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a b s t r a c t

The diffuse radiance and luminance can be anisotropic over the skydome, which is important to the
daylight and thermal environments of buildings and the urban areas. This paper proposes a model that
can estimate the luminance and radiance distributions over the skydome by the basic global and diffuse
irradiance, and the solar altitude measurements/data that are readily accessible for many places over the
world. The radiance and luminance are normalized by the horizontal irradiance and illuminance instead
of the uncommon zenith radiance and luminance. The approach is developed and tested by the mid-to
long-term (a few months to two years) field measurements of several locations with various climates/
latitudes, showing a good accuracy when compared to the reference models.
© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The solar radiation and daylight consist of the direct beam and
sky diffuse parts [1,2]. The diffuse radiation and skylight can be
crucial to thermal, energy, and daylighting studies of the indoor and
urban regions [3,4], since the scattered diffuse radiation (or
skylight) can take a notable percentage of the total (43%e74% per
month in a subtropical region [5]). For radiation and daylight
transfer studies in urban environments, especially, any part of the
skydome can be randomly obstructed by the surroundings [6e9]. In
this case, the radiation and daylight on various parts of the sky-
dome should be specified direction-by-direction [10,11], preferably
by the underlying laws of the radiance (W sr�1 m�2) and luminance
(cd m�2) distribution patterns. The luminance and radiance
Lou), bcdanny@cityu.edu.hk
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represents the daylight and radiation of a single solid angle of the
sky, which can be different in various sky directions [12]. Addi-
tionally, the trend of the luminance and radiance variation over the
sky can be affected by weather conditions, which mainly changes
along the sky altitude under overcast skies, while brightens to-
wards the sun under partly cloudy and clear skies [13,14]. It can
cause significant error in the daylight and solar energy evaluations
if such distribution patterns are mis-used [15e18].

The luminance and radiance distribution studies in early- and
mid-stage.

Previously, many (empirical) radiance and luminance models
have been proposed for the thermal environment and daylighting
studies of buildings. Classical radiation models usually take a
single-direction circumsolar assumption, which concentrates the
anisotropic diffuse irradiance in the directions of the sun [19,20].
This assumption gives a uniform (or azimuthal homogeneous
[21,22]) sky background that simplifies the radiation calculation
(especially on unobstructed surfaces), replacing the complicated
numerical integration of the radiance with a simple view factor of
the skydome from the direction of view [23]. The circumsolar
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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model can be efficient especially for estimating the extreme values
of the radiation when the sun faces the viewpoint without ob-
structions. However, the single-direction assumption overlooks the
continuous variation of the diffuse radiance and luminance over the
skydome. Thus, the simplification can lead to uncertainties when
the sun is close to the edge of an external obstruction [6,22] or
under skies with a broad corona [24].

For daylighting studies, on the other hand, the direct beam is
usually avoided in design and operations to prevent unwanted
glare [25e27]. Since a part of the skydome can be obstructed by the
overhead and side obstructions of the room [28,29], it can be
essential to specify the luminance of the visible sky element (that
can be in any part of the sky) for studying the indoor daylight en-
vironments [30,31]. The early-stage distribution model focuses on
the homogeneous luminance distribution under overcast skies
[32,33] that represent a literarily “unfavorable” daylight condition
[34,35]. In this case, the sky luminance varies along the sky altitude
only. The overcast model can underestimate the daylight under
clear skies when the view-vector faces the sun (angular distance to
the sun <90�) [36] and overestimate the daylight otherwise [37].
Later, the partly cloudy and clear sky models are proposed [38,39],
depicting the brightening of the sky towards the sun in various
gradients and amplitudes. Kittler and Darula proposed 15 different
luminance distribution patterns from deeply overcast to fully clear
[40], and the models were later adopted by the International
Commission of Illuminance (CIE) as the Standard Skies [41].

The continuous and all-sky luminance and radiance distribution
models.

However, the CIE Standard Skies are sky-specific, and each of the
15 models focuses on the luminance (later extended to radiance)
under a given sky condition (such as the deeply overcast and clear).
The intercorrelations between the various sky conditions, in this
case, are not considered. Approaches identifying the sky conditions
usually require sophisticated and uncommon measurements
[42e44], and the data-driven empirical approaches can be sensitive
to the database [45e47]. Most importantly, such “model-selection”
studies are usually restricted by a limited number of prescribed
distributions under certain sky conditions. Though the coefficients
of the model give the variation rate and peak values of the lumi-
nance and radiance in different sky directions, the implications of
the coefficients and their correlations to the common weather
indices (e.g., clearness index, sky brightness, etc.) are rarely studied.

There are few approaches that can determine the luminance and
radiance distributions of an arbitrary sky condition according to the
routine climatic indices. Such models were developed by Perez in
1993 [48] and by Igawa in 2004 [49] and 2014 [50]. Additionally, the
in-built model of EnergyPlus [23] (for daylight only) gives the lumi-
nance distribution as the weighted average of the CIE Standard
overcast, intermediate, turbid clear, and clear sky distributions. These
“all-sky” models take similar mathematical forms as the “sky-spe-
cific” CIE Standard Skies, while the coefficients are determined
empirically by long-term field measurements. It should be clarified
that there are studies on the luminance and radiance distributions by
the physical process of the light transfer and scattering [14,51,52] as
well. But such models usually need sophisticated and uncommon
measurements about the optical, aerosol and cloud parameters of the
atmosphere. For the daylighting and thermal environment studies of
buildings or city zones, the architects and engineers usually prefer
r¼ða cos Zþ bÞ
�
c½expðdminðc;p=2ÞÞ � expðdp=2Þ� þ e

�
cos 2ðmaxðc

cUCir ½1=d=qCirðexpðdqCirÞ � 1Þ � expðdp=2Þ�sin
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approaches demanding simple input variables that are available or
derivable from the routine measurements, or from the typical
meteorological year (TMY) database that iswell-established formany
worldwide places.

For the thermal and daylight analysis of buildings and urban re-
gions, though several all-sky distribution models were accessible,
further improvements can be needed to improve the engineering
applicability and reduce potential uncertainties. One issue is that the
previously developed models, in practice, give the ratio of the radi-
ance (and luminance) to their values in the sky zenith. Although this
normalization gives a dimensionless ratio for both radiance and
luminance as a common mathematic process, the zenith luminance
and radiance are rarely measured over the world [53], and should be
estimated by complicated models that can involve up to hundreds of
coefficients [50,54]. Another issue is the climatic diversity of the
accessible database for the model development, which can be
important for the models that are developed (semi-)empirically.
However, the previous studies usually use the data of limited climates
only, as summarized in Table 1, which is probably due to the costly
andmaintenance-intensive equipment for the field measurements of
the luminance and radiance distributions.

The intensions and arrangements of this paper.
In this study, we proposed amodel that estimates the luminance

and radiance distributions over the skydome for all weather con-
ditions with the following targets.

1. The radiance and luminance should be normalized by, respec-
tively, the horizontal irradiance and illuminance instead of the
rarely accessible zenith radiance and luminance.

2. The model should be developed and validated by the mea-
surements of multiple sites with different climates, so themodel
is expected to adapt well to new datasets.

3. The input variables should be available from the relatively
simple measurements or TMY database for routine building
energy, daylight, and environmental studies.

The following paper is arranged as follows. Chapter 2 interprets
the template of the model calculating the radiance and luminance
in various positions over the skydome (denoted by their azimuth
and zenith angles), the data sources, and the quality control of the
data. The methods being used in determining the coefficients of the
model template (surface fitting) and their correlations with the
weather data (Artificial Neural Network, ANN) are introduced.
Chapter 3 demonstrates the surface fitting results of the co-
efficients when the climatic indices take all possible values. Then,
an ANN correlating the coefficients with the climatic indices is
given, and its performance in estimating the luminance and radi-
ance is validated by the data of different locations. Chapter 4
concludes the findings, and proposes the potential future works.
2. Methodology

In this work, the ratio of radiance and luminance to the hori-
zontal diffuse irradiance and illuminance (r) is given by Equation
(1). The first part of Equation (1) represents the normalized
gradation function (acosZ þ b) and the rest part is the normalized
indicatrix function. The denominator for the normalization an
approximation of the indicatrix function as the numerator.
;p=2ÞÞ�þ 1
aS þ p

�
(1)



Table 1
The luminance distribution measurements in previous literatures.

Refer-
ence

Site K&ouml;ppen Climate
Classification

Year of
publishing

Length of measurement Frequency of
measurement

Public/
Private

[16] Beijing, China Humid subtropical 2019 3 months (Dec 2016 to Feb 2017) 10 min Private
[46,55] Burgos, Spain Mediterranean 2018, 2020 11 months, (Jun 2016 to May 2017) 30 min Private
[56] Bangkok, Thailand Tropical savanna 2017 5 years, 1999 to 2004 Unknow, 44455 in

total
Private

[57] Beijing, China Humid continental 2014 Over a year (Since Jan 2012) Not given Private
[58,59] Hong Kong, China Humid subtropical 2014, 2019 2 years, (Jan 2004 to Dec 2005) 10 min Private
[60] Singapore Tropical rainforest 2007 17 months (Jan 1998 to May 1999) Hourly Private
[49,50] Tokyo, Fukoka and Osaka,

Japan
Humid subtropical for all
places

2004, 2014 >2 years (Mar 92 to Sep 93, Jan to Dec, 94, and Jan 07
to Dec 08)

10e30 min Private

[61] Denver, U.S. Semi-arid, Continental Not pub-
lication

Jun 2000 to Oct 2002, >2 years Generally 15 min Public
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UCir ¼2p½1� cosðqcirÞ� (2)

cos c¼ cos ZS cos Z þ sin ZS sin Z cosð4S �4Þ (3)

2.1. Interpretations of the model

Equation (1) indicates the luminance or radiance ratio r can take
different values at various sky positions that are given by their
zenith angles (Z) and scattering angles (c). In this equation, c takes
radians while the coefficients d and e are determined in the sub-
sequent surface fitting. c equals to the angular distance from the
sky element to the position of the sun, which can be calculated by
Equation (3). Here, 4 is the azimuth angle of the sky element under
study, ZS and 4S are the zenith and azimuth angles of the sun,
respectively; ZS ¼ p/2 e solar altitude aS. In Equations (1) and (3), Z
and 4 can take values from 0 to p/2 (90�) and 0 to 2p (360�),
respectively, covering all positions of the skydome. For a given r
distribution of a single set of measurement, ZS and 4S should be
fixed values and can be determined by the time and geographic
location. Fig. 1 gives the position of the sun and the sky element of
interest on the sky, and their angles.

a, b, c, d, e are the coefficients which can be affected by the
weather and the sky conditions. It should be noted that the former
term (acos(Z) þ b) represents the gradation function that have
already been normalized by the horizontal irradiance or illumi-
nance under the overcast skies. In other words, the denominator of
the gradation function is not specified considering the irradiance
and illuminance determined by the gradation functions (under
Fig. 1. The angles of the arbitrary sky element and the sun.
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overcast skies) are azimuthal homogeneous and irrelevant to aS.
This irrelevance is different from the horizontal irradiance and
illuminance of the aS-dependent indicatrix function under non-
overcast cases.

The numerator of the normalized indicatrix function consists of
three parts:

1. The exponential parts exