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Abstract: Exploiting two interfering fields which are initially in the same temporal mode
but with the spectra altered by propagating through different fibers, we characterize how the
spectral profiles of temporal modes change with the fiber induced dispersion by measuring
the fourth-order interference when the order number and bandwidth of temporal modes are
varied. The experiment is done by launching a pulsed field in different temporal modes into an
unbalanced Mach-Zehnder interferometer, in which the fiber lengths in two arms are different.
The results show that the mode mismatch of two interfering fields, reflected by the visibility and
pattern of interference, is not only dependent upon the amount of unbalanced dispersion but
also related to the order number of temporal mode. In particular, the two interfering fields may
become orthogonal under a modest amount of unbalanced dispersion when the mode number of
the fields is k ≥ 2. Moreover, we discuss how to recover the spectrally distorted temporal mode
by measuring and compensating the transmission induced dispersion. Our investigation paves
the way for further investigating the distribution of temporally multiplexed quantum states in
fiber network.
© 2021 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1.

Introduction

The capacity and performance of communication system can be increased and improved by
encoding information on the multiple degree of freedom of optical fields. For example, the
multiplexing technique of wavelength, polarization and spatial modes greatly increases the
information capacity of fiber optical communication system [1]. For quantum information science
(QIS), multiplexing is also an essential technology, which makes the quantum systems more
scalable and practical due to increased channel capacity and tolerance to noise [2–4]. While the
mode basis in wavelength, polarization and spatial degree of freedom have been widely exploited
in the past [1,3,4], the temporal modes (TMs) which provide a convenient orthogonal basis for
studying light pulses of any temporal and spectral shape have not attracted much attention until
recently [2,5].
An example of such an orthogonal temporal mode (TM) basis is a set of Hermite-Gaussian
modes. The first three Hermite-Gaussian modes of a TM basis are illustrated in Fig. 1(a) and 1(b).
Because of the relation between time and frequency, frequency modes occupied by a TM increase
with mode order number k (see Fig. 1(c)). So the TM multiplexing, at the cost of wavelength
division multiplexing, can not increase channel capacity. This is similar to the spatial mode
multiplexing in free space [6]. However, TM analysis does offer a much more straightforward
way with intrinsically decoupled modes in describing pulse-pumped parametric processes [2,7],
by which a variety of quantum states of light have been experimentally generated and used in
quantum information processing, including quantum communication, quantum simulation, and
quantum metrology.
#448013
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Fig. 1. First three Hermite-Gaussian modes in (a) the frequency domain fk (ω) and (b) the
time domain ϕk (t). (c) Frequency modes occupied by a temporal mode ∆ωk (normalized to
∆ω0 ) varies with the order number k.

It was recognized recently that the TMs of electromagnetic fields form a new framework for
QIS [2], since they intrinsically span a high dimensional Hilbert space and lend themselves to
integration into existing fiber communication networks. So far, a lot of efforts have been made to
develop the tools for implementing photonic quantum information in TMs framework, such as
the generation of quantum states by pulsed pumped parametric process for carrying information,
and the manipulation of TMs to fulfill the function of multiplexing and demultiplexing. However,
distribution of the temporally multiplexed quantum states in long distance optical fiber, which is a
key for the success of quantum information processing in TMs framework, has not been done yet.
It is generally accepted that for a set of orthogonal TMs basis, the walk-off effect can be neglected
because the TMs are centering at the same frequency and the group velocities for different
orders of TM are equal. However, dispersion of transmission medium will inevitably affect the
shape of pulsed field. As a result, the devices designed for accomplishing the functions of TMs
demultiplexing and detection will be affected. In this paper, as a first step for long-distance
distribution of quantum states in higher-order TM, we study how the dispersion of optical fiber
influence the TMs of electromagnetic fields by using an unbalanced Mach-Zehnder interferometer
(MZI) and measuring the visibility of fourth-order interference.
The rest of the paper is organized as follows. In Sec. 2., we introduce the theory of how to
characterize the spectral change of TMs with Hong-Ou-Mandel type fourth-order interference
[8,9]. After briefly reviewing the fourth-order interference between two pulsed interfering
fields, we analyze the fourth-order interference of an unbalanced MZI when its input is in a
single TM but with different orders. In Sec. 3., we describe our experiments carried out by
using the unbalanced MZI, in which the fiber lengths of two arms are different. We show how
the transmission fiber induced dispersion affects the spectral profiles of the TM with different
order numbers by measuring the pattern and visibility of fourth-order interference. In Sec. 4.,
we discuss how to measure the dispersion of transmission medium by using the fourth-order
interference of unbalanced MZI, which can be used to cancel the dispersion induced spectral
change of TM. Finally, we conclude in Sec. 5.
2.

