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Abstract: The present article investigates the effect of multiple slips on axisymmetric
magnetohydrodynamics (MHD) buoyant nano-fluid flow over a stretching sheet with radiation
and chemical effect. The non-linear partial differential equations were transformed to a non-linear
control equation using an appropriate similarity transformation. The governing equations were
solved through the finite element method. The influence of physical parameters such as multiple
slips, magnetic, thermal radiation, Prandtl number, stretching, Brownian motion, thermophoresis,
Schmidt number, Lewis number and chemical reaction on the radial velocity, temperature, solutal
concentration and nano-fluid volume fraction profile were investigated. We noted that the boundary
layers increases in the presence of multiple slip effects whereas, the effect of thermal slip on Nusselt
number increases with the increasing values of magnetic and thermal radiation. To verify the
convergence of the numerical solution, the computations were made by reducing the mesh size.
Finally, our results are parallel to previous scholarly contributions.

Keywords: MHD; multiple slips; buoyancy force; thermal radiation; nano-fluid; stretching sheet;
chemical reaction; finite element method

1. Introduction

The study of the hydromagnetics flow of non-Newtonian fluids related to nano-particles has
attracted many mathematicians, physician, engineers and modelers due to numerous significant
applications. These applications spread through a wide range including neural-electronic interfaces
and protein engineering, solar systems, nuclear reactors, cooling systems and so forth. As a result,
nano-fluids have been examined both hypothetically and experimentally to attain higher degree
characteristics of heat transfer in base fluids. Studies have also focused on improved energy efficiency
in an assortment of thermal exchange system for various mechanical, physics and engineering
applications. These novel kinds of fluids have attracted numerous researchers in view of its improved
thermal features. Compared with basic fluids such as water and oil, nano-fluids possess higher
thermal conductivity and convection heat transfer properties. Choi and Eastman [1] empirically
established that adding a small amount of these particles would significantly improve their effective
thermal conductivity. Buongiorno [2] in his non-homogenous equilibrium model reveals that the
abnormal increase in the thermal conductivity occurs due to the presence of Brownian motion and
thermophoretic diffusion of nanoparticles. A wide range of current and future applications of
nano-fluids are prescribed [3–8]. Nield and Kuznetsov [9] used the Buongiorno model to study
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the nano-fluids with respect to free convection flow problem in the permeable medium. Similarly
Salleh et al. [10] conducted numerical analysis of the boundary layer heat flow adjacent to a thin
needle in the nano-fluid in the presence of heat source and chemical reaction.

Kuznetsov and Nield [11] analyzed boundary layer flow through a plate and later through a
porous medium [12]. Likewise, the flow of nano-fluids on a moving plate in uniform free flow is
studied by Bachok et al. [13].

The effect of magnetic field on free convection heat transfer of nano-fluid in sinusoidal wall
channel is studied by Rashidi et al. [14]. Numerical study on the flow of nano-fluids in rotating
systems with permeable films is carried out by Sheikholeslami et al. [15]. Hatami et al. [16] analyzed
nano-fluid flow in axisymmetric porous channels with expansion or shrinkage wall.

Magnetohydrodynamics plays a key role in the field of engineering, agriculture and metal
processing. The application of mixed convection problem under the influence of the magnetic field in
geophysics and astrophysics has attracted the attention of many researchers. Soundalgekar et al. [17]
studied the free convection effect of vertical plates with transverse magnetic fields on Stokes problem,
while Elbasheshy [18] studied the problems of MHD heat and mass transfer and the role of vertical
plates along with the buoyancy effect of heat and species diffusion. In the MHD flow, the inductive
current in the fluid creates a force that changes the flow field. Mohanty et al. [19] studied the reaction
of the chemical to MHD fluid with heat generation/absorption on the stretching sheet. In another
study, M. Ramzan et al. [20] examined the effects of MHD, Joule heating and thermal radiation on an
incompressible Jeffrey nano-fluid flow over a linearly stretched surface. MHD and heat transfer flow
on a vertical stretching sheet with heat sink or source effect was studied by M. Alfari et al. [21]. Steady
two-dimensional laminar incompressible MHD flow over an exponentially shrinking sheet with the
effects of slip conditions and viscous dissipation was examined by Ali Lund et al. [8]. Najib et al. [22]
examined the stagnation point flow and mass transfer with chemical reaction through stretch/shrink
cylinder. The heat and mass transfer flow of MHD micro-polar fluid in the presence of heat sources
was investigated by Mishra et al. [23].

Thermal system performance using common base fluids is relatively poor. One way to improve
the performance of these systems is to suspend metal nano-particles in the base fluid. Thermal
radiation for heat transfer and mass transfer on tensile surfaces plays an important role because of its
numerous applications in engineering and physics fields such as satellites, solar energy, geophysics,
geophysics, spacecraft and fossil fuels combustion. We know that concentrations and temperature
gradients describe mass and energy flux. These effects have significant role in density difference
flow. It is of great help to manufacture, pollute and discover drugs of optical fibers and others.
Zaimi [24] sought the influence of heat transfer on the nano-fluid flow by means of permeable
stretching/shrinking sheet. Ahmed et al. [25] presented the unsteady boundary layer flow and heat
transfer of power-law fluid model over a radially stretching sheet. Heat transfer of viscous fluid
over a non-linear radially stretching sheet was studied by Azeem et al. [26]. Ilyas Khan et al. [27]
introduced a mathematical model of a convection flow of MHD nano-fluid in a channel embedded in a
porous medium. The influence of the external magnetic field and thermal radiation on heat transfer
intensification of nano-fluid in a porous curved enclosure is simulated by M. Sheikholeslami et al. [5].
Steady 2-D MHD free convective boundary-layer flows of an electrically conducting nano-fluid
over a non-linear stretching sheet, taking into account the chemical reaction and heat source/sink,
was investigated by D. Makinde et al. [28]. Multiple Slip Effects on MHD Unsteady Flow Heat and
Mass transfer impinging on permeable stretching sheet with radiation is studied by Fazle and Stanford
Shateyi [29]. Chemical reaction effect of an axisymmetric flow over a radially stretching sheet was
considered by B. Nayak [30].

To the author’s best knowledge, no previous studies have thus far examined the multiple slips on
hydromagnetics axisymmetric nano-fluid steady flow, heat and mass transfer influenced by radiation,
buoyancy and chemical effect in a permeable frame of reference. We provide numerical solutions for
some special cases, while the physical interpretation for the various parameters have been explained
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with the help of graphs. The current study investigates the analysis of mass and heat transfer in the
axisymmetric MHD nano-fluid flow over a stretching sheet in the presence of multiple slip conditions
with buoyancy effect, chemical reaction and thermal radiation. The governing partial differential
equations of the model are converted to ordinary differential equations ODE through proper similarity
transformations. The ODE’s are then solved through finite element method. The numerical results of
radial velocity distribution, temperature profile, solutal concentration and nano-fluid volume fraction
with different physical parametric values are discussed graphically. The present results are compared
with those of published papers [31–33] and found a good agreement.

2. Mathematical Formulation

We consider the steady axisymmetric MHD flow of an electrically conducting incompressible
viscous flow immersed in nano-fluid over a stretching sheet. The geometry of the problem is illustrated
in Figure 1. The flow of conductive fluids is caused by the sheet stretching in the U(r) = c0r direction,
where c0 is a dimensional constant. It is considered that there is no nanoparticle flux across the
wall and the surface is stretching along z-direction. Furthermore, it is assumed that Tw, ψw and
Cw denotes the stretching sheet temperature, solute concentration and the nano-particle fraction at
the sheet respectively. At the infinity the T∞, C∞ and ψ∞ are the ambient temperature, ambient
solute concentration and ambient nano-particle volume fraction, respectively. In the current study,
B(r) = B0r summarizes the strength of magnetic field, where B0 is a uniform magnetic field strength.
The magnetic field acts along normal to the sheet in the positive z-direction. When the magnetic
field is varying in the radial direction, it also vary in the vertical direction, since the divergence of B
should be zero, that is, divB = 0. Under the boundary layer approximation, the equations of mass
conservation, linear momentum conservation, energy conservation and nano-particle volume fraction
(see References [30,34–36]) can be obtained as:

∂u
∂r

+
u
r
+

∂w
∂z

= 0, (1)

u
∂u
∂r

+ w
∂u
∂z

= ν
∂2u
∂z2 −

σB2(r)u
ρ

(2)

u
∂w
∂z

+ w
∂w
∂z

= ν
∂2w
∂z2 + gβT(T − T∞) + gβC(C− C∞) + gβψ(ψ− ψ∞) (3)

u
∂T
∂r

+ w
∂T
∂z

= α
∂2T
∂z2 + τ

[
DB

∂ψ

∂z
∂T
∂z

+
DT
T∞

(
∂T
∂z

)2
]
− 1

ρcp

∂qr

∂z
(4)

u
∂C
∂r

+ w
∂C
∂z

= Ds
∂2C
∂z2 − R(r)(C− C∞) (5)

u
∂ψ

∂r
+ w

∂ψ

∂z
= DB

∂2ψ

∂z2 +
DT
T∞

∂2T
∂z2 (6)

where u and w are supposed to be the velocity components along r and z respectively, ν, σ and ρ are
the kinetic viscosity, electric conductivity and viscosity of fluid, respectively. DB, DT , Ds,R(r), are the
Brownian diffusion, thermophoretic diffusion, the solutal and chemical reaction, respectively.

The quantity qr is the relative heat flux. Applying the Rosseland approximation [37], qr can be
defined as:

qr = −
4σ∗
3k∗

∂T4

∂y
, (7)
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where σ∗ and k∗ are the Stefan-Boltzmann constant and the mean absorbtion coefficient, respectively.
If the variation in temperature across the flow is small, T4 maybe expended using Tayler series at a
free stream temperature T∞ after neglecting higher-order terms as

T4 = 4T4
∞ − 3T4

∞. (8)

Using Equations (7) and (8), we get

∂qr

∂y
= −16σ ∗ T4

∞
3k∗

∂2T
∂2y

. (9)

To simplify the mass equation, the chemical reaction R(r) must be constant. This constraint holds
if R(r) has the following form [38]:

R(r) = R0arn

where R0 is constant and a > 0 is the stretching constant. The required physical boundary conditions
of the above governing Equations are as follows [39]:

u = U(r) = c0r, w = 0, T = Tw + Tslip, C = Cw + Cslip, Cw = C∞ + c0rn, ψ = ψw + ψslip at z = 0

u→ 0, w→ 0, T → T∞, C → C∞, ψ→ ψ∞, as z→ ∞, (10)

where Tslip = D1
∂T
∂y is the thermal slip, D1 is the temperature slip factor, Cslip = E1

∂C
∂y is the solutal

slip, E1 is the solutal concentration slip factor, ψslip = F1
∂ψ
∂y is the slip velocity of the nanoparticle, F1 is

the nanoparticle concentration slip factor, Cw is the variable surface concentration, c0 is a constant, n is
power-law exponent signifies the change of amount of solute in r−direction.

Figure 1. Physical configuration and coordinate system.

In order to solve Equations (1)–(6), we introduce the following similarity transformations (see
References [30,34]):

u = c0r f ′(η), w = −
√

coνz f (η), η =

√
co

ν
z, θ(η) =

T − T∞

Tw − T∞
, S(η) =

C− C∞

Cw − C∞
, φ(η) =

ψ− ψ∞

ψw − ψ∞
(11)
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In view of the similarity transformation equation, the partial nonlinear differential
Equations (1)–(6) transform into the following system of nonlinear ODEs:

f ′′′ + f f ′′ − f ′2 −M f ′ = 0, (12)

g′′′ + f g′′ − g′2 + λ1θ + λ2S + λ3φ = 0, (13)

(1 + Nr)
1

Pr
θ′′ − f ′θ + f θ′ + Nbφ′θ′ + Ntθ′2 = 0 (14)

1
Sc

S′′ − n f ′S + f S′ − γS = 0 (15)

φ′′ − Le f ′φ + Le f φ′ +
Nt
Nb

θ′′ = 0 (16)

and the transformed boundary conditions of Equation (10) are:

f (0) = 0, f ′(0) = 1 + S f f ′′(0), θ(0) = 1 + Stθ
′(0), S(0) = 1 + SpS′(0), φ(0) = 1 + Sgφ′(0),

f ′(∞)→ 0, θ(∞)→ 0, S(∞)→ 0, φ(∞)→ 0, (17)

The primes shows the differentiation with respect to η. The parameters in Equations (12)–(17) are

defined as: M =
σB2

0
ρco

, Pr = κ
ρcp , Nb = τDB(ψw−ψ∞)

ν , Nt = τDT(Tw−T∞)
νT∞

, Sc = ν
D , Le = σ

DB
, Nr = 16σ∗T3

∞
3k f K∗ ,

γ = R(r)
co

are magnetic, Prandtl number, Brownian, thermophoresis, Schmidt number, Lewis number,
thermal radiation and chemical reaction parameter, respectively. λ1 = gβTT0/aν, λ2 = gβCC0/aν,
λ3 = gβψψ0/aν are the buoyancy parameters. S f , St, Sp and Sg are the hydrodynamic slip, thermal
slip, solutal slip and nano-fluid slip, respectively.

3. Finite Element Method Solutions

We applied the finite element method to solve nonlinear differential Equations (12)–(17), with the
boundary conditions (12). Finite element method is extremely efficient and was applied to solve
different problems in fluid mechanics, heat transfer, chemical processing, solid mechanics and other
fields also (see References [40–42]). In order to find numerical solutions, we consider

f ′ = h. (18)

substitute Equation (13) in to Equation (8)–(11) the system reduce to:

h′′ + f h′ − h2 −Mh + λ1θ + λ2S + λ3φ = 0, (19)

(1 + Nr)
1

Pr
θ′′ − hθ + f θ′ + Nbφ′θ′ + Ntθ′2 = 0, (20)

1
Sc

S′′ − nhS + f S′ − γS = 0, (21)

φ′′ − Lehφ + Le f φ′ +
Nt
Nb

θ′′ = 0, (22)

with following reduce boundary condition

f (0) = 0, h(0) = 1 + S f h′(0), θ(0) = 1 + Stθ
′(0), S(0) = 1 + SpS′(0), φ(0) = 1 + Sgφ′(0),

h(∞)→ 0, θ(∞)→ 0, S(∞)→ 0, φ(∞)→ 0 (23)

For the computation purposes, the η at ∞ is chosen large enough, therefore the numerical solution
depicts no perceptible variation for η larger than ηmax. Subject to the boundary condition the ηmax has
been fixed at ηmax = 12.
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3.1. Variational Formulations

The variational form associated with Equations (13)–(18) over a linear element Ωe = (ηe, ηe+1) is
given by ∫ ηe+1

ηe
s1{ f ′ − h}dη = 0, (24)∫ ηe+1

ηe
s2{h′′ + f h′ −Mh− h2 + λ1θ + λ2S + λ3φ}dη = 0, (25)∫ ηe+1

ηe
s3{(1 + Nr)

1
Pr

θ′′ − hθ + f θ′ + Nbφ′θ′ + Ntθ′2}dη = 0, (26)∫ ηe+1

ηe
s4{

1
Sc

S′′ − nhS + f S′ − γS}dη = 0, (27)∫ ηe+1

ηe
s5{φ′′ − Lehφ + Le f φ′ +

Nt
Nb

θ′′}dη = 0, (28)

where s1, s2, s3, s4 and s5 are arbitrary shape function or trial function.

3.2. Finite Element Formulations

The Equation of finite element model is obtained by replacing finite element approximation of the
following form in the Equations (19)–(23).

f =
2

∑
j=1

f jψj, h =
2

∑
j=1

hjψj, θ =
2

∑
j=1

θj ψj, S =
2

∑
j=1

Sjψj, φ =
2

∑
j=1

φjψj, (29)

with s1 = s2 = s3 = s4 = s5 = ψi(i = 1, 2), where the shape function ψi for a line element
Ωe = (ηe, ηe + 1) are given by

ψ1 =
ηe+1 − η

ηe+1 − ηe
, ψ2 =

η − ηe

ηe+1 − ηe
, ηe ≤ η ≤ ηe+1. (30)

The finite element method model equations are, therefore given by
F11 F12 F13 F14 F15

F21 F22 F23 F24 F25

F31 F32 F33 F34 F35

F41 F42 F43 F44 F42

F51 F52 F53 F54 F55




f
h
θ

S
φ

 =


b1

b2

b3

b4

b5

 (31)

where Fmn and bm (m, n = 1, 2, 3, 4, 5) are defined as

F11
ij =

∫ ηe+1

ηe
ψi

dψj

dη
dη, F12

ij = −
∫ ηe+1

ηe
ψiψjdη, F13

ij = F14
ij = 0, F15

ij = F21
ij = 0,

F22
ij = −

∫ ηe+1

ηe

dψi
dη

dψj

dη
dη +

∫ ηe+1

ηe
f̄ ψi

dψj

dη
dη −

∫ ηe+1

ηe
h̄ψiψjdη

− M
∫ ηe+1

ηe
ψiψjdη,

F23
ij = λ1

∫ ηe+1

ηe
ψiψjdη, F24

ij = λ2

∫ ηe+1

ηe
ψiψjdη, F25

ij = λ3

∫ ηe+1

ηe
ψiψjdη, F31

ij = 0, F32
ij = 0,
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F33
ij = −(1 + Nr)

