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ABSTRACT

Scale-dependent turbulence statistics are calculated for large-eddy simulations of flow over square and staggered obstacle arrays. Using two-
dimensional wavelet spectra, kinetic energy and transfer spectra are obtained inside the canopy layer. Mean energy spectra show a –5/3 range
that extends across the obstacle scale with a large-scale peak that depends on the array type. Mean transfer spectra indicate energy extraction
at large scales for the square array, but extraction or injection for the staggered array. Averaging over fluid and obstacles does not introduce
significant artifacts. Mean lengthscales show minimal dependence on the array type or horizontal position; however, spatial variability is large
for both arrays, especially for the energy transfer. Probability distributions for different repeating units formed by the arrays reveal that out-
liers exert a disproportionate influence on the cumulative energy transfer.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0062682

I. INTRODUCTION

The turbulent flow over a regular obstacle array is a prototypical
rough-wall boundary layer that has received considerable attention.
Attention has largely focused on the roughness sublayer and inertial
layer. Key topics of interest include the structure of the mean flow and
turbulence for different obstacle geometries (e.g., Refs. 1–7) and the
nature of the nonlinear interactions.8–10 For applications such as mete-
orological modeling (e.g., Ref. 11) and urban pollutant dispersion (e.g.,
Ref. 12), however, the canopy layer is of primary importance. The tur-
bulent dynamics within the canopy layer are distinct because they
strongly reflect the influence of the inhomogeneous roughness.13

The horizontal inhomogeneity introduced by obstacles greatly
complicates the description of flow statistics.14 Neither one-point nor
horizontally averaged quantities are entirely appropriate for mean and
turbulent components because representativeness is always an issue.
Physical-space diagnostics have been used to characterize turbulence
within the canopy layer.15–18 The spatial dependence may be analyzed
by exploiting the periodicity of the roughness to identify characteristic
features within the repeating units formed by the obstacles;1 however,
turbulence structures may extend through several units.14,19,20 Spatial
variability exists on scales larger or smaller than the roughness1,14 and
cannot be attributed solely to the mean flow within a specific unit.

Highlighting the scale of turbulent fluctuations represents a com-
plementary approach to the traditional physical-space description.
Homogeneous turbulence is most naturally analyzed as a function of

scale or wavenumber, leading to the classical spectral or Fourier-space
description.21,22 This yields a precise definition of the scales and quan-
tifies the energy transfer, which is fundamental to the theoretical
understanding of turbulence but not easily analyzed using traditional
physical-space diagnostics. Wavenumber spectra are rarely calculated
for obstacle arrays or rough-wall boundary layers, likely because the
definition of the (horizontal) scale inside the canopy layer is ambigu-
ous. Experimental studies typically focus on frequency spectra or
invoke Taylor’s frozen-flow hypothesis;23–26 however, vertical interac-
tions between the canopy and the overlying flow have been indirectly
calculated from two-point statistics via stochastic estimation.8,10,20

Numerical calculations of wavenumber spectra usually exclude the
canopy layer27 or obstacles.19,28 A key limitation of Fourier modes is
that they cannot represent the spatial dependence of turbulence
structures.29,30

The gap between the spectral and physical-space pictures may be
bridged with wavelets, which combine the advantages of local and
global bases.30–32 An orthonormal wavelet representation of the spec-
tral energy transfer was developed by Meneveau,29 who applied it to
homogeneous sheared turbulence. A key benefit of this formulation is
that the spatial mean and variability can be quantified. Dunn and
Morrison33,34 subsequently extended it to turbulent channel flow and
showed that the two-dimensional (2-D) spectral energy transfer
depends strongly on the wall-normal distance. Joshi and Rempfer35

performed a similar analysis for turbulent channel flow using
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biorthogonal wavelets but focused on triad interactions associated
with localized structures.

In this work, we use orthonormal wavelets to perform a space-
scale analysis of turbulent flow over a regular obstacle array. We are
particularly interested in the effects of the roughness on the energetics
within the canopy layer. The kinetic energy and energy transfer are
analyzed as a function of position and scale by expanding the defini-
tion of the scale to include the obstacles and fluid, as in superficial
averaging for porous media or canopies.36 In terms of the Haar wave-
let basis, the resulting scale-dependent statistics can be interpreted as
local averages over different regions.37 Although wavelet and Fourier
results are compared, the objective is not to argue for the general supe-
riority of the latter, but rather to demonstrate that turbulence scales
can be meaningfully defined inside the canopy layer and quantify the
space-scale structure of turbulence within the canopy layer.

The analysis is based on large-eddy simulations (LES) of flow
over obstacle arrays composed of square or staggered cubes. The wave-
let formulation is reviewed in Sec. II and the methodology described in
Sec. III. The effect of including obstacles in the definition of the scale is
examined using one-dimensional transects in Sec. IV. Spatial depen-
dence and variability of energy and transfer spectra are examined in
Secs. V and VI, respectively. The benefits of the scale- or wavelet-
based analysis are discussed in Sec. VII.

II. WAVELET FORMULATION
A. Filtered Navier–Stokes equations

The numerical data are obtained using LES, wherein large-scale
eddies are resolved explicitly and small-scale eddies are filtered and
modeled. Implicit filtering is applied, i.e., the top-hat filter is used with
the filter width taken to be the grid size. We denote by x1, x2 and x3
the streamwise (x), spanwise (y) and vertical (z) directions, respec-
tively. For an incompressible flow, application of the filter to the
momentum and continuity equations gives

@eui

@t
þ @
euieuj

@xj
¼ � 1

q
@ep
@xi
þ � @

2eui

@x2j
� @sij
@xj

(1a)

@euj

@xj
¼ 0; (1b)

where q is the density of dry air, � is the kinematic viscosity, and
sij ¼guiuj � eui euj is the subgrid-scale (SGS) stress tensor. Given that
this study is particularly concerned with scales comparable to the
obstacles, LES represents a reasonable choice. Many studies have
shown that LES is capable of representing the structure of the mean
flow and turbulence inside obstacle arrays.7,19,38 See Sec. IIID for a
comparison with DNS.

The turbulent components of the resolved-scale velocity and
pressure are obtained by removing the time average, e.g.,

eu0iðt; xÞ ¼ euiðt; xÞ � uiðxÞ; (2)

where the overbar denotes the time average. Thus the velocity fluctua-
tions analyzed below concern temporal fluctuations from a local time
average. The time-mean contribution is relatively small inside the can-
opy: in the lower half of the canopy, the ratio of the turbulent kinetic
energy (TKE) to the mean kinetic energy reaches O(10).1 In practice,
the derived quantities of Secs. II B and IIC (e.g., the energy and

transfer spectra) are based on spatial averages of these temporal fluctu-
ations. Henceforth the primes and tildes are dropped.

B. Fourier representation

The standard Fourier-space representation of the energy equa-
tion is now summarized.21,22 The resolved-scale (turbulent) kinetic
energy is defined from the Fourier modes (indicated by carets) as

EðkÞ ¼ 1
2
û�i ðkÞûiðkÞ; (3)

where k is the wavenumber and the asterisk denotes complex conjuga-
tion. From the energy equation formed by taking the dot product of
the momentum equation with the velocity, the nonlinear transfer

TðkÞ ¼ �< û�i ðkÞF uj
@ui
@xj

 !" #
(4)

is obtained.< denotes the real component andF is the Fourier trans-
form operator. TðkÞ represents nonlinear energy transfers between
mode k and all other resolved-scale modes.39

C. Wavelet representation

The wavelet formulation is defined analogously.29 In 2D, the discrete
wavelet coefficients, wðm;qÞi ½i�, and wavelet basis functions, Wðm;qÞ½x
�2mi� depend on scale m, basis index q, and location i. See Appendix A
for a brief summary of the discrete wavelet transform (DWT) and ortho-
normal wavelets. The representative wavenumber that characterizes the
spatial support of the wavelet basis functions is given by

km ¼
2p
rm
; (5)

where rm ¼ 2mD and D is the grid spacing. We will use the wavenum-
ber km and the scale index m interchangeably. As in previous wavelet
studies,29,33 largerm indicates larger scales. Applying the 2D DWT,

wðm;qÞi i½ � ¼
X
x

ui x½ �Wðm;qÞ x � 2mi½ �; (6)

whence the local kinetic energy,

eðmÞij i½ � ¼ 1
2

X3
q¼1

wðm;qÞi i½ �wðm;qÞj i½ �: (7)

The formulation for 1D spectra is omitted for brevity. The only sub-
stantive difference is that the basis functions are defined by a single
basis index.

For smooth-wall turbulence, turbulence statistics are often aver-
aged over horizontal planes because there is strong inhomogeneity in
the wall-normal (z) direction.39,40 Averaging (7) over horizontal planes
and normalizing to obtain the energy density,

Eijðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p

D
eðmÞij i½ �

E
; (8)

where the angle brackets denote the superficial spatial average36 (over
fluid and obstacles). The 2D energy spectrum is defined from the trace,
i.e.,
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E2Dðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p heðmÞii i½ �i: (9)

Note that heðmÞii i is a spatial average of the instantaneous fluctuations.
The spatial distribution of eðmÞii is characterized by the spatial standard
deviation,41

rE2Dðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p hðeðmÞii Þ

2i � heðmÞii i
2

h i1
2

: (10)

For strongly inhomogeneous turbulence, e.g., that inside the canopy
layer of an obstacle array, rE2D=E2D may not be small. The dual spectra
are defined by E2DðkmÞ6rE2DðkmÞ. They may be used to assess the
representativeness of the mean spectrum.

The resolved-scale nonlinear transfer, tðmÞ½i�, is calculated from
the wavelet transform of the nonlinear term, i.e.,

tðmÞ i½ � ¼ �
X3
i¼1

X3
q¼1

wðm;qÞi i½ � uj
@ui
@xj

( )ðm;qÞ
i½ �; (11)

where the braces indicate the DWT. Spatial averaging yields the mean
and standard deviation,

T2Dðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p htðmÞ i½ �i; (12a)

rT2Dðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p hðtðmÞÞ2i � htðmÞi2

h i1
2

: (12b)

As with the energy, htðmÞi represents a spatial average of tðmÞ and rT2D

characterizes the spatial distribution.

III. METHODOLOGY
A. Computational domain

Two 8� 8 obstacle arrays are considered (Fig. 1). In the square
arrangement [panel (a)], each row or column of regularly spaced

obstacles is parallel to the others; in the staggered arrangement [panel
(b)], rows and columns are shifted with respect to their neighbors. The
obstacles are cubes with height H, width W, aspect ratio H=W ¼ 1,
and plan area density kp ¼ 1=4.

The arrays are composed of identical repeating units. For the
square array, they are located between streamwise obstacles (R1),
within the intersection (R2), between spanwise obstacles (R3) and
above obstacles (R4); for the staggered array, they are found immedi-
ately behind streamwise obstacles (R5), immediately ahead of a
streamwise obstacle (R6), between obstacles (R7) and above obstacles
(R8). Note that, for a streamwise mean flow, R1 and R7 are the most
confined units, while R2, R3 and R5, R6 represent streamwise and
spanwise channels, respectively.

The domain extends to 16W, 16W, and 8H in the x, y, and z
directions, respectively. The computational domain is similar to the
ones used in the numerical studies of Coceal et al.1,14,17 and the experi-
mental studies of Uehara et al.42 and Cheng et al.15 The simulation
parameters are summarized in Table I.

A uniform Cartesian grid with isotropic grid spacing, D, is used.
For both arrays, D ¼ H=32, and the first gridpoint is located D=2

FIG. 1. Schematic illustration of the regular obstacle arrays: (a) square; (b) staggered. The solid lines A,B represent streamwise transects through (black) and between (red)
obstacles; for the staggered cases, transects C and D intersect obstacles. The mean flow is parallel to the streamwise axis, i.e., from left to right. The repeating units (R1–R4
for the square array and R5–R7 for the staggered one) are indicated.

TABLE I. Summary of the simulation parameters. Ni, Di and Li refer to the grid
points, grid spacing and length, respectively, in direction i.

Parameter Square array Staggered array

Re 5:63� 106 5:07� 106

Nx � Ny � Nz 512� 512� 256 512� 512� 256
Dx � Dy � Dz

H
32� H

32� H
32

H
32� H

32� H
32

H / W 1
kp 0.25
Lx � Ly � Lz 16H � 16H � 8H
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from the obstacle walls. Above the obstacles, the first gridpoint is
located at the normalized distance (in wall units), zþ ¼ 28. A uniform
grid is adopted, as in many spectral studies of homogeneous turbu-
lence, because for a fixed number of nodes, the effective spectral reso-
lution of a stretched grid in physical space may not be higher at all
scales (as fast transforms typically assume evenly spaced data).
Moreover, a stretched grid may bias the calculation of gradients.
Indeed, refinement near the obstacles is more beneficial for analyzing
local physical-space phenomena than nonlocal energy transfers.

A free-slip boundary condition for the velocities is imposed at
the top boundary. The bottom boundary and all obstacle surfaces are
no-slip. To mimic an infinite obstacle array, periodic boundary condi-
tions are applied at all lateral boundaries. The flow is forced by a con-
stant pressure gradient in the streamwise direction.

B. Numerical model

The filtered equations are solved using OpenFOAM,43 which is a
free, open source Cþþ library for fluid flow simulations. The advec-
tion and diffusion terms are discretized using second-order central
differencing. Time-stepping is achieved via a second-order implicit
backward scheme. The wall-adapting local eddy-viscosity (WALE)
model44 is used to parameterize the SGS stress tensor, i.e.,

�sgs ¼ ðcwDÞ2
ðSdijSdijÞ

3=2

ðSijSijÞ5=2 þ ðSdijSdijÞ
5=4
; (13a)

Sdij ¼
1
2

@uk
@xi

@uj
@xk
þ @uk
@xj

@ui
@xk

 !
� 1
3
dij
@uk
@xl

@ul
@xk

; (13b)

where Sij ¼ 1
2

@ui
@xj
þ @uj

@xi

� �
. Here, D ¼ ðDx1Dx2Dx3Þ1=3 is the volume-

averaged grid spacing. The WALE model is well-suited to complex
geometries because the dependence of �sgs on zþ reproduces the
correct near-wall asymptotics. The value of the WALE coefficient, cw
¼ 0.32, follows studies of sheared turbulence.46 Within the canopy,
�sgs=� ¼ Oð102Þ.

To ensure a statistically steady state, the numerical model was
spun up for approximately 400 t� where t� � H=u� is the eddy turn-
over time and u� �

ffiffiffiffiffiffiffiffiffiffi
sp=q

p
is the friction velocity. The Reynolds

number defined by Re ¼ u1H=�, where u1 is the magnitude of the
free-stream streamwise velocity at z=H ¼ 5, is�5� 106. The effective
LES Reynolds number defined by the ratio of the largest and smallest
scales, ReLES ¼ ðg=gLESÞ4=3Re where g and gLES are the dissipation
scales,45 is smaller (ReLES � 1� 105) but still large compared to a
recent LES for a staggered array7 (Re¼ 50, 000). We have confirmed
that 2D energy spectra for a simulation with Re ¼ 5� 104 (i.e., an
8� 8 square array whose dimensions are 100 times smaller) show
small differences only (not shown). The surface shear stress sp is
obtained from the form drag averaged over the spanwise faces of a
row of obstacles (at y=W ¼ 8).15

Following the spin up, data were collected and averaged for a
duration of 200 t�, which was sufficient to ensure convergence of
mean-flow and turbulence statistics within the roughness sublayer. To
avoid temporal correlations, the sampling interval was chosen as 0:6t�
because the (integral) decorrelation timescale of the TKE within the
canopy of the square array is around 0:3t�. For the configurations
described above, the computational domains include �65 � 106 grid
points. Each simulation required approximately 1000 h of wall-clock

time (700 h for spin up and another �300h for sampling) using 128
computational cores on a cluster with AMD EPYC 7742 CPUs.

C. Calculation of spectra

Fourier spectra are calculated by applying a complex fast Fourier
transform (FFT) to 1D transects or 2D planes. Modes up to the
Nyquist scale are retained. In the 2D case, spectra are plotted with
respect to the isotropic wavenumber (which is labeled as km for sim-
plicity). Points lying within the obstacles are assigned zero velocity.
Since the flow is strongly anisotropic for scales comparable to the
dimensions of the roughness, 3D spectra are not considered.34

Wavelet spectra are calculated analogously but using the DWT
(see Appendix A for details). The collocation points for the position-
dependent wavelets are chosen to lie at the center of each grid box in
order to ensure that the alignment of the wavelets with respect to the
obstacles is the same for all units (supplementary material, Fig. S.1). At
each scale m, the effective gridpoint resolution is Nx=2m � Ny=2m.
For both array types (Table I), m ¼ 1; 2;…;M, where M ¼ log2ðNxÞ
¼ 9. Hence, the smallest and largest length scales are r1 ¼ H=16 and
r9 ¼ 16H; the obstacle scale W � H corresponds to m¼ 5 or wave-
number kref � k5 ¼ 2p=H. Note that the obstacle scale is identical for
both arrays even though the obstacle spacing changes.

Since the collocation points are defined at the grid centers while
the velocities are specified at the corners, the velocity at the grid center
is obtained by averaging over the corner values. We have confirmed
that this has a negligible effect on energy spectra (supplementary
material, Fig. S.2).

It is not possible to choose an optimal wavelet basis for all situa-
tions because, according to the so-called uncertainty principle,30,31

each basis represents a different compromise between space and scale.
Nonetheless, the probability distribution of the energy transfer for
homogeneous sheared turbulence shows fairly good agreement among
a number of bases.29 (Statistics for several wavelets from the
Daubechies family, which differ in the number of coefficients and the
degree of spatial localization, are compared in the supplementary
material, Sec. 3.) For turbulent flow over an obstacle array, it is desir-
able that steep velocity gradients near obstacle boundaries be pre-
served. The choice of a wavelet basis whose shape matches that of the
data helps minimize anomalies.47 The Haar basis is used for all of the
results reported below.

Time averaging is carried out at the final stage, i.e., by averaging
over the instantaneous wavenumber spectra defined by Eqs. (3), (4),
(9), (10), and (12). The standard error, s, over the ensemble of instan-
taneous snapshots quantifies the statistical error in the estimate of the
mean spectra. It may be used to compare spectra averaged over differ-
ent subregions. As is customary,29,34 the time averaging of the spectra

TABLE II. Mean wavenumbers, k0=kref , for the repeating units.

Square array Staggered array

z / H R1 R2 R3 R4 R5 R6 R7 R8

0.5 1.14 1.07 1.07 � � � 1.01 1.10 1.17 � � �
1.05 0.81 0.84 0.86 0.51 0.89 0.96 1.00 0.55
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is not indicated explicitly. Probability distributions (Sec. VB) are cal-
culated similarly.

D. Validation

The LES model is validated against the wind tunnel measure-
ments for the square42 and staggered15 arrays. Vertical profiles of the
mean and root mean square (RMS) streamwise velocity for the square
and staggered arrays are shown in Fig. 2. Agreement for both configu-
rations is generally good below z=H ¼ 1; for example, the inflection
points are captured.

To confirm that the model is capable of reproducing the scale
dependence, the 1-D streamwise velocity spectrum, E11, is compared
to DNS27 and experimental48 data. This comparison is carried out at
z=H ¼ 3:75 for a sparse square array with kp ¼ 1=9. In Fig. 3, the
LES shows good agreement with the measurements in the inertial
range, 10�3 � kmg � 10�1, where g is the Kolmogorov scale. The
obstacle scale corresponds to kmg 	 0:02. The maximum wavenum-
ber is smaller for the LES spectrum than the DNS one, which shows
better agreement for kmg � 0:01. However, the DNS and LES wavelet
spectra roll-off at similar rates. On the other hand, the LES extends to
larger scales and shows better agreement for kmg � 0:01. In effect, the

FIG. 2. Validation of the LES model for the (top) square and (bottom) staggered arrays: (a) square, mean velocity, U; (b) square, u fluctuations, urms; (c) staggered, U; (d) stag-
gered, urms. For the square array, the experimental data were taken at the center of an R2 unit;

42 the numerical data correspond to an ensemble average over R2 units, i.e.,
for ðx; yÞ ¼ ð2 nW� 0:5W; 8:5WÞ, where n ¼ 1� 8. These values are normalized by u1, the mean streamwise velocity (at z=H ¼ 7). For the staggered array, the velocity
fluctuations were measured15 in front of a cube [center of R6 at ðx; yÞ ¼ ð8:5W; 7:5WÞ; diamonds and dashed lines] and behind it [center of R5 at ðx; yÞ ¼ ð8:5W; 9:5WÞ;
triangles and solid lines], and the numerical data were ensemble-averaged over points within the corresponding units. These values are normalized by the friction velocity, u�.
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accuracy of the smallest scales is traded off for a wider inertial range
and large-scale accuracy, which is appropriate for a study focused on
energy transfers induced by an obstacle array. The Fourier and wavelet
LES spectra show significant deviations at small scales. Reasons for
this are discussed in Sec. IVA. In the wavelet basis, the premature roll-
off of the energy spectrum is ameliorated.

IV. DEFINING SCALES WITHIN THE CANOPY LAYER

The calculation of spectra for smooth-wall turbulence is straight-
forward because the domain is simply connected: 1D or 2D spectra
always correspond to scales within the fluid. Inside the canopy layer,
however, the shortest path between two points within a multiply con-
nected domain will intersect an obstacle on sufficiently large scales.
Excluding obstacles, however, necessarily leads to inconsistencies in the
definition of the scales. Physically the notion of the energy or energy
transfer in the horizontal plane should generalize from homogeneous or
smooth-wall turbulence29,33 to rough-wall turbulence. A simple solution
is to include obstacles in the definition of the scale by setting the velocity
to be zero inside them. This is consistent with superficial averaging for
canopies,36 in which the average includes canopy elements such as
obstacles or vegetation. The superficial average is related to the fluid
only average by the porosity.49 In this section, we examine the implica-
tions of this expanded definition for spectral calculations.

A. 1D energy spectra

The effects of superficial averaging are most easily assessed in 1D.
The mean velocity components for streamwise transects through the

obstacles are plotted in Figs. 4(a) and 4(b). For the square array and
transect A [Fig. 1(a)], the velocity components are non-zero inside the
R2 units of width W, which repeat with spatial period 2W. For the
staggered array and transect C [Fig. 1(b)], the velocity components
now have spatial period 4W as the obstacles are separated by 4W in
the streamwise direction. In both cases, Ui vanishes inside the
obstacles, and its derivatives are discontinuous at the obstacle bound-
aries. The velocity components vary smoothly for transects that do not
intersect obstacles.