Theory

It is well-established that the visibility of the Hong-Ou-Mandel (HOM) type fourth-order
interference depends on the degree of mode matching between two interfering fields [8–10].
Using this property of HOM interference, we can characterize how the spectra of temporal modes
(TMs) change with the dispersion induced by transmission media.
Consider the scheme of a HOM interferometer shown in Fig. 2(a). For the sake of brevity,
suppose the fields are one-dimensional so we can absorb the position variable with time and only
consider the temporal variable t. Assuming the two input fields of the beam splitter (BS), E and
Ē, are initially in the same temporal mode (TM) but with the spectra of Ē altered by propagating
through a medium with length corresponding to multiple pulse separations, the two input fields
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can be written as
E(t) =

∑︂

Ej (t − j∆T), Ē(t) =

∑︂

Ēj (t − (j + N)∆T),

(1)

j

j

where ∆T is the separation between adjacent pulses, and N is the number of delayed pulses.
Assume each pulse of the pulse train has an identical TM ϕk (t) but its amplitude and phase may
fluctuate from pulse to pulse due to finite coherence time. Then Ej (t) can be expressed as:
Ej (t) = Aj eiϕj ϕk (t),
where
ϕk (t) =

∫

(2)

∞

fk (ω)e−iωt dω,

(3)

−∞

satisfying dt|ϕk (t)| 2 = 1 is the k-th order TM with the duration of a single pulse δt ≪ ∆T. A
set of temporal modes (TMs) are orthogonal with respect to a frequency (time) integral [2]:
∫ ∞
∫ ∞
dtϕ∗k (t)ϕl (t) =
dωfk∗ (ω)fl (ω) = δk,l .
(4)
∫

−∞

−∞

The field propagating through the delay N∆T can be written as
Ēj (t) = Aj eiϕj ϕ̄k (t)
with
ϕ̄k (t) =

∫

(5)

∞

f̄k (ω)e−iωt dω, f̄k (ω) = fk (ω)e−iϕ(ω) ,

(6)

−∞

where φ(ω) denotes the phase shift induced by the delay of transmission medium.

Fig. 2. (a) Schematic diagram of a Hong-Ou-Mandel (HOM) interferometer. (b) Conceptual representation of the scheme for studying the influence of dispersion on temporal
mode by measuring HOM type fourth-order interference of an unbalanced Mach-Zehnder
interferometer. DL, delay line; BS, 50:50 beam splitter; D, detector; PZT, piezoelectric
transducer; SMF, single-mode fiber.

In Fig. 2(a), the fields emerging at two outputs of BS are given by:
√
√
E1′ (t) = [E(t) + Ē(t + ∆)]/ 2, E2′ (t) = [Ē(t + ∆) − E(t)]/ 2,

(7)

where ∆ is the additional adjustable delay between the fields E and Ē, which is obtained by
passing one input field through a delay line (DL). The photocurrent of the detector (D1 and D2)
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can be expressed as:
∫

1 ∑︂
k(t − j∆T)Ij(1) ,
2 j
TR
∫
1 ∑︂
iD2 (t) =
dτk(t − τ)E2′∗ (τ)E2′ (τ) ≈
k(t − j∆T)Ij(2) ,
2 j
TR
iD1 (t) =

dτk(t − τ)E1′∗ (τ)E1′ (τ) ≈

(8)

with

∗
∗
(∆),
(9)
(∆), Ij(2) ≡ Ij + Ij−N − Γj,N (∆) − Γj,N
Ij(1) ≡ Ij + Ij−N + Γj,N (∆) + Γj,N
∫
where Γj,N (∆) ≡ dτEj∗ (τ)Ēj−N (τ + ∆), and k(t) is the response function of the detector with a
response time of∫TR . For the fields with pulse width δt much smaller
∫ than ∆T and
∑︁ TR , we have the
approximation: dτk(t−τ)Ej∗ (τ−j∆T)Ei (τ−i∆T) = 0 if i ≠ j, and dτk(t−τ) j |Ej (τ−j∆T)| 2 ≈
∫
∫
∑︁
dτ|Ej (τ)| 2 = |Aj | 2 = dτ| Ēj (τ)| 2 . Moreover, we can add a
j k(t − j∆T)Ij with Ij ≡
piezoelectric transducer (PZT) in DL (not shown in Fig. 1(a)) so that the phase difference between
two interfering fields fluctuates more than 2nπ (n is an integer much greater than 1) over a period
∗ (∆) in
T covering many pulses. In this case, the second order interference terms Γj,N (∆) and Γj,N
Eq. (9) are averaged to zero over the period T, i.e., ⟨Γj,N (∆)⟩T = 0, where ⟨⟩T is a pulse-to-pulse
average. At each output of BS, the average intensity can be expressed as
∫
∑︂
1
dt
k(t − j∆T)(Ij + Ij−N ) = Rp Q⟨Ij ⟩T ,
(10)
⟨iD1 ⟩T = ⟨iD2 ⟩T =
2T T
j

∫
where Q = dtk(t) is the total charge for one pulse, Rp = 1/∆T is the repetition rate of the pulsed
∑︁
field and ⟨Ij ⟩T ≡ M1 j |Aj | 2 is the measured average intensity per pulse with M ≡ T/∆T denoting
the number of pulses to average. In general, the pulse-to-pulse average time T is much longer
than the delay time N∆T so that N ≪ M and ⟨Ij ⟩T ≈ ⟨Ij−N ⟩T .
Coincidence measurement between two detectors is
∫
∫
1
1
(11)
Rc =
dt
d(∆t)iD1 (t)iD2 (t + ∆t) = Rp Q2 ⟨Ij(1) Ij(2) ⟩T ,
T T
4
TR
here, we assume the detectors can resolve different pulses so that TR <∆T and k(t − i∆T)k(t +
∆t − j∆T) = 0 if i ≠ j, and the delay between the two detectors ∆t is 0. Because of the fast scan
2 ⟩ etc. are averaged
of phase difference between E and Ē, the cross terms like ⟨Ij Γj,N ⟩T and ⟨Γj,N
T
to zero, the fourth-order correlation term in Eq. (11) can be written as

where

2
⟨Ij(1) Ij(2) ⟩T = ⟨Ij2 ⟩T + ⟨Ij−N
⟩T + 2⟨Ij Ij−N ⟩T − 2⟨|Γj,N (∆)| 2 ⟩T = 2C [1 − ξV(∆)] ,

(12)

|︁∫
|︁2 |︁∫
|︁2
|︁
|︁
|︁
|︁
∗
∗
iω∆ |︁
|︁
|︁
|︁
V(∆) ≡ |︁ dtϕk (t)ϕ̄k (t + ∆)|︁ = |︁ dωfk (ω)f̄k (ω)e |︁

(13)

describes the mode matching degree between the interfering fields E and Ē,
ξ≡

⟨|Aj | 2 |Aj−N | 2 ⟩T
⟨|Aj | 4 ⟩T + ⟨|Aj | 2 |Aj−N | 2 ⟩T

(14)

is determined by the intensities and photon statistics of two interfering fields, and C ≡ ⟨|Aj | 4 ⟩T +
⟨|Aj | 2 |Aj−N | 2 ⟩T is associated with the intensity fluctuation of the fields. Notice that this is a special
case of a general scheme of unbalanced interferometers [11], the random phase is cancelled in
quantity |Γj,N (∆)| 2 in Eq. (12) and the result does not rely on the coherence of the input field.
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The visibility of fourth-order interference, i.e., the HOM dip, is
V=

Rc (∆ → ∞) − Rc (∆ = 0)
= ξV(0).
Rc (∆ → ∞)

(15)

∫
In Eq. (15), we obviously have the overlapping integral V(0) = dωfk∗ (ω)f̄k (ω) = 1 if
fk (ω) = f̄k (ω). In this condition, the visibility of fourth-order interference or the HOM dip V
is maximal, we have Vmax = ξ. Equation (14) shows that ξ depends on the relative intensity
and photon statistics of E and Ē. Since the intensities of E and Ē are assumed to be equal, we
have ξ = 1, 1/2, 1/3 for the two fields in single photon state, coherent state and thermal state,
respectively [8,10].
In general, it is difficult to obtain a thermal state or single photon state in a single TM
[2,9,12,13]. However, coherent state in single TM can be straightforwardly obtained by tailoring
the output of a mode-locked laser with a wave shaper. To reveal how the transmission medium
induced dispersion affects the spectra of TMs, hereinafter, we will focus on analyzing the model
in Fig. 2(b), in which the two interfering fields of fourth-order interference are single mode
coherent state. Under this condition, the photon statistics of each interfering field is Poisson
distribution, i.e, we have ⟨|Aj | 2 ⟩T = ⟨|Aj−N | 2 ⟩T = |α| 2 , ⟨|Aj | 4 ⟩T = |α| 4 and ξ = 1/2 in Eq. (14),
where |α| 2 describes the average photon number of E and Ē fields.
In Fig. 2(b), the fields E and Ē are obtained by splitting the field in coherent state with a
50/50 beam splitter (BS1). So the scheme formed by two BSs in Fig. 2(b) is an Mach-Zehnder
interferometer (MZI). We study the spectra dependence of TM on dispersion when the difference
of the fiber lengths in two arms z corresponds to the delay of multiple pulses N∆T. The input field
of MZI is in a single TM with order number k, the frequency components for the fields in two
arms are related through the relation f̄k (ω) = fk (ω)e−iβ(ω)z , where β(ω) denotes the unbalanced
dispersion induced by transmission fibers and can be described by the Taylor expansion
β(ω) = β0 + β1 (ω − ω0 ) +

1
β2 (ω − ω0 )2 + · · · .
2

(16)

In Eq. (16), βm (m = 0, 1, 2 · · · ) denotes the m-th order dispersion coefficient. The zero order
dispersion term is a constant irrelevant to frequency. The first-order dispersion coefficient β1 is
related to the group-velocity through the relation Vg = 1/β1 and has no influence on the pulse
shape, but the terms with m ≥ 2 change the spectral or temporal feature of a pulsed field [14].
When the frequency bandwidth occupied by the TM is relatively narrow, the influence of higher
order dispersion terms βm (m ≥ 3) on the evolution of pulsed field is negligibly small. For the
MZI with standard single mode fibers in each arm, we have | β2 ∆ω2 z| ≈ 1 and | β3 ∆ω3 z| ≈ 0.004
when z = 200 m and the bandwidth of input field centering at 1550 nm telecom band is about 1.5
nm [14]. In this case, the approximation β(ω)z ≈ 12 (ω − ω0 )2 β2 z = φ(ω) holds, and the relation
between f̄k (ω) and fk (ω) can be rewritten as
f̄k (ω) = fk (ω)e−iϕ(ω) .

(17)

To understand how the unbalanced dispersion in the MZI affects the mode matching of
fourth-order interference, we simulate the mode overlapping factor V(0) (see Eq. (13)) when
the TM of input field in Fig. 2(b) takes different order number. In the simulation, a family of
Hermite-Gaussian functions [2,5]
(︃
)︃
1
ω − ω0
fk (ω) = i √
Hk √
u(ω)
(18)
2∆ω
2k k!
with

[︃
]︃
1
(ω − ω0 )2
exp −
u(ω) = √
4∆ω2
∆ω (2π)1/4
1

(19)
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denoting a Gaussian
mean field mode, are
∫
∫ successively substituted into Eqs. (17) and (13). In
Eq. (19), ω0 = ω|u(ω)| 2 dω and ∆ω2 = (ω − ω0 )2 |u(ω)| 2 dω, are the mean value and variance
of the field u(ω), respectively. It is straightforward to get the analytical expression of V(0) for
TM with order number k = 0, 1, 2, 3:
1
1
(k = 0), V(0) =
(k = 1),
(1 + B2 )1/2
(1 + B2 )3/2
9( 23 − B2 )2
(2 − B2 )2
V(0) =
(k
=
2),
V(0)
=
(k = 3),
4(1 + B2 )5/2
4(1 + B2 )7/2
V(0) =

(20)

where B is related to the bandwidth of 0-th order mode, second order dispersion β2 and fiber
length difference z through the relation:
B = ∆ω2 β2 z.

(21)

The results in Fig. 3 are obtained by assuming the values of second order dispersion, the central
wavelength, and√bandwidth of 0-th order mode are β2 = −20 ps2 /km, λ0 = 2πc/ω0 = 1533
nm and ∆λ0 = 2 2 ln 2λ0 ∆ω/ω0 = 1 nm, respectively, where c is the speed of light in vacuum.
Figure 3(a) shows that for the case of k = 0, 1, V(0) always decreases with the increase of fiber
length difference z, we have V(0) → 0 for z → ∞. However, V(0) = 0, indicating the mode of
E and Ē is orthogonal to each other, can be achieved at some finite z when k ≥ 2. According
√
to Eq.√︁(20), for the case of k = 2, 3, we have V(0) = 0 under the condition of |B| = 2 and
|B| = 2/3, respectively, as illustrated in Fig. 3(b). The results in Fig. 3 indicate that the mode
overlapping factor is not only associated with the length difference z induced dispersion, but also
related to the mode structure (or order number) of TM. For the higher order TM, the dependence
of V(0) upon z becomes complicated.

Fig. 3. The mode overlapping factor V(0) for the input temporal mode with order number of
(a) k = 0, 1 and (b) k = 2, 3 when the fiber length difference in the two arms of Mach-Zehnder
interferometer, z, is varied.

3.

Experiments and results

Our experimental setup is shown in Fig. 4. The input field of the unbalanced MZI E0 having
arbitrarily engineered TM profile is obtained by passing the output of a mode-locked fiber laser
through a properly programmed wave shaper (WS, Finisar 4000A). The repetition rate and pulse
duration of the laser are 50 MHz and 100 fs, respectively, and the central wavelength is in 1550
nm telecom band. To avoid the influence of self-phase modulation in transmission optical fiber
on the spectral or temporal profile of the pulsed field [14], the output of WS is heavily attenuated
to the level of about one photon per pulse. After splitting the field E0 into two by using BS1, the
unbalanced dispersion in MZI is induced by propagating the two outputs of BS1 through standard
single mode fibers (SMF) with length difference of ∼ 200 m. Fiber polarization controller (FPC)
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placed in one arm is used to ensure the polarization of E and Ē fields are well matched at BS2.
The relative intensities of the fields in each arm is respectively adjusted by variable optical
attenuator (VOA1 or VOA2), so that the intensities of two input fields of BS2 are equal. The two
outputs of BS2 are respectively measured by the single photon detectors, SPD1 and SPD2.

Fig. 4. Experimental setup. FPBS, fiber polarization beam splitter; WS, wave shaper;
ATT, attenuator; BS1-BS2, 50:50 beam splitter; VOA1-VOA2, variable optical attenuator;
PZT, piezoelectric transducer; DL, delay line; FPC, fiber polarization controller; SMF,
single-mode fiber; SPD1-SPD2, single photon detector.

The two InGaAs-based SPDs (Langyan SPD4V5) are operated in a gated Geiger mode. The
2.5-ns gate pulses coincide with the arrival of photons at SPDs. The response time of SPDs is
about 1 ns, which is 100 times longer than the pulse duration of the detected field. For each SPD,
the detection efficiency is about 10%, and the photon detection rate is less than 0.1 photon/pulse.
The electrical signals produced by the SPDs in response to the incoming photons are reshaped
and acquired by a computer-controlled analog-to-digital (A/D) board. So the individual counting
rate of two SPDs, R1 and R2 , and two-fold coincidences acquired from different time bins can
be determined because the A/D card records all counting events. The fourth-order interference
of the fields E and Ē is measured by the coincidence rate originated from the same time bin,
Rc . During the measurement, the PZT mounted on DL is scanned at a rate of 30 Hz. Under
this condition, the second-order coherence effect between E and Ē fields is averaged out. The
counting rates of R1 and R2 recorded in the period T of one second stay constant, while the
two-fold coincidence counting rate Rc varies with ∆. For clarity, the results of Rc are normalized
by the accidental coincidence rate Racc , which is the coincidence originated from adjacent time
bins and is equivalent to Rc (∆ → ∞). According to Eq. (12), the normalized coincidence is
related to the mode overlapping factor V(∆) through the relation:
Nc (∆) =

Rc /Rp
Rc
=
= 1 − ξV(∆),
Racc (R1 /Rp )(R2 /Rp )

(22)

where ξ = 1/2 because the input of MZI is in coherent state and the ideal mode match between Ē
and E is achievable. Note that in Eq. (22), the counting rates of R1 , R2 and Rc recorded within
the time period of one second are corrected by subtracting the dark counts of SPDs.
We first measure the coincidence rate Rc by varying the delay ∆ when the input field E0 of the
unbalanced MZI is respectively in a set of TM with different order number k. In the experiment,
the central wavelength of E0 is fixed at λ0 = 1533 nm, and the full width at half maximum
(FWHM) of the intensity spectrum |f (ω)| 2 of 0-th order Gaussian shaped beam is ∆λ0 = 1 nm.
Figures 5(a), 5(b) and 5(c) plot the data of normalized coincidence Nc = Rc /Racc , which are
obtained when the order number of TM is k = 0, 1, 2, respectively. The solid curves in Fig. 5 are
obtained by substituting the experimental parameters into Eqs. (13), (14), (17)–(19) and (22),
showing the theory predictions agree well with the experimental results. We find Nc (∆) in each
case is symmetric around the zero-delay point ∆ = 0, but the pattern depends on the mode order
number. Nc (∆) monotonously increases with |∆| for k = 0. However, there exists oscillation
in the pattern of Nc (∆) for higher order mode, and the number of the oscillation peaks in each
side is the same as order number k due to the multiple peak structure of ϕk (t). The visibility
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of HOM dip is V = 45%, 37%, 25% for the case of k = 0, 1, 2 respectively. Obviously, the
visibility of HOM is always less than the ideal value 50%, indicating the spectral or TM matching
between E and Ē is altered by the unbalanced dispersion in the two arms of MZI. Moreover, one
sees that the visibility V decreases with the increase of order number k, which means that the
degree of mode mismatch increases with k. This is because that for a set of TM, which forms a
field-orthogonal basis, the frequency bandwidth occupied by the TM increases with the order
number, as illustrated in Fig. 1(c). As a result, for a fixed fiber length difference z, the amount of
unbalanced dispersion increases with k.

