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Simplicial networks: a powerful tool for characterizing higher-order
interactions
Dinghua Shi1 and Guanrong Chen 2,∗

In recent network research, more and
more efforts have been devoted to study-
ing higher-order interactions in com-
plex networks that explain some intrinsic
properties, discover hidden features that
conventional mathematical tools cannot
help to find and enable a clearer view of
the real world.This article presents a per-
spective on the state-of-the-art progress
in the field.

Edges in networks describe pairwise
interactions between nodes, whereas for
networks with higher-order interactions,
hyperedges are used [1]. In many real-
world networks, such as ecosystem net-
works, social networks and brain neu-
ral networks, higher-order interactions
are ubiquitous [2]. To model various
higher-order interactions, besides hyper-
networks, there is a possibility of us-
ing the higher-order structure of the
network itself, where they all depend
on higher-order cycles. The shortest cy-
cle is the triangle, which is largely in-
volved in small-world networks. How-
ever, higher-order cycles have not been
systematically investigated. In the study
of network synchronizability, we intro-
duced the concept of minimal cycle [3].
We then considered complete subgraphs
[4] of different orders: node (0th or-
der), edge (first order), triangle (sec-
ond order), tetrahedron (third order)
and so on, called cliques in graph the-
ory or simplexes in algebraic topology,
which are powerful tools for extend-
ing ordinary networks to simplicial net-
works with higher-order structures and
interactions.

Themain difference between a simpli-
cial network and a hypernetwork is that,
in a hyperedge there may not exist pair-
wise node interconnections, whereas all
sub-simplexes are contained in the sim-
plicial networks. Moreover, there are ele-
gant and powerful mathematical theories
and tools for computing and analysing
simplicial networks. For a given simpli-
cial network, the highest order of its sim-
plexes is defined as the order of the net-
work. For instance, one C. elegans neural
network is a seventh-order simplicial net-
work [5].

Various matrices in the simplicial
networks provide a handy mathematical
tool for studying higher-order inter-
actions in networks. Specifically, for
a network, suppose that the number
of d -cliques (simplexes) is md . Let
Scd (c < d) be the incidence matrix
between a c-clique and a d-clique, in
which an element is 1 if the c-clique
belongs to the d-clique or 0 otherwise. In
the matrix S0d ST0d , the diagonal element
s i i is the number of d-cliques containing
node i and the non-diagonal elements
together constitute the higher-order
adjacency matrix A(0,d), which gives the
higher-order transformation probability
P (0,d) after normalization. Adding
diagonal elements to make the matrix
−A(0,d) have zero row sums will result in
a generalized Laplacian matrix, denoted
L (0,d). The eigenvalues of matrix L (0,d)

are all non-negative real numbers, satis-
fying 0 = λ

(0,d)
1 <λ

(0,d)
2 ≤· · · ≤ λ

(0,d)
m0 .

Note that the dth-order simplicial
network has (d + 1)d/2 incidence

matrices and (d + 1)d generalized
Laplacian matrices, e.g. from ST01S01
one can get matrix L (1,0). In general,
matrix Sn−1,n is the boundary matrix
Bn between adjacent cliques [4]. If
clique [i0, i1, . . . , in] has a bound-
ary [i0, i1, . . . , i p−1, i p+1, . . . , in],
where i p is removed, then each element
of Bn is given a plus or a minus sign [6],
determined by (−1)p , and the resultant
matrix is denoted S[n−1,n], Conse-
quently, the Hodge–Laplacian matrix
is obtained by L (n,d) = S[n,d] ST[n,d]
or ST[d ,n]S[d ,n] (for n < d). Note that
the non-diagonal elements of a Hodge–
Laplacian matrix are not necessarily
negative, although all its eigenvalues
are non-negative real numbers and its
0 eigenvalue has multiple possibilities
(none, one or several).

To introduce some basic operations
into networks, define vector spaces Ck
over the binary field with k-cliques as
its basis [4]. The addition of two vec-
tors, c and d , are defined using the
symmetric difference of the two sets,
namely c + d = (c ∪ d) − (c ∩ d).
Thus, chain and cycle can be general-
ized to a higher-order setting. Next, de-
fine a boundary operator acting on adja-
cent vector spaces, ∂k : Ck → Ck−1 and
define the kernel space, image space and
homological group [4].Then, all k-cycles
are categorized into equivalent classes.
For each class, select one with the short-
est length as its representative.

In the homological group, each lin-
early independent equivalent class of k-
cycles is called a k-cavity. The number
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of k-cavities is given by the Betti num-
ber βk = mk − rk − rk+1, where rk is
the rank of the boundary matrix Bk , with
r0 = 0 by convention [4].

How to find all cliques and cavities of
a given network?To search for all cliques,
there is the Hash graph method [2]
and the common-neighbor method [5],
whereas to search for cavities, there is the
combinatorial optimization method [5]
and the potential eigen-spectral method
[6]. It is known that the number of zero
eigenvalues of the Hodge–Laplacian ma-
trix L (k) = L (k,k) + L (k+1, k+1) equals
the number of k-cavities, namely the
Betti number βk , where the correspond-
ing eigenvectors provide basic informa-
tion about the cavities structure.

Finally, with all cliques and cavities
found, one can determine the character-
istic numberχ = m0 − m1 + m2 − m3
+ · · ·, which satisfies the Euler–Poincaré
formula: χ = β0 − β1 + β2 − β3 +
· · ·, where β0 equals the number of
connected subgraphs of the network.

The dynamics on simplicial networks,
dynamic variables and interactions be-

tween nodes are all generalized to sim-
plexes. We consequently study higher-
order indexes for measuring the impor-
tance of nodes and simplexes. In addition
to the known explosive phase transition
and bistable behavior in the SIS model
[7], the optimal network structure for
higher-order synchronizability is worth
exploring.Wefind that higher-order cavi-
ties, which play an important role in brain
functions [5], have better synchronizabil-
ity because L (0,k) = kL (0,1) with larger
eigenvalues.

In future research, by replacing nodes
and edges in the scale-free model with
simplexes, one may introduce pref-
erentially growing simplicial network
models [8]. For networks evolving in
discrete space-time, there is a need
to properly define curvature (related
to quantum gravity) satisfying the
Gauss–Bonnet–Chern formula. It is also
desirable to extend undirected simplicial
networks to directed, weighted and
multilayered simplicial networks.

Conflict of interest statement.None declared.

Dinghua Shi1 and Guanrong Chen 2,∗
1Department of Mathematics, College of Science,
Shanghai University, China and 2Department of
Electronic Engineering, City University of Hong Kong,
China
∗Corresponding author.
E-mail: eegchen@cityu.edu.hk

REFERENCES
1. Bretto A. Hypergraph Theory. Berlin: Springer,
2013.

2. Battiston F, Cencetti G and Iacopini I et al. Phys Rep
2020; 874: 1–92.

3. Shi DH, Chen G and ThongWWK et al. IEEE Circuits
Syst Mag 2013; 13: 66–75.
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