notion, as discussed

extensively in the MG literature,10,13,14,24,38,51 where yield-

ing takes place once the density of the defect-like regions,

such as STZs or free volumes, reaches a critical value in

MGs. Therefore, by setting P¼Pc in Eq. (1), we can solve

for the incubation time tinc as given below:

tinc ¼
1

x0

ln
1� P0

1� Pc

� �
exp

(
ln x0tgð Þ

Tg

T

� �

� exp pþ nð Þ
Tg � T

Tg

� �� �
1� s

sc

� �f
)
: (2)

According to Eq. (2), the incubation time tinc is stress- and

temperature-dependent, which increases with the decreasing

temperature and/or the decreasing applied stress; meanwhile,

it is also influenced by P0 or the initial glassy structure of the

MG, increasing as P0 decreases. Now let us check the valid-

ity of Eq. (2) for a few limiting cases. Suppose a plastic flow

already starts at t¼ 0, as is the case for a sheared supercooled

liquid, P0¼Pc and thus tinc¼ 0. This makes sense since the

flow in a supercooled liquid should continue without any

delay once initiated. On the other hand, suppose T¼Tg and

s¼ 0, we can obtain tinc� tg according to Eq. (2). This is

also sensible since a stress-free glass should flow on the scale

of its relaxation time tg at the glass transition temperature Tg.

Next, suppose s¼ sc, tinc then approaches to 1/x0. Since the

attempt frequency of atoms x0 can be as large as 1013 s�1,

tinc� 1/x0 means yielding would occur almost in no time if

the applied stress reaches the athermal yield strength. Based

on the above discussions, it can be seen the validity of

Eq. (2) can be verified for the few limiting cases. In what fol-

lows, we would like to further verify our modeling with

the atomistic simulations for the intermediate cases in which

T/Tg< 1 and/or s/sc< 1.

Molecular dynamics (MD) simulations were carried out

employing the embedded atom method (EAM) potential52

developed for the Cu-Zr MG. We chose Cu50Zr50 (atomic

percentage) as the model system which contained 50 000

atoms and had the dimension of �10 nm� 10 nm� 10 nm.

The original random distributed configuration, with periodic

boundary conditions (PBC) applied to all three dimensions,

was first melted and equilibrated at T¼ 2000 K for 100 ps;

subsequently, it was quenched into the glassy state (100 K)

at a cooling rate of 1011 K/s. To check the effect of alloy

composition and thermal history on our results, another two

samples, one with the same composition of Cu50Zr50 and the

other with the composition of Cu46Zr54, were prepared at

the cooling rate of 1010 K/s and 1011 K/s, respectively. Note

that the whole quenching process was implemented in large-

scale atomic/molecular massively parallel simulator

(LAMMPS), which followed an isothermal-isobaric ensem-

ble with the temperature and pressure being controlled using

the Nose-Hover thermostat and barostat, respectively.53,54

Following the method detailed in Ref. 55, the glass transition

temperatures Tg of the model MGs, i.e., Cu50Zr50 (1011 K/s),

Cu50Zr50 (1010 K/s), and Cu46Zr54 (1011 K/s), can be deter-

mined to be 850 K, 720 K, and 830 K, respectively. After

that, a uniaxial compression stress was applied to the model

MGs following the Nose-Hoover chain method56,57 with

PBC. The yield strengths of the model MG were first

251901-2 Ye et al. Appl. Phys. Lett. 108, 251901 (2016)



obtained at the nominal stress rate of 0.1 MPa/fs for a variety

of temperatures. Subsequently, to mimic the creep tests, a se-

ries of holding stresses less than the corresponding constant

strain rate yield strength were applied over a total holding

time of 1 ns. Here, three different temperatures (T¼ 50 K,

100 K, and 300 K) were employed to investigate the tempera-

ture effect on the delayed yielding.