Fig. 5. The normalized coincidence Nc as a function of ∆ when the input field of the
unbalanced MZI is in the single temporal mode with (a) k = 0, (b) k = 1, and (c) k = 2,
respectively. The solid curves in each plot are the theoretical simulations and the error bars
of data are within the size of data points.

We then repeat the measurement of Nc (∆) when the frequency band occupied by input field
E0 is the same. In the experiment, the central wavelength of E0 is still λ0 = 1533 nm, but the
FWHM of E0 field, having the order number k = 0, k ′ = 1 and k ′′ = 2 respectively belonged to
different mode basis, is fixed at 1.5 nm. The data for the cases of k = 0, k ′ = 1 and k ′′ = 2 is
shown in Figs. 6(a), 6(b) and 6(c), respectively. Also, we simulate the results by substituting the
experimental parameters into Eqs. (13), (14), (17)–(19) and (22), as shown by the solid curves in
Fig. 6, which well agree with the data points. We find the visibility of HOM dip is 35%, 45%
and 46% for k = 0, k ′ = 1 and k ′′ = 2, respectively. Different from Fig. 5, here, the visibility
V increases with the order number. This phenomenon can be qualitatively explained by the
multiple-peak structure of the TM. When the frequency bands occupied by different TMs are
the same, the effective bandwidth of the TM with lower order number is greater than that with
higher order number because the number of pecks in frequency and temporal domain increases
with the order number. This leads to larger |B| = | β2 ∆ω2 z| or smaller visibility according to
Eq. (20). So the mode mismatch increases with the decrease of order number of TM. However,
according to the expression of V(0) in Eq. (20), we think this interpretation only
√ works when
the corresponding term |B| = | β2 ∆ω2 z| of higher order TM is far away from 2. With the
increase of |B|, the dependence of visibility upon the bandwidth and mode structure will become
complicated.
To further understand how the dispersion induced by transmission medium affect the spectral
profile of TM, we measure Nc as a function of ∆ and accordingly deduce the visibility V of
fourth-order interference when the bandwidth of input field is changed. In this experiment, the
central wavelength of input E0 is still fixed at λ0 = 1533 nm, but the FWHM of E0 is changed
from 1.5 nm to 6 nm. For each setting of FWHM, the spectra profile of E0 is tailored into k = 0,
k ′ = 1, or k ′′ = 2 of different TM basis. As shown in Fig. 7, the blue squares, orange circles, and
green triangles correspond to the data of V for k = 0, k ′ = 1 and k ′′ = 2, respectively. We also
simulate the visibility V by substituting the experimental parameters into Eqs. (15) and (20), as
shown by the dotted, dashed and solid curves in Fig. 7. We find that when the bandwidth of input
is relatively narrow, the visibility for k = 0 is the lowest. With the increase of the bandwidth, the
visibility for k = 0 starts to become higher than that for the modes occupying the same frequency
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Fig. 6. The normalized coincidence Nc as a function of ∆ when the input temporal mode of
the unbalanced MZI occupies the same frequency resources but the order of temporal mode
is (a) k = 0, (b) k ′ = 1, and (c) k ′′ = 2, respectively. The solid curves in each plot are the
theoretical simulations and the error bars of data are within the size of data points.

band but with higher order mode number. Moreover, for the case of k = 0 and k ′ = 1, V decreases
with the increase of bandwidth. While for the case of k ′′ = 2, we have V ≈ 0 for ∆λk′′ =2 = 4 nm.
The inset in Fig. 7 plots Nc versus ∆ for ∆λk′′ =2 = 4 nm. One sees that although the pattern of
Nc (∆) shows the visibility V is approaching 0, there exists oscillation structure symmetrically
distributed around the central point ∆ = 0. The result indicates that when the FWHM of E0 field
is 4 nm, E and Ē with k ′′ = 2 are about orthogonal at ∆ = 0, but the overlap between the two
interfering fields may increase when ∆ is away from ∆ = 0 due to the multiple peak structure of
higher order TM. The results in Fig. 7 are in agreement with the calculations shown in Fig. 3.