1
Pr

∫ ηe+1

ηe

dψi
dη

dψj

dη
dη −

∫ ηe+1

ηe
h̄ψiψjdη +

∫ ηe+1

ηe
f̄ ψi

dψj

dη
dη

+ Nb
∫ ηe+1

ηe
φ̄′ψi

dψj

dη
dη + Nt

∫ ηe+1

ηe
θ̄′ψi

dψj

dη
dη, F34

ij = 0,

F35
ij = 0, F41

ij = F42
ij = 0, F43

ij = 0,

F44
ij = − 1

Sc

∫ ηe+1

ηe

dψi
dη

dψj

dη
dη +

∫ ηe+1

ηe
f̄ ψi

dψj

dη
dη − n

∫ ηe+1

ηe
h̄ψiψjdηdη

− γ
∫ ηe+1

ηe
ψiψjdηdη, F45

ij = F51
ij = F52

ij = F54
ij = 0,

F53
ij = − Nt

Nb

∫ ηe+1

ηe

dψi
dη

dψj

dη
dη

F55
ij = −

∫ ηe+1

ηe

dψi
dη

dψj

dη
dη + Le

∫ ηe+1

ηe
f̄ ψi

dψj

dη
dη − Le

∫ ηe+1

ηe
h̄ψiψjdηdη,

and

b1
i = 0, b2

i = −
(

ψ
dh
dη

)ηe+1

ηe

, b3
i = −(1 + Nr)

1
Pr

(
ψ

dθ

dη

)ηe+1

ηe

,

b4
i = − 1

Sc

(
ψ

dS
dη

)ηe+1

ηe

,

b5
i = −

(
ψ

dφ

dη

)ηe+1

ηe

− Nt
Nb

(
ψ

dθ

dη

)ηe+1

ηe

, (32)

where f̄ = ∑2
j=1 f̄ jψj, h̄ = ∑2

j=1 h̄jψj, θ̄′ = ∑2
j=1 θ̄′jψj and φ̄′ = ∑2

j=1 φ̄′j ψj are considered to be known.
After assembling all the element equations the resulting system of equations obtained are nonlinear,
therefore an iterative scheme is used in the solution. The system is linearized by incorporating the
function f̄ , h̄, θ̄ and ψ̄ known at a lower iteration level. Computations for the functions f , h, θ, S, φ are
carried out for high level. This process is repeated till the desired accuracy of 0.00005 is obtained.

4. Results and Discussion

Research goal of the current study was to identify the role of mass, heat transfer, chemical reaction
and thermal radiation in the axisymmetric MHD boundary layer flow of nano-fluid in the presence of
multiple slip effects over a stretching sheet. The finite element method was used to solve the control
model equations numerically. In this part, we discuss the results of velocity, temperature, solute
concentration and the distribution of the volume fraction of nano-fluid by the proposed numerical
scheme. We describe the effect of above profiles on the various dimensionless parametric values such
as thermal radiation Nr, magnetic M, Prandtl number Pr, stretching parameter n, Brownian motion
parameter Nb, buoyancy parameters λ1, λ2, λ3, thermophoresis Nt, Schmidt number Sc, Lewis number
and chemical reaction γ parameters in the presence of multiple slips paramters (S f , St, Sp, sg).