Figure 1(a) displays the stress-strain curves obtained

under the condition of monotonic load increase from the Cu-

Zr model MG with the cooling rate of 1011 K/s, which clearly

show the constant strain rate yield strengths at the three testing

temperatures. As seen in Fig. 1(a), the constant strain rate

yield strength drops down from 2.8 GPa to 2.1 GPa as the tem-

perature increases from 50 K to 300 K. This behavior is con-

sistent with the aforementioned thermodynamic model, i.e.,

W0=W0g ¼ exp ½ðpþ nÞðTg � TÞ=Tg�, as lowering down the

temperature leads to an increase in the energy barrier W0, thus

raising the yield strength. Regardless of the difference in the

yield strengths, all samples however exhibit the same yield

strain of �0.065, suggesting that yielding in MGs is essen-

tially strain controlled. Note that the yield strain (�0.065) is

larger than that (�0.02) obtained from bulk samples,24 which

is within our expectation because of a sample size effect, as

already discussed in the previous works.25,58–63 To accelerate

the process of delayed yielding, the holding stresses very close

to the nominal constant strain rate yield strength were chosen

to carry out the creep tests at each testing temperature.

According to the prior works,10,13,14,24,64 it is known stress

and temperature play a similar role in altering the energy state

and amorphous structure of MGs. Therefore, although the

thermal effect may be small during loading at a high strain

rate, the relatively high applied stress, being close to the nomi-

nal yield strength, can effectively promote the non-affine de-

formation or local irreversible transition in the amorphous

structure during subsequent load hold. This is equivalent to

increasing the temperature under which condition delayed

yielding could be facilitated.

Figure 1(b) shows the typical strain-time curves at vari-

ous holding stresses for T¼ 50 K. As seen in this figure, creep

occurs at all holding stresses and the overall strain initially

increases with time in a steady-state manner. However, for

the holding stress above 2.5 GPa, a pronounced acceleration

of the strain rate is observed around an accumulated strain of

�0.065. A similar behavior can be also observed in the other

two MG samples. This signals the transition from a visco-

elastic to visco-plastic behavior or the occurrence of delayed

yielding. Evidently, the higher is the holding stress the shorter

is the incubation time for the delayed yielding [Fig. 1(b)],

which agrees with our SST model. Similar behaviors were

also observed at T¼ 100 K and T¼ 300 K. Based on our

observations, the incubation time tinc was determined to be

the time when the accumulated creep strain crosses the critical

strain ec (�0.065), as shown in Fig. 1(b).

Based on our MD simulation data, the incubation time

tinc were obtained for different temperatures and holding

stresses. According to Eq. (2), the incubation time tinc can be

simply expressed as follows:

ln tincð Þ ¼ C0 þ C1 1� s
sc

� �f

; (3)

where C0 ¼ lnfx�1
0 ln½ð1� P0Þ=ð1� PcÞ�g, which should

be a constant for a given glassy system, while C1

¼ lnðx0tgÞðTg=TÞ exp ½ðpþ nÞðTg � TÞ=Tg�, which increases

sharply with the decreasing testing temperature. To further

validate our theoretical modeling, ln(tinc) is plotted against

ð1� s=scÞf. As shown in Fig. 2, a linear correlation is evi-

dent between ln(tinc) and ð1� s=scÞf, which is consistent

with our theoretical model. With linear regression, we obtain

C0 and C1 for the three temperatures, as tabulated in Table I.

It is clearly seen that C0 almost is a constant around �27 for

Cu50Zr50 and �26.3 for Cu46Zr54, while C1 decreases with

the increasing temperature. This behavior is in excellent

agreement with our theoretical model. With the fitted C1,

now one can extract the average attempt frequency of the

local transitions x0, which entails cooperative atom hopping.

Here, pþ n is set to be 1.35 as in accord with the previous

work.49,50 The extracted values of x0 are also shown in

Table I. As we can see, x0 increases from 2.5� 1010 s�1 to

12.2� 1010 s�1 as the temperature increases from 50 K to

300 K for the Cu50Zr50 (Tg� 850 K) MG with the cooling

rate of 1011 K/s, indicative of a more active transition

FIG. 1. (a) Simulated stress-strain curves at various temperatures (T¼ 50 K,

100 K, 300 K) for Cu50Zr50 at the cooling rate of 1011 K/s. Although the

yielding stresses vary with the temperature, the yielding strain, however,

remains a constant around 0.065. (b) The strain-time curves obtained at dif-

ferent holding stresses for T¼ 50 K.