Fig. 7. The visibility of HOM dip V as the functions of the FWHM of k-th mode ∆λk , and
the order of TM k. The inset plots the normalized coincidence Nc versus delay ∆ when the
bandwidth and order number of TM are ∆λk = 4 nm and k ′′ = 2, respectively.

Finally, we modify the unbalanced MZI into a balanced one and measure Nc as a function of ∆
when the input field E0 is the same as in observing Fig. 5. In this experiment, the balanced MZI
with z = 0 is realized by either inserting a 200 m long standard SMF in the arm of E field or
taking out the 200 m SMF in the arm of Ē field. In this case, we have fk (ω) = f̄k (ω), which means
that the mode profiles of E and Ē are identical. In Fig. 8, the data represented by the blue squares,
orange circles, and green triangles are the measured Nc (∆) for a set of TM with k = 0, 1, 2,
respectively. Again, the solid curves are simulation results obtained by substituting experimental
parameters into Eqs. (13), (14), (17)–(19) and (22). As expected, the simulations agree well with
experimental results. In each case, the visibility of observed HOM dip is V = 50%. The results
imply that for homodyne detection (HD) used in the information processing [15], the propagation
induced distortion of the spectral or temporal profile of probe field can be compensated by passing
the local oscillator of HD through the same propagation medium. Otherwise, the distortion will
cause a reduced detection efficiency owning to the mode mismatching.
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Fig. 8. The normalized coincidence Nc measured by varying the TM ϕk (k = 0, 1, 2) and the
relative delay ∆ between E and Ē with a balanced MZI. The solid curves in each plot are the
theoretical simulations and the error bars of data are within the size of data points.

4.

Discussion

In Sec. 2 and Sec. 3, the agreement between the experimental data and theoretical expectation
indicates the dispersion parameter of transmission fiber βm can be obtained by fitting the data
of measured Nc (∆). Indeed, it is well known that the pattern of the HOM type fourth-order
interference depends on the indistinguishability of two interfering fields [8,9]. The broadening of
HOM dip in the pattern of Nc (∆) and the decrease of the visibility due to unbalanced dispersion
have already been analyzed and observed when the two Gaussian shaped fields are in thermal
state [16], coherent state [17] and single photon state [10,18], respectively. Moreover, it has
been shown that the second-order dispersion coefficient of transmission fiber can be measured by
characterizing the broadening effect of the fourth-order interference pattern [10,16,17]. However,
the investigations previously reported focus on the Gaussian shaped fields, the relation between
the fourth-order interference pattern and the interfering fields in higher order temporal modes
has not been studied. Indeed, in addition to conducting the theoretical predictions by substituting
β2 given by the datasheet of SMF into Eqs. (13), (14), (17)–(19) and (22), we perform best fit
to the data in each plot of Fig. 5 by leaving β2 as a free parameter. The values of second order
dispersion deduced from the fitting of Figs. 5(a), 5(b), 5(c) are −21.3, −19.6, −19.9 ps2 /km,
respectively. Clearly, the values of deduced β2 slightly deviate from that given by datasheet
(β2 = −20 ps2 /km). The main reason responsible for the deviation is that the fiber equivalent
optical length difference (z = 200 m) between the two arms of the unbalanced MZI is sensitive to
temperature fluctuation and other environmental factors. We are currently taking data by using
the photon counting technique, so the time spent in obtaining the data is relatively long. For each
set of data, obtained by scanning the delay ∆ from about −20 ps to +20 ps, it takes more than 15
minutes. During such a time period, the exact value of z will slight vary with time, which will
inevitably influence the evaluation of the dispersion coefficients.
Fitting the data in each plot in Fig. 5 gives a reasonably good deduction of second order
dispersion, however, we think the 0-th order TM mode is more suitable for measuring the
dispersion because the pattern of fourth-order interference for k = 0 is Gaussian shaped. From
Eqs. (22), (17)–(20), we find the normalized coincidence Nc (∆) for the TM with k = 0 is related
with B = ∆ω2 β2 z through the formula:
Nc (∆) = 1 −