Figures 4(c) and 4(d) compares 1D Fourier and wavelet spectra
at z=H ¼ 0:5 for the square and staggered arrays. For a given geome-
try, there is a good qualitative agreement between the bases for
km � 1. At small scales, km=kref > 1, the wavelet spectra contain more
energy. This is likely a consequence of the well-known leakage phe-
nomenon,47 wherein part of the energy is misattributed to neighboring
modes on account of insufficient spectral accuracy; an increase in the
wavelet energy at small scales is also seen for sheared turbulence29 and
wall turbulence,34 though the effect is weaker. A further difference is
the presence of spurious oscillations in the Fourier spectra for transects
through the obstacles (transect A for the square case, transects C and
D for the staggered case). This is a Gibbs-like phenomenon that can be
attributed to the loss of analyticity at the wall (see Appendix B for
details); the oscillations disappear for transect B between the square
obstacles. The onset of the oscillations at km=kref � 0:5 partially com-
promises the accuracy of the Fourier spectrum; for example, the wave-
let spectra for transects A and B are more easily distinguished at large
scales.

The 1D spectra show that turbulent scales can be meaningfully
defined inside the canopy by including obstacles in the calculation of
the spectra. Approximate spectral slopes of �5=3 are obtained for
intermediate scales, 0:5� km=kref � 4. For a given basis, the spectral
slope is similar whether the transect is taken through or between
obstacles. This is consistent with spectra obtained from wind tunnel
measurements inside the roughness sublayer and Taylor’s frozen-flow
hypothesis.16,24 Aside from the appearance of spurious oscillations in
the Fourier spectra for the square array, the inclusion of the obstacles
has minimal effect. The large peaks for the transects through obstacles,
at k=kref ¼ 0:5 and 0.25 for the square and staggered arrays respec-
tively, correspond to the streamwise spacing of the obstacles. There is
no sign of the steeper -4 “singularity spectrum” associated with a ran-
dom distribution of jumps in the velocity gradients.50 Similar conclu-
sions are obtained when data from other values of z=H < 1 are
considered (not shown).

The physical interpretation of the 2D energy spectra is consid-
ered in Sec. IVA.

B. Space-scale locality

The key advantage of wavelets is that the basis functions depend
on space and scale. Space-scale locality is severely tested within the
canopy layer by the existence of sharp gradients at the obstacle bound-
aries [e.g., Figs. 4(a) and 4(b)]. Taking the 1D DWT of velocity fluctua-
tions along a transect through obstacles confirms that the sharp
demarcation between fluid and obstacles is maintained by the Haar
basis (Fig. 5). For both the square [panels (a) and (c)] and staggered
[panels (b) and (d)] arrays, the wavelet coefficients change sharply at
the obstacle wall: ewðmÞu ¼ 0 inside the obstacles but ewðmÞu 6¼ 0 within
the fluid. The distinction is maintained for modes up to the obstacle

FIG. 3. Validation of the streamwise velocity spectrum against experimental mea-
surements48 at z=H ¼ 3:75 for flow over a sparse square array (kp ¼ 1=9). A
�5=3 reference slope is indicated by the green dashed-dotted line. Compared to a
recent DNS,27 the current LES shows better agreement with the experiment at
larger scales, i.e., for the most energetic eddies (kmg � 0:01).
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scale. With other wavelet bases, the sharp gradient between the obsta-
cle and fluid regions is smoothed out (not shown). The Haar basis is
chosen because it is best suited to handling discontinuous velocity
derivatives inside the canopy layer, where our analysis is focused. See
the supplementary material, Sec. 3 for a comparison of wavelet bases.

Figure 5 also illustrates how turbulence scales may be determined
as a function of space. For the square array, ðewðmÞi Þ

2 is maximized at
the windward walls. Moreover, spanwise fluctuations, i.e., ðewðmÞv Þ

2,
dominate, implying that the spanwise transfer of energy is important
at small scales. For the staggered array, however, the behavior is more
complicated. Atm¼ 1, ðewðmÞw Þ

2 dominates at the windward wall, indi-
cating strong vertical motion; at m¼ 2, however, ðewðmÞv Þ

2 dominates
between the obstacles.

V. 2D TURBULENT KINETIC ENERGY
A. Spatial mean spectra

Figure 6 shows 2D Fourier and wavelet spectra for both geome-
tries. The 2D spectra do not exactly resemble the 1D spectra (Fig. 4)
because they represent an azimuthal (Sec. II B) or sectoral (Sec. II C)
average, but the basic trends persist. The energy is maximized above

the obstacle scale, k=kref ¼ 1, and decreases sharply toward smaller
scales. There is no indication that superficial averaging introduces sig-
nificant artifacts. Spurious oscillations in the Fourier spectra are fairly
weak. Deviations between the Fourier and wavelet spectra increase
toward small scales. A roll-off can be seen in the Fourier spectra only;
for the wavelet spectra, the –5/3 slope extends to the smallest scale.
Inside the canopy, there is much less energy at large scales in the stag-
gered case.

Compared to the transects through obstacles (cf. Fig. 4), the spec-
tral peaks are weaker and broader in 2D. This is unsurprising because
the 2D average effectively includes contributions from transects that
do not intersect obstacles. At z=H ¼ 0:5, the peaks are located at
kp=kref 	 0:25� 0:5 for the square array and kp=kref 	 0:5� 1 for
the staggered array. These locations may be related to the array geome-
try: for the square array, the velocity components have a spatial period
of 2W in the streamwise and spanwise directions (neglecting edge
effects); for the staggered array, the spatial period is 4W in the stream-
wise direction but 2W in the spanwise direction. By analogy with
forced turbulence, in which energy is injected at a forcing scale and
cascaded downscale, kp may be associated with an instability of the

FIG. 4. 1-D streamwise velocity transects (top) and energy spectra (bottom) for the square (left) and staggered (right) arrays at z=H ¼ 0:5. Mean velocity components evalu-
ated at (a) y=W ¼ 8:5 (square, transect A); (b) y=W ¼ 8:5 (staggered, transect C). Energy spectra evaluated at (c) y=W ¼ 8:5 (square, transect A) and y=W ¼ 8:5
(square, transect B); (d) y=W ¼ 8:5 (staggered, transect C) and y=W ¼ 9:5 (staggered, transect D).
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FIG. 5. Time-averaged 1D wavelet coefficients, ðew ðmÞi Þ
2, for velocity fluctuations along streamwise transects A (left) and C (right). (a) m¼ 1, square; (b) m¼ 1, staggered; (c)

m¼ 2, square; (d) m¼ 2, staggered.

FIG. 6. 2D energy spectra, E2DðkmÞ, at z=H ¼ 0:5 (black) and z=H ¼ 1:05 (red). Both wavelet (filled circles and dotted lines) and Fourier (dashed lines) spectra are plotted.
(a) Square array; (b) staggered array. Wavelet dual spectra are indicated by the shaded areas. The 2D wavenumber km ¼ ðk2mx

þ k2my
Þ
1
2 is normalized by the obstacle scale

kref � k5. The �5=3 slope is indicated by the green dashed-dotted lines.
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basic state. Physically the energy for the turbulent cascade (for k > kp)
arises from the instability of the flow over the obstacles;51 it is, there-
fore, natural that the most energetic turbulent structures should be
found around kp. The peak for the staggered array occurs at a smaller
scale than the streamwise and spanwise spacings. This suggests that
the flow is partially coupled in the streamwise and spanwise directions
over the 2D sector. Above the canopy, the spectra peak at larger scales
(see Fig. 9). Differences between the energy spectra for the square and
staggered arrays are smaller at z=H ¼ 1:05.