The calculations were carried out for fixed values of the parameters Pr = 0.773, M = 2, Nb = 0.1,
Nt = 0.1, Sc = 0.1, R(r) = 0.1, Le = 3, Nr = 1 n = 1, S f = St = Sp = Sg = 0.5, λ1 = λ2 = λ3 = 0.4.
Convergence of the finite element method is reflected in Table 1, which explicates no significant
variation in the values of f , h, θ, S and ψ when the number of elements passes through 320. In order to
prove the validity of the numerical results in Tables 2–4, current study archived an excellent correlation
and exact solution as in the studies of Crane [31] data, Gireesha et al. [32], Mudassar et al. [33], Mabood
and Das [43], Fazle Mabood et al. [29] and Ali [44]. An excellent correlation has been obtained and a



Symmetry 2019, 11, 1171 8 of 18

grid invariance test has been conducted to maintain 4 decimal point accuracy. Table 5 displays the
computed skin friction, heat and mass transfer coefficients which are expressed as |− f ′′(0)|, |−θ′(0)|
and |−S′(0)|, respectively for different values of M, γ, Pr, Nr, λ1, λ3 and λ3. It was noted that the skin
friction increases while heat and mass transfer coefficient decreases as M increases. Also mass transfer
coefficient increases as γ increases, heat transfer coefficient increases with increase in Pr while the heat
transfer coefficient decreases as Nr accelerates. The Skin friction coefficient retarded whereas, heat
and mass transfer coefficients amplified with the enhancement in the buoyancy parameters (λ1, λ2, λ3).
The velocity profile decreases in both cases of hydrodynamic slip (S f = 1) and no hydrodynamic
slip (S f = 0) with the increase in magnetic parameter, the results are depicted in Figure 2. These
results are in accordance with the previous contributions [29]. This shows that the Lorentz force
slows down the speed of the fluid in a radial direction. However, with existence of the hydrodynamic
slip as can be clearly seen in Figure 2 that velocity boundary layer increased. Figure 3 shows that
the temperature increases with the increase in the value of the magnetic parameter in the presence
and absence of thermal slip conditions. Figure 4 demonstrates that the effect of solutal slip (Sp)

for concentration increased in the boundary layer while increasing in the magnetic parameter M.
The velocity distribution increases as the value of buoyancy parameters (λ1, λ2, λ3) accelerated in
the presence and absence of multiple slip conditions (hydrodynamic slip and no hydrodynamic slip,
thermal slip and no thermal slip, solute slip and no solute slip) the results maybe seen in Figures 5–7.
The variation of temperature profile with the increase in thermal radiation parameter Nr thermal
slip and no thermal slip conditions are described in Figure 8. The temperature distribution increases
with the increase of thermal radiation, which leads to the enormous heat transfer rate through the
nano-fluid and the surface. Effect of Nb on concentration profile in nano-fluid slip condition (Sg) is
reflected in Figure 9, the concentration profiles elucidate an opposite behavior for growing values
of Nb that the thickness of nanoparticle concentration boundary layer reduces with the increasing
values for Nb. It is observed that the increase in the number of Schmidt slows down the concentration
distribution of nano-particles, which led to delays in concentration and heat transfer rates. The effects
of solutal slip (Sp) was examined to reduce concentration on the boundary layer with the increase in
the stretching parameter n, Schmidt number and chemical reaction parameter, results are graphically
depicted in Figures 10–12.

Effect of Lewis number (Le) in nano-fluid slip condition on nano-fluid concentration profile is
shown in Figure 13. Increase in Lewis number makes the boundary layer thinner. Lewis number is
directly proportional to the Schmidt number and inversely proportional to the Brownian diffusion
coefficient, which will cause the solute boundary layer to become‘thinner. Figure 14 exhibits the
nature of the Skin friction coefficient with the magnetic, hydrodynamic slips and buoyancy parameters.
We observed in Figure 14 that increase in the magnetic field strength M and λ1 strongly suppresses
the Skin friction coefficient. Skin friction coefficient on the stretching surface is significantly enhanced
with the increase in the values of the hydrodynamic slip parameters, thermal buoyancy and solutal
buoyancy parameters. Effect of M, Nr, Pr, λ2 and thermal slip St on Nusselt number are shown
in Figure 15. We noticed in this figure that the effect of thermal slip (St) on Nusselt number increases
with the increasing values of magnetic and thermal radiation parameters, while it decreases with
increasing values of buoyancy parameter and Prandtl number. From the figures, above, we see that
in the existence of the hydrodynamic, thermal, solute and nano-fluid slip the velocity, temperature,
solute concentration and nano-fluid volume fraction boundary layers all increased.



Symmetry 2019, 11, 1171 9 of 18

Table 1. Convergence results of FEM with the variation of number of elements (Pr = 0.773, M = 2,
Nb = 0.1, Nt = 0.1, Sc = 0.1, R(r) = 0.1, Le = 3, Nr = 1 n = 1, L1 = 0.4, L2 = 0.4, L3 = 0.4,
S f = 0.5, St = 0.5, Sp = 0.5, Sg = 0.5).

Number of Elements f (3) h(3) θ(3) S(3) φ(3)

40 0.5275 0.0670 0.3416 0.2898 0.0546

80 0.5305 0.0670 0.3409 0.2898 0.0546

120 0.5310 0.0670 0.3408 0.2898 0.0547

160 0.5312 0.0670 0.3407 0.2898 0.0547

200 0.5313 0.0670 0.3407 0.2898 0.0547

240 0.5313 0.0670 0.3407 0.2898 0.0547

280 0.5314 0.0670 0.3407 0.2898 0.0547

320 0.5314 0.0670 0.3407 0.2898 0.0547

Table 2. Comparison of the FEM solution with the exact solution of Crane [31].

η Crane [31] FEM η Crane [31] FEM

0 1 1 7 0.0009 0.0009

1 0.3679 0.3679 8 0.0003 0.0003

2 0.1353 0.1353 9 0.0001 0.0001

3 0.0498 0.0498 10 0.0000 0.0000

4 0.0183 0.0183 11 0.0000 0.0000

5 0.0067 0.0067 12 0.0000 0.0000

6 0.0025 0.0025 13,14,15 0.0000 0.0000

Table 3. Comparison of skin friction coefficient for different values of M.

M Gireesha et al. [32] Mudassar et al. [33] FEM (Our Results) Error in %
Exact Solution (a) (b) |( b−a

a )| × 100

0.0 1.000 1.000000 1.0000080 0.00080

0.2 1.095 1.095445 1.0954458 0.00007

0.5 1.224 1.224745 1.2247446 0.00003

1.0 1.414 1.414214 1.4142132 0.00006

1.2 1.483 1.483240 1.4832393 0.00005

1.5 1.581 1.581139 1.5811384 0.00004

2.0 1.732 1.732051 1.7320504 0.00003
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Table 4. Comparison of − f ′′(0) for various values of M when S f = 0 and Pr when M = fw = S f =

St = λ1 = λ2 = R = 0.

M Mabood and Das [43] Fazle [29] FEM (Present) Pr Ali [44] Fazle [29] FEM (Present)

0 −1.000008 −1.0000084 −1.0000082 - - - -

1 1.4142135 1.41421356 1.41421353 - - - -

5 2.4494897 2.44948974 2.44948963 0.72 0.8058 0.8088 0.8088

10 3.3166247 3.31662479 3.31662463 1 0.9691 1.0000 1.0000

50 7.1414284 7.14142843 7.14142839 3 1.9144 1.9237 1.9237

100 10.049875 10.0498756 10.0498751 10 3.7006 3.7207 3.7207

500 22.383029 22.3830293 22.3830283 - - - -

1000 31.638584 31.6385840 31.6385833 - - - -

Table 5. Computed values of skin fraction coefficient, heat transfer coefficient and mass transfer
coefficient for Nb = 0.1, Nt = 0.1, = 0.1, Sc = 0.1, σ = 0.1, Le = 3, S f = 0.5, St = 0.5, Sp = 0.5,
Sg = 0.5).

M γ Pr Nr λ1 λ2 λ3 − f ′′(0) −θ′(0) −S′(0)

1 −0.51871906 −0.39914438 −0.33469636

1.5 0.1 0.773 1 0.4 0.4 0.4 −0.70007439 −0.34330234 −0.32039573

2 −0.86037797 −0.29152259 −0.30916534

0.1 −0.86037797 −0.29152259 −0.30916534

2 0.5 0.773 1 0.4 0.4 0.4 −0.87456687 −0.27774645 −0.53903314

1 −0.88233600 −0.27260197 −0.67751871

2 −0.86809394 −0.46620439 −0.30740431

2 0.1 3 1 0.4 0.4 0.4 −0.87169999 −0.55675321 −0.30668459

4 −0.87422111 −0.62457605 −0.30622757

2 −0.85775278 −0.23671739 −0.30981895

2 0.1 0.773 3 0.4 0.4 0.4 −0.85618413 −0.20495708 −0.31022032

4 −0.85513340 −0.18408657 −0.31049339

0.5 −0.84545297 −0.29890014 −0.31058477

1 −0.77396002 −0.32928379 −0.31696545

1.5 −0.70660726 −0.35282310 −0.32248200

0.5 −0.84570667 −0.29845530 −0.31051308

0.7 −0.81650214 −0.31161198 −0.31317081

0.9 −0.78749387 −0.32389598 −0.31577681

0.4 −0.86037797 −0.29152259 −0.30916534

0.8 −0.82636008 −0.30157756 −0.31127720

1.2 −0.79384196 −0.31065228 −0.31323236
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Figure 2. Effect of M on velocity distribution in the presence and absence of hydrodynamic slip
condition S f .
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Figure 3. Effect of M on temperature distribution in the presence and absence of thermal slip
condition St.
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Figure 4. Effect of M on solute concentration in the presence and absence of solute slip condition Sp.
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Figure 5. Effect of λ1 on velocity distribution in the presence and absence of solute slip condition S f .
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Figure 6. Effect of λ2 on velocity distribution in the presence and absence of solute slip condition S f .
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Figure 7. Effect of λ3 on velocity distribution in the presence and absence of solute slip condition S f .
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Figure 8. Effect of Nr on temperature distribution in the presence and absence of thermal slip
condition St.
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Figure 9. Effect of Nb on nano-fluid volume fraction profile in the presence and absence of nano-fluid
slip condition Sg.
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Figure 10. Effect of n on solute concentration in the presence and absence of solutal slip condition Sp.
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Figure 11. Effect of Sc on solute concentration in the presence and absence of solute slip condition Sp.
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Figure 12. Effect of γ on solute concentration in the presence and absence of solute slip condition Sp.
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Figure 13. Effect of Le on nano-fluid volume fraction profile in the presence and absence of nano-fluid
slip condition Sg.
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Figure 14. Effect of M, λ2 and λ1 in hydrodynamic slip condition S f on Skin friction coefficient.
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Figure 15. Effect of M, λ2, Pr and Nr in thermal slip condition S f on Nusselt number.

5. Conclusions

The present study investigated the axisymmetric MHD buoyant nano-fluid incompressible viscous
electrically conducting flow in the presence of multiple slips, chemical reaction and thermal radiation
over a stretching sheet. The current study leads to the following conclusions:

• In the existence of the hydrodynamic, thermal, solute and nano-fluid slip the velocity, temperature,
solute concentration and nano-fluid volume fraction boundary layers increases.

• The radial velocity profile decreases while temperature and solute concentration increases with
the increase in magnetic field and slip conditions.

• The velocity profile increases with increasing buoyancy parameters (λ1, λ2, λ3).
• After enhancement of magnetic and thermal radiation parameter the effect of thermal slip for

temperature profile increased the boundary layer.
• Solute concentration decreases with an increase in the stretching parameter, solutal slip, Schmidt

number and chemical reaction parameter.
• The nano-fluid volume fraction profile retards with large values of Brownian motion parameter

and Lewis number.
• Nusselt number increases in the presence of thermal slip with the increasing values of magnetic

and thermal radiation parameters. Whereas, the effect is reversed for enhancing the values of
solutal buoyancy parameter and Prandtl number.
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Nomenclature

u,w velocity components
B magnetic field strength
B0 uniform magnetic field strength
Nb Brownian parameter
Sc Schmidt number
Nt thermophoresis parameter
Le Lewis number
qr heat flux
DB Brownian diffusion
DT thermophoretic diffusion
Ds solute parameter
R(r) chemical reaction
Tw constant temperature
Cw nanoparticle volume fraction
T∞ ambient temperature
C∞ ambient nanoparticle volume fraction
M magnetic parameter
Pr Prandtl number
Nr thermal radiation
c0 a constant
n power-law exponent
S f hydrodynamic slip
St thermal slip
Sp solute slip
Sg nano-fluid slip
D1 temperature slip factor
E1 solutal concentration slip factor
F1 nanoparticle concentration slip factor
k∗ mean absorbtion coefficient

Greek Symbol

τ ratio of nanoparticle heat capacity
ν kinetic viscosity
σ electric conductivity
σ∗ Stefan-Boltzmann constant
α thermal diffusivity
ρ viscosity of the fluid
ψw solute concentration
γ chemical reaction
ψ∞ ambient solute concentration
λ1, λ2, λ3 Buoyancy parameters
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