ξ
−∆ω2 ∆2
−∆ω2 ∆2
exp
(
)
=
1
−
V
exp
(
).
2
1+B
1 + B2
(1 + B2 )1/2

(23)
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Nc (∆→∞)+Nc (∆=0)
According to the definition of the FWHM (∆τ) of HOM dip Nc (± ∆τ
= 1− V2 , it
2 )=
2
is straightforward to deduce the relation between ∆τ and the visibility of fourth-order interference
V:
√
2ξ ln 2
∆τ =
.
(24)
∆ωV
Therefore, in the process of measuring dispersion coefficient of transmission line in one arm of
MZI, instead of characterizing the full pattern of Nc (∆) to extract out its FWHM, we can simply
evaluate the visibility by measuring Nc (∆ = 0) (or Rc (∆ = 0)). Obviously, the procedure of
measuring Nc (∆ = 0) is much fast and simple. Moreover, it is worth noting that our measurement
of fourth-order interference does not have to rely on the photon counting technique. In Eqs. (10)
and (12), there is no theoretical restriction to the average intensity (or photon number) per pulse
⟨I⟩T . If the intensities of the interfering fields are low enough to avoid the harmful effect induced
by self-phase modulation but high enough to make the weak photocurrents of detectors D1 and
D2 (see Fig. 2) measurable [19], the data processing process will be nearly real time. In this case,
the time spent in figuring out the visibility of fourth-order interference can be greatly reduced.
The rapid measurement process will help to mitigate the environmental impact, leading to an
improved accuracy in β2 measurement.
When the bandwidth of input field is narrow, the influence of βm with m ≥ 3 on the interference
pattern is negligible, we can deduce coefficient β2 in one arm of unbalanced MZI from the
visibility of fourth-order interference. The effect of βm with m ≥ 3 will come in when we enlarge
the bandwidth of input field and we can measure them by increasing the bandwidth [14,20].
However, the method is somewhat complicated and we will discuss the detail elsewhere. Once
the different order dispersion coefficients βm (m ≥ 2) of the transmission line with the channel
centered at a given wavelength are available, the spectral distortion of the TM can be recovered
by compensating the dispersion with a wave shaper [21,22].
Comparing with the methods which are based on the second-order interference and often used
to measure the dispersion of transmission medium, such as the white-light interferometer method
and the modulation phase shift method etc. [23,24], this method has the following features: (1)
the value of all higher order dispersion coefficient βm (m ≥ 2) at the central wavelength of E0
field can be directly obtained; (2) the length of the transmission fiber to be measured can be in
the range of a few meters to at least tens kilometres.
As seen from Eq. (13), the visibility only depends on the overlap of the temporal mode
functions of two interfering fields but not on the phase correlation between them. Thus, it is not
sensitive to coherence time of the original input field to the MZI. Indeed, HOM interference was
observed between two totally independent pulsed fields with no phase relation at all [13,16]. So,
this technique is not limited to the length of delay. Indeed, the unbalanced MZI scheme used
here is a special case of a more general scheme of unbalanced interferometers [11] where the
unbalanced optical path is much larger than the coherence length of the interfering field and yet
we can still observe interference in coincidence measurement.

5.

Conclusion

In conclusion, in order to demonstrate how the dispersion induced by transmission optical fiber
influence the spectral profile of different order TMs, we study the fourth-order interference of an
unbalanced MZI. In the MZI, the two interfering fields of HOM interferometer are originally
from one single temporal mode field but respectively propagate through two pieces of optical
fiber to achieve unbalanced dispersion. The amount of unbalanced dispersion can be changed by
changing the fibre length in the two arms of MZI. Both the simulation and experimental results
show that the interference pattern of HOM type fourth-order interference varies with the order
number of TM. For a set of TM described by Hermite-Gaussian function, the interference pattern
of the 0-th order TM is Gaussian shaped; while for the higher order mode, there exist oscillation
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in each side of the zero-delay point, and the number of peaks in the oscillation of one side is the
same as order number k. Moreover, we find the visibility of fourth-order interference reflects
the mode mismatching induced by unbalanced dispersion, and the relation between the mode
mismatching degree and the amount of unbalanced dispersion varies with the order number
and frequency bandwidth of TM. The visibility monotonically decreases with the amount of
unbalanced dispersion when the order number of TM is k = 0, 1. However, for the case of k ≥ 2,
the visibility can be equal to zero when the unbalanced dispersion is modest, which means that
the two interfering fields become orthogonal. In addition, we find the fourth-order interference of
unbalanced MZI with the input of a single temporal mode coherent state can be used to measure
the dispersion of transmission optical fiber. In particular, by simply evaluating the deviation of
visibility from the maximal value of 50%, the dispersion coefficients can be directly measured.
Our investigation is useful for further studying the distribution of temporally multiplexed quantum
states in fiber network [2,15].
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