For comparison, 2D velocity spectra (8) are plotted in Fig. 7. At
z=H ¼ 0:5, the Euu;Evv;Eww spectra nearly coincide at small scales:
for the staggered array, the velocity spectra diverge noticeably only for
km=kref 
 0:25. This suggests that partial isotropisation of the turbu-
lence statistics occurs below kp, especially for the staggered array. At
z=H ¼ 1:05, anisotropy increases below the obstacle scale.

The wavelet spectra of Fig. 6 represent a spatial average. The spa-
tial standard deviations or dual spectra are indicated by the shaded
areas. They show that there is considerable spatial variability in the
wavelet spectra: the ratio of the standard deviation to the mean is
O(1). However, the logarithmic energy scale gives an exaggerated
impression of the variability and the contrast between positive and
negative fluctuations: although the standard deviation, rEðkmÞ, is

identical for both dual spectra, EðkmÞ � rE may be very small or nega-
tive. This problem has been circumvented by plotting the positive dual
spectrum only.34

The dual spectra tacitly assume Gaussian statistics. To avoid this
limitation, probability distribution functions (pdfs) of the local energy,
eðmÞ2D � eðmÞii , are calculated for each scale. The normalized statistic

Ze ¼
eðmÞ2D i½ � � heðmÞ2D i

hðeðmÞ2D Þ
2i � heðmÞ2D i

2
h i1

2

0B@
1CA; (14)

is considered so that the results for different scales may be compared.
As with the spectra, the spatial pdfs are time-averaged (Sec. IIIC). The
pdfs for both arrays are non-Gaussian (Fig. 8), as in homogeneous tur-
bulence;29,52 we are unaware of similar results for obstacle arrays. For
the square array, the pdfs are positively skewed with a long tail for
large Ze; at the other end, there is a sharp “cliff” at Ze � �1 because
the energy does not take negative values. Non-Gaussianity increases
toward small scales. This is confirmed by calculating the kurtosis for
e2D. At z=H ¼ 0:5, K¼ 122.6 at m¼ 1 and K¼ 10.6 at m¼ 5 (with
the kurtosis decreasing monotonically with m). For the staggered
array, the pdfs are surprisingly similar to the ones for the square array:

FIG. 7. 2D wavelet velocity spectra, Eii, for the streamwise, spanwise and vertical components. (a) Square, z=H ¼ 0:5; (b) staggered, z=H ¼ 0:5; (c) square, z=H ¼ 1:05;
(d) staggered, z=H ¼ 1:05. A �5=3 reference slope is indicated by the green dashed-dotted lines.
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the kurtosis at z=H ¼ 0:5, is K¼ 126.9 at m¼ 1 and K¼ 13.5 at
m¼ 5. A two-sample Kolmogorov-Smirnov test confirms that the
pdfs for the two arrays are not statistically indistinguishable at the
smallest scales only (i.e., for significance level a ¼ 1% and m¼ 1, 2).
The pdfs are approximately exponential at m¼ 5. Above the canopy,
the pdfs are narrower.

For clarity, the preceding analysis is limited to two vertical levels.
Mean energy spectra for other levels are shown in Fig. 9. Inside the
canopy, the spectra show little dependence on height for the square
array but vary smoothly with height for the staggered array. The
energy spectra change abruptly at z=H ¼ 1. Above the canopy, the
vertical dependence is weak for both arrays.

B. Spatial dependence

The wavelet spectra may be calculated over different subregions
rather than the entire horizontal plane. The spatial dependence of the
local kinetic energy in wavelet space is analyzed by subdividing the
domain into repeating units (Fig. 1): R1–R4 for the square array and
R5–R8 for the staggered array. The characteristic dynamics within

these regions are described in previous studies: (e.g., Ref. 14) for the
square array, there are closed streamlines within R1 but approximately
parallel streamlines within R2 and R3; for the staggered array, the
absence of unblocked streamwise channels leads to a more compli-
cated spatial structure.7 Horizontally averaging the kinetic energy
overall units of type Ri yields the mean 2D wavelet spectrum at a given
height,

hE2Dðkm; zÞiRi
¼ D2�m

2p ln 2
hðeðmÞ2D i½ �ÞiRi

: (15)

The unit spectra for different Ri are a proxy for the spatial dependence
of the TKE.

The wavelet spectra for the repeating units (Fig. 10) closely
resemble the spectra averaged over the entire plane (Fig. 6). The spec-
tra essentially coincide at large scales, km 
 kp, because the contribu-
tions from different units can no longer be distinguished by the Haar
wavelet; however, differences appear at smaller scales, km > kp. For
both arrays, the small-scale energy below the obstacle scale is maxi-
mized within the most confined units (R1 and R7) and approximately
equal within the streamwise (R2, R3) and spanwise (R5, R6) channels.

FIG. 8. Time-averaged pdfs of spatial fluctuations in the local energy density, eðmÞ2D : (a) square, z=H ¼ 0:5; (b) staggered, z=H ¼ 0:5; (c) square, z=H ¼ 1:05; (d) staggered,
z=H ¼ 1:05. The pdfs are constructed using 100 equally spaced bins and satisfy the normalization

Ð1
�1 pðZeÞdZe ¼ 1; very small values of pðZeÞ are not shown.

Contributions from points lying inside the obstacles are excluded.
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FIG. 9. 2D spectra in the km � z plane: (a) square array; (b) staggered array.

FIG. 10. Wavelet energy spectra, hE2DðkmÞiRi
, for different repeating units of the (left) square and (right) staggered arrays. (a) square, z=H ¼ 0:5; (b) staggered, z=H ¼ 0:5;

(c) square, z=H ¼ 1:05; (d) staggered, z=H ¼ 1:05. The standard errors are indicated by the shaded areas.
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Inside the canopy, the standard errors are small compared to the dif-
ferences between the channels and confined units.

These differences are partly reflected in the characteristic scales
for the different units, i.e.,

emðxÞ ¼ em

2m � 2m
; (16a)

r0ðxÞ ¼

X
m

rmemðxÞX
m

emðxÞ
; k0 ¼

�
2p
r0ðxÞ

�
Ri

; (16b)

where em is the energy normalized by the area, r0 is the mean scale and
k0 is the mean wavenumber (Table II). At z=H ¼ 0:5, k0 shows mini-
mal sensitivity to the units of either array; at z=H ¼ 1:05, the differ-
ences increase slightly. The mean scales lengthen immediately above
the units (i.e., inside the R4 and R8 units), probably because near-wall
turbulence differs from turbulence within the shear layer, and show lit-
tle sensitivity to the array type; differences are greater for mean wave-
numbers restricted to k=kref � 1 (not shown).

C. Spatial variability and intermittency

The corresponding dual spectra (not shown) closely follow the
mean energy spectra. In fact, the mean and standard deviation for a
given unit are comparable for both arrays, i.e., hrE2DiRi

� hE2DiRi
.

Nevertheless, one expects differences among the units. The mean cir-
culation is dominated by large vortices found within the most confined
units, R1 and R7;1,42 turbulence is enhanced around corners, where
flow separation occurs; large-scale structures may appear within chan-
nels, e.g., elongated streamwise structures for the square array.19

Figure 11 shows snapshots of the TKE inside the canopy for low-
(bottom 20% of TKE) and high-energy (top 20%) structures. Channel-
like [Fig. 11(a)] and zig-zag [Fig. 11(b)] structures, preferentially
emanating from the windward side and spanning several units, are
present at high energy; at low energy, the structures are smaller and

more uniformly distributed. These snapshots suggest that there is spa-
tial intermittency inside the canopy, in the sense of non-trivial depen-
dence of the turbulence statistics on location and amplitude.

The spatial intermittency can be characterized with pdfs of the
energy within each unit. For consistency with the pdf over the entire
horizontal plane (Fig. 8), the normalized energy statistic, Ze, is defined
(14) with respect to an identical spatial mean, heðmÞ2D i. Figure 12 plots
pðZðmÞe Þ at z=H ¼ 0:5. For either array, the differences among the
units generally increase with Ze, i.e., at higher values of the TKE,
though the magnitude of the deviations varies with scale. The standard
error for the probability in each bin is small for m 
 4 and negligible
for m 
 3; at m¼ 5, errors are confined mostly to the tails. Mean
energy spectra (e.g., Fig. 10) indicate that the units are not equivalent,
but they neglect the dependence on the fluctuation level. For example,
the unit spectra for the streamwise channels (R2 and R3; square array)
and spanwise channels (R5 and R6; staggered array) agree well, but the
corresponding unit pdfs diverge from each other for fixedm and suffi-
ciently large Ze. As m increases, the pdfs approach an exponential
shape; however, the deviations increase for large Ze. At m¼ 5, the dif-
ferences between the units are comparable to the standard error for
the staggered array.

To assess the importance of deviations in the tails, the cumulative
energy is analyzed. Let e2Dðn; j;mÞ denote ordered TKE values,
e2Dð0Þ < e2DðnÞ < e2DðNeÞ for n 2 ½0;Ne�, unit Rj and scale m.
Given the corresponding probability, pðe2Dðn; j;mÞÞ, the normalized
expectation satisfies

E ðN; j;mÞ ¼

XN
n¼0

e2Dðn; j;mÞpðe2Dðn; j;mÞÞ

X
j

XNe

n¼0
e2Dðn; j;mÞ

: (17)

For convenience, letN � N=Ne. From Fig. 13, the E curves coincide
for small fluctuations but tend to diverge for large fluctuations. The
divergence of the cumulative energy for different units, which may be

FIG. 11. Snapshots of the TKE at z=H ¼ 0:5 restricted to bottom 20% (white) and top 20% (black) of values. (a) Square array; (b) staggered array.
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taken as a proxy for spatial intermittency, shows that the largest fluctu-
ations are of great importance, in agreement with the TKE snapshots
of Fig. 11. At the smallest scale m¼ 1, N > 0:95 contributes around
27% of the total energy for the two arrays; at the obstacle scale, m¼ 5,
the contribution drops to around 14%, indicating a decrease in spatial
intermittency.

VI TRANSFER SPECTRA
A. Mean spectra

Mean 2D transfer spectra (12a) are compared in Fig. 14. In
unforced homogeneous turbulence, energy is extracted from large
scales and cascaded through the inertial range to small scales, where it
is dissipated; in DNS, this yields negative transfer at large scales and

FIG. 12. Pdfs of normalized energy fluctuations, pðZðmÞe Þ, for different units and scales at z=H ¼ 0:5: (top) square array; (bottom) staggered array. [(a), (f)] m¼ 1; [(b), (g)]
m¼ 2; [(c), (h)] m¼ 3; [(d), (i)] m¼ 4; [(e), (j)] m¼ 5. The probabilities satisfy the normalization

Ð
pðZðmÞe ÞdZðmÞe ¼ 1. The standard error is indicated by the shaded areas.

FIG. 13. Normalized cumulative energy, E , vs normalized energy, N , at z=H ¼ 0:5: (top) square array; (bottom) staggered array. [(a), (f)] m¼ 1; [(b), (g)] m¼ 2; [(c), (h)]
m¼ 3; [(d), (i)] m¼ 4; [(e), (j)] m¼ 5. The thick black lines correspond to the “equipartition” values, E ¼ 1=3.
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positive values at small scales (e.g., Refs. 22, 53, and 54). In theory,
the integral of the 3D transfer spectrum over all scales vanishes (for
a periodic domain). This picture is not exactly recovered for the
obstacle arrays. At z=H ¼ 0:5, the square array indicates energy
extraction for km=kref � 1 and positive transfer for the smallest scales
(see Fig. 15): the implication is that large scales (including those
above kp) supply energy for the turbulent cascade below kref . The
large-scale transfer has the opposite sign for the staggered case, i.e.,
there is injection rather than extraction for km=kref � 1 and
z=H ¼ 0:5, but there continues to be positive transfer for the small-
est scales, indicating cascade-like behavior. Qualitatively similar
spectra are obtained within the outer layer of turbulent channel
flow.34 At z=H ¼ 1:05, the transfer over all horizontal scales is simi-
lar for both arrays.

The wavelet and Fourier transfer spectra show qualitatively simi-
lar trends; however, there are important quantitative differences. First,
secondary peaks (troughs) for km=kref < 1, reminiscent of the spuri-
ous oscillations in the energy spectrum, may be seen inside the canopy
for the wavelet spectrum of the square array. Indeed the other TKE
budget terms (e.g., the production and pressure transport) also have
peaks that persist well into the roughness sublayer (not shown).
Second, the magnitude of the transfer is almost always smaller for the

Fourier spectra even though the Fourier modes contain more energy
at large scales.

There are several reasons why the transfer spectra depart from
the expectations for homogeneous turbulence. First, the presence of
solid boundaries means that the integral of the transfer spectrum over
all scales need not vanish. A similar phenomenon occurs for channel
flow.34 Second, the horizontal energy transfers are not determined
exclusively by horizontal motions. This is investigated by plotting each
component of T2D (12a), i.e.,

Tiðkm; zÞ ¼ 2�mD

p
ffiffiffi
2
p htðmÞi i; (18a)

tðmÞi i½ � ¼
X3
q¼1

wðm;qÞi uj
@ui
@xj

( )ðm;qÞ
; (18b)

in the km � z plane (Fig. 15). For the square array, the total transfer,
T2D, is dominated by the streamwise, T1, component, for which there
is strong extraction (negative transfer) for km=kref � 1 and much
weaker injection (positive transfer) for km=kref � 2. The boundary
between large-scale and small-scale transfer is nearly independent of
height, implying quasi-horizontal motion. For the staggered array, the

FIG. 14. 2D energy transfer spectra, T2D, normalized by u3s in the wavelet (solid line) and Fourier (dashed line) representations: (a) square, z=H ¼ 0:5; (b) staggered,
z=H ¼ 0:5; (c) square, z=H ¼ 1:05; (d) staggered, z=H ¼ 1:05. Dual spectra are omitted for clarity.
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streamwise component also makes the largest contribution to the total
transfer and there continues to be positive transfer for the smallest
scales, but the large-scale transfer varies significantly in the vertical.
The vertical component, T3, changes sign between the bottom and top
halves, suggesting that the horizontal transfer for the staggered array is
affected by vertical motions and energy exchanges. At m¼ 6, the
canyon-averaged ratio jT3j=jT1j ¼ 0:36 for the square array, but
jT3j=jT1j ¼ 1:03 for the staggered array.

B. Spatial dependence

The spatial dependence of the mean transfer may be obtained by
averaging the nonlinear term, tðmÞ, over units. The local transfer is
defined as

hTðkm; zÞiRi
¼ D2�m

2p ln 2

D
tðmÞ i½ �Þ

E
Ri

: (19)

Inside the canopy [Figs. 16(a) and 16(b)], the transfer spectra show
statistically significant differences among the units, as indicated by the
standard errors (which are generally small). Compared to the energy
spectra for the units (Fig. 10), the transfer spectra show increased sen-
sitivity to Ri. For the square array, the transfer at k=kref ¼ 1 is negative
for R1 and R3 but positive for R2: the energy extraction is maximized
for the most confined unit, i.e., R1, which is also where energy is maxi-
mized [Fig. 6(a)]. At smaller scales, k=kref > 1, the transfer is positive
for all units (not shown; see Fig. 15). For the staggered array, the trans-
fer at km=kref ¼ 1 is negative for R5 and R7 but positive for R6. The
energy extraction and energy at kref are not maximized within the
same unit: R7 contains the most energy [Fig. 6(b)] but extraction is

maximized for R5. Evidently, the relative importance of energy
exchanges between units increases in the staggered case. Above the
canopy [Figs. 16(c) and 16(d)], the differences among the Ri decrease
for the square array but increase for the staggered array.