251901-3 Ye et al. Appl. Phys. Lett. 108, 251901 (2016)



process. A similar behavior was also observed for the

Cu46Zr54 MG obtained via the same cooling rate, which has

a similar glass transition temperature of �830 K. In contrast,

a larger value of x0 was obtained through data fitting for the

Cu50Zr50 MG with the cooling rate to 1010 K/s, which pos-

sesses a lower glass transition temperature (�720 K). This

suggests that the local transition regions become more active

when the simulation temperature is closer to the glass transi-

tion temperature of the MG. Meanwhile, the value of x0

(�1010 s�1) is about three orders of magnitude lower than

the attempt frequency (�1013s�1) of single atom hop-

ping.17,20 This contrasts the anelasticity in MGs which corre-

sponds to x0� 1013 s�1,17,20 but agrees with the notion that

the long-lived flow is caused by cooperative atom hopping,

as discussed previously.

According to our above results, when given a sufficient

waiting time, yielding of MGs can take place even when the

applied stress is low. This could pose a sort of instability prob-

lem for the structural applications of MGs. Therefore, it is nec-

essary to assess the incubation time for the real cases based on

the model we herein developed. Figs. 3(a) and 3(b) show the

variation of the transition probability P with the dimensionless

time tx0 at different stresses or temperatures. For bulk MG

samples, tg is set to be 100 s (Ref. 65) with x0� 1010s�1. As

seen in Figs. 3(a) and 3(b), the incubation time decreases

sharply with the increasing temperature/stress. If we choose the

testing temperature to be T/Tg¼ 0.5 and s/sc¼ 0.3, the incuba-

tion time of 1018s or nearly 1011 years is needed to observe the

plastic flow of MGs. While for T/Tg¼ 0.2 and s/sc¼ 0.3,

nearly 1032s or nearly 1025 years is needed. These numbers are

astronomically huge and far exceed the average service time of

typical engineering materials. However, when the working

temperature is near Tg or the applied stress is near sc, the

“hidden” flow of MGs can become prominent. With T/Tg� 0.8

and s/sc� 0.3, or s/sc� 0.8 and T/Tg� 0.2, it only takes days

to observe the flow or the irreversible structural change in

MGs. Indeed, these estimates are consistent with what were

observed in real experiments, as reported in the previous

works.15,35,37

To conclude, a stochastic shear transformation model is

developed in this letter to explain the delayed yielding phe-

nomenon in MGs. It provides a unified kinetic framework

that enables the quantitative prediction of the incubation

time for delayed yielding, which is supported by the exten-

sive MD simulations. On the fundamental level, our theoreti-

cal modeling links time, stress, and temperature into a

general criterion for yielding in MGs.

FIG. 2. The MD-derived ln(tinc)�(1�s/sc)
1.5 data which can be well fitted to

the stochastic shear transformation model for (a) Cu50Zr50 at the cooling

rate of 1010 K/s, (b) Cu50Zr50 at the cooling rate of 1011 K/s, and (c)

Cu46Zr54 at the cooling rate of 1011 K/s.

TABLE I. The model parameters extracted by fitting our theoretical model

to the MD data for pþ n¼ 1.35 and tg¼ 100 ps.

T (K) C0 (ln s) C1 ln(x0tg) x0 (s�1)

Cu50Zr50(1010 K/s), Tg¼ 720 K, sc¼ 3.2GPa

50 �27.07 6 0.10 79.9 6 2.1 1.58 4.8� 1010

100 �26.86 6 0.09 44.9 6 1.1 1.95 7.0� 1010

300 �27.15 6 0.76 17.4 6 3.3 3.30 27.1� 1010

Cu50Zr50 (1011 K/s), Tg¼ 850 K, sc¼ 2.97 GPa

50 �26.76 6 0.36 55.6 6 6.2 0.92 2.5� 1010

100 �26.80 6 0.53 34.0 6 5.1 1.22 3.4� 1010

300 �26.90 6 0.14 17.3 6 0.6 2.50 12.2� 1010

Cu46Zr54 (1011 K/s), Tg¼ 830 K, sc¼ 2.86 GPa

50 �26.17 6 0.01 68.6 6 0.1 1.16 3.2� 1010

100 �26.46 6 0.33 34.6 6 3.5 1.27 3.6� 1010

300 �26.56 6 0.34 15.3 6 1.3 2.34 10.33� 1010

251901-4 Ye et al. Appl. Phys. Lett. 108, 251901 (2016)
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