C. Spatial variability and intermittency

The spatial standard deviations are very large (not shown).
Within the canopy, the ratio of the standard deviation to the mean
is O(10) for the 2D transfer averaged over the horizontal plane or
the repeating units of a specified type. Strong spatial variability can
be seen in snapshots of the instantaneous energy transfer (Fig. 17).
As with the TKE snapshots (Fig. 11), the strongest fluctuations (top
20% of values) show stronger spatial localization than the weakest
fluctuations (bottom 20% of values), which are more uniformly dis-
tributed. The picture is similar for either array and both positive
and negative fluctuations. Compared to the TKE snapshots, how-
ever, the contrast between the strongest and weakest fluctuations is
less obvious because the associated turbulence structures are less
distinct.

Pdfs of the (instantaneous) local transfer are calculated following
the procedure of Sec. VC. Since the normalized transfer Zt is defined
from tðmÞ2D , which takes positive and negative values, pðZtÞ includes two
branches (Fig. 18). The pdfs are roughly symmetric about Zt ¼ 0, with
T¼ 0 corresponding to jZtj < 1. This suggests that (instantaneous)
positive and negative transfers are ubiquitous and that the non-zero
transfer in Fig. 14 results from relatively small imbalances. The corre-
sponding unit pdfs coincide for small Zt (Fig. 19), but deviations
between the units increase for larger fluctuations; the standard errors
are small for m 
 4 and negligible for m 
 3. The pdfs for the

FIG. 15. Mean 2D energy transfer (normalized by u3s) in the km � z plane for (top) square and (bottom) staggered arrays: [(a), (e)] streamwise; [(b), (f)] spanwise; [(c), (g)] ver-
tical; [(d), (h)] all components.
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streamwise and spanwise channels, R2–R3 and R5–R6, respectively,
agree better than do the unit pdfs for the energy. At the smallest scales,
m¼ 1 and 2, large-amplitude fluctuations in the transfer are favored
inside the most energetic units (R1 for square, R7 for staggered); at
larger scales, this holds only for the staggered array. Compared to the
TKE, the tails are more prominent at small scales (m 
 5): at m¼ 1
and z=H ¼ 0:5, K¼ 271.4 and 217.3 for the square and staggered
arrays, respectively. As m increases, the pdfs approach a common
shape; nevertheless, statistically significant difference persist at m¼ 5,
especially for the square array.

The normalized cumulative transfer, T , is defined analogously
to E , Eq. (17). Since the transfer is not signed definite, separate
branches are plotted for negative and positive transfer (Fig. 20): for
ease of comparison, t2Dð0Þ > t2DðnÞ > t2DðNtÞ for t2D < 0 and
n 2 ½0;Nt �, but the ordering is reversed for positive transfer. In all
cases, large fluctuations dominate: T 	 0 until N � 0:6, where
N � N=Nt . At m¼ 1, N > 0:95 contributes around 50% of the
total transfer, with slight differences between the arrays; at m¼ 5, the
N > 0:95 contribution amounts to around 20% of the total.
Compared to E , spatial intermittency increases at the largest scales, in
the sense that the T curves diverge more rapidly; moreover, the
cumulative transfer curves do not collapse to the same degree.

Intermittency is slightly greater for the staggered array at the smallest
scales (m 
 3) and atm¼ 5 (for the positive branch).

VII. DISCUSSION

The novelty of this study lies in the definition of the turbulent
scales within the canopy of a rough-wall boundary layer and the appli-
cation of a space-scale analysis to flow over square and staggered
arrays.

First, conventional analyses of rough-wall turbulence rely on
physical-space statistics. Since the horizontal scale cannot be defined
uniquely for a multiply connected domain, a working definition is
required in order to calculate spectra and determine an analog of the
classical Kolmogorov picture for rough-wall boundary layers. This was
done through superficial averaging, in which the obstacles are consid-
ered together with the fluid: spurious oscillations, which can be pre-
dicted analytically, are introduced into the Fourier spectra, but the 2D
wavelet spectra are largely unaffected. Choosing the shortest path
between points is a natural solution that does not introduce significant
artifacts. A similar approach has also been applied to the multiscale
modeling of scalar fields inside urban canopies.55

Second, the ability to characterize turbulent scales within the can-
opy layer is of theoretical and practical benefit. On one hand, the

FIG. 16. As in Fig. 14, but for the local transfer spectra over units, hTðkmÞiRi
, normalized by u3s: (a) square, z=H ¼ 0:5; (b) staggered, z=H ¼ 0:5; (c) square, z=H ¼ 1:05;

(d) staggered, z=H ¼ 1:05. The shaded areas represent the standard errors.
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kinetic energy and energy transfer spectra, which are fundamental
quantities in homogeneous turbulence phenomenology, may be calcu-
lated. Previous calculations of wavenumber energy spectra within the
canopy layer avoid obstacles.28 The results imply that a modified
energy cascade occurs within the canopy layer. A –5/3 spectrum exists
below the obstacle scale (or width) for both arrays. Energy for the cas-
cade is supplied by scales above the obstacle scale, with the location of
the spectral peak related to the spatial periodicity and anisotropy of
the array. Energy transfers are approximately quasi-horizontal in the
square case, but vertical energy exchanges are more important in the
staggered case. On the other hand, the horizontal dependence of
the turbulence statistics may be quantified. This is crucial for rough-
wall turbulence because the spectra, for example, are not determined
just by the wall-normal distance. The energy and energy transfer
within different repeating units were examined for different scales and
fluctuation levels, complementing the conditional filtering of turbu-
lence statistics.14 Within the canopy layer, the partial isotropisation
seen in the 2D spatially averaged velocity spectra does not preclude

differences among the units. Contributions to the cumulative energy
and transfer inside the canopy are dominated by a small number of
points, especially for the transfer, in which 50% of the total at the
smallest scale may be attributed to just 5% of the fluctuations. Hence
mean spectra give an incomplete picture. Differences in the probability
distributions among the units imply that the energy and transfer are
spatially intermittent.

Most of the calculations reported in this study were performed in
both Fourier and wavelet space. This was necessary in order to assess
the effects of superficial averaging. Although any attempt to determine
the best basis for all situations is futile, it is helpful to summarize the
main findings from the comparison. With respect to the energy, the
wavelet spectrum departs from the Fourier one at small (and to a lesser
extent, large) scales on account of the leakage phenomenon,47 or loss
of spectral accuracy from the misalignment of a signal with a basis
function. Nevertheless, there is no evidence that the effects of this are
consistently negative: at small scales, the “artificial cascade” leads to a
uniform –5/3 spectral slope extending to the smallest scales, improving

FIG. 17. Instantaneous energy transfer at z=H ¼ 0:5 restricted to top 20% (black) and bottom 20% (white) values. (a) square array, t2D > 0; (b) staggered array, t2D > 0; (c)
square array, t2D < 0; (d) staggered array, t2D < 0.
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agreement with measurements. The leakage effectively compensates
for the underprediction of small-scale energy by the current LES. With
respect to the transfer, there are more significant differences. The spu-
rious oscillations that appear in the 1D Fourier energy spectra are
more noticeable in the 2D Fourier transfer spectra; in fact, they persist
through the roughness sublayer (not shown). The wavelet spectrum is
less affected by the obstacle geometry. Indeed the smaller amplitude of
the Fourier transfer spectra is probably related to the fact that only cer-
tain 1D Fourier modes are aligned with the obstacles; in 2D, alignment
cannot be maintained for all angles since the array is not completely
isotropic. Since the Fourier transfer spectrum derives from an azi-
muthal average of a spatial integral of a quantity that is not sign-
definite, e.g.,

Ð Ð
uiuj@ui=@xj exp ðik � xÞdx, varying degrees of self-

cancellation may occur for different wavenumbers. Alignment with
the obstacles is probably less of an issue for the energy spectrum
because the TKE is strictly positive.

A fundamental limitation of the wavelet analysis is that it is not
independent of the basis. Any basis necessarily represents a compro-
mise between spatial and scale resolution. The Haar basis is a

reasonable choice because its shape is consistent with the spatial peri-
odicity of the array, i.e., it preserves space-space locality at the obstacle
boundaries. Moreover, summing over the local wavelet modes within
a specific unit yields a good approximation to the physical-space
energy of that unit: at z=H ¼ 0:5, small-scale features in the TKE are
captured and the correlation between the reconstructed and original
fields is around 80% (not shown).56

The analysis presented above can be developed in several direc-
tions. First, in an attempt to simplify the space-scale analysis, local
averages over repeating units were adopted; however, this precludes a
more fine-grained analysis. For a staggered array, energy production is
maximized inside the canopy along downwind walls;7 more generally,
the asymmetry between windward and leeward walls should strongly
influence the development of turbulence structures for other geome-
tries (e.g., the square array; Fig. 11). A wavelet analysis for specific
walls or critical points of the flow7 may be performed. Second, a space-
scale analysis of the TKE budget would help elucidate the physical
mechanisms underlying the energy transfer. For example, the maximi-
zation of the energy and extraction within the same units of the array

FIG. 18. As in Fig. 14, but for pdfs of the local transfer, tðmÞ2D , in the horizontal plane: (a) square, z=H ¼ 0:5; (b) staggered, z=H ¼ 0:5; (c) square, z=H ¼ 1:05; (d) staggered,
z=H ¼ 1:05.
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suggests that certain terms of the TKE budget (e.g., production) may
dominate; however, the dependence on scale and fluctuation level are
not clear a priori. Finally, multiscale parameterisations may be devel-
oped by quantifying the transfer associated with modes below a nominal
cutoff scale. This technique, which has a long history in Fourier-space
studies,39,57 was previously applied to smooth-wall turbulence and

channel flow.34 Application to rough-wall turbulence would quantify
the effects of variations in the roughness below the filter scale.

SUPPLEMENTARY MATERIAL

See the supplementary material for figures pertaining to the
wavelet implementation.

FIG. 19. As in Fig. 10, but for pdfs of the transfer fluctuations, pðZtÞ, at z=H ¼ 0:5: (top) square array; (bottom) staggered array. [(a), (f)] m¼ 1; [(b), (g)] m¼ 2; [(c), (h)]
m¼ 3; [(d), (i)] m¼ 4; [(e), (j)] m¼ 5. The shaded areas represent the standard errors.

FIG. 20. As in Fig. 13, but for the normalized cumulative transfer, T , at z=H ¼ 0:5: [(a)–(e)] square array; [(f)–(j)] staggered array.
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APPENDIX A: DISCRETE WAVELET TRANSFORM

The discrete wavelet transform (DWT) decomposes a function
/ðxÞ into contributions from different scales (indexed by m) and
locations (labeled by i) according to

/ðxÞ ¼
X1

m¼�1

X1
i¼�1

aðmÞ i½ �wðmÞðx � 2miÞ; (A1)

where the wavelet function

wðmÞðxÞ ¼ 2�
1
2mw

x
2m

� �
(A2)

fulfills the orthonormality condition,ð1
�1

wðmÞðx � 2miÞwðnÞðx � 2njÞdx ¼ dijdmn: (A3)

By construction, the wavelets are orthonormal to their own transla-
tions and dilations. aðmÞ is the wavelet coefficient of mode m.

Higher-dimensional wavelets may be obtained from tensor
products of wðmÞ with a smoothing function /ðmÞ.29 In two
dimensions,

Wðm;qÞ x � 2mi½ � ¼
/ðx1 � 2mi1Þwðx2 � 2mi2Þ q ¼ 1;

wðx1 � 2mi1Þ/ðx2 � 2mi2Þ q ¼ 2;

wðx1 � 2mi1Þwðx2 � 2mi2Þ q ¼ 3;

8><>: (A4)

where q labels the basis functions. Different wavelet bases amount
to different choices of w and /. Positions in physical space

x½ � ¼ 2m D1i1;D2i2½ �; (A5)

where D1 and D2 are the grid spacings corresponding to the x1 and
x2 directions, respectively, are indexed by ½i1; i2� or ½i�. The two-
dimensional DWT based on (A4) may be written as

/ x1; x2½ � ¼
X1
m¼1

	X
i1;i2

hðmÞ x1 � 2mi1½ �gðmÞ x2 � 2mi2½ �wðm;1Þ i1; i2½ �

þ
X
i1;i2

gðmÞ x1 � 2mi1½ �hðmÞ x2 � 2mi2½ �wðm;2Þ i1; i2½ �

þ
X
i1;i2

gðmÞ x1 � 2mi1½ �gðmÞ x2 � 2mi2½ �wðm;3Þ i1; i2½ �


;

(A6)

where gðmÞ½i� is a discrete version of the wavelet function
wðmÞðxÞ; hðmÞ½i� is a discrete version of the smoothing function
uðmÞðxÞ, and wðm;qÞ½i� are the 2D wavelet coefficients. We use a fast
wavelet transform to calculate gðmÞ and hðmÞ.

APPENDIX B: EFFECT OF DISCONTINUOUS
VELOCITY DERIVATIVES ON THE FOURIER
SPECTRA

The Fourier transform of a signal with a jump discontinuity
leads to the Gibbs phenomenon. Here we consider the related case
of a signal that is continuous but with a discontinuous first deriva-
tive (i.e., class C0). The effect of vorticity jumps on Fourier spectra
is well documented. A collection of randomly spaced jumps yields a
k�4 energy spectrum.50

We now analyze a special case in which the discontinuities are
regularly spaced. Consider a periodic half-wave rectified sinusoid
[Fig. 21(a)],

FIG. 21. Demonstration of the effect of discontinuous velocity derivatives on the energy spectrum. (a) Half-wave rectified sinusoidal function g(x); (b) spectral energy density
EgðkÞ of g(x).
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gðxÞ ¼ sin x; sin x � 0
0; sin x < 0:

	
Like the 1D velocity fluctuations along transects through obstacles
[Fig. 4(a)], discontinuities in the first derivative of this function are
spaced at regular intervals. The spectral energy density is defined
by

EgðkÞ ¼
1
2
ĝ �ðkÞĝ ðkÞ; (B1)

where ĝ ðkÞ is the Fourier transform of g(x). As expected, the spec-
trum [Fig. 21(b)] has a peak at wavenumber k¼ 1, which corre-
sponds to the wavelength k ¼ 2p of the signal. However, large
secondary peaks also appear at the harmonics of k, i.e., kn ¼ 2n
where n ¼ 1; 2; 3;….

The secondary peaks arise from the limitations of the Fourier
transform in representing localized structures in physical space.
The Fourier series of g(x) is given by58

gðxÞ ¼ 1
p
þ 1
2
sin ðxÞ � 2

p

X1
n¼1

cos ðknxÞ
k2n � 1

; (B2)

where the secondary peaks are associated with the final term. The
spectrum decays as k�4n on scales smaller than the spatial period of
the signal. Note that this scale corresponds to twice the obstacle
scale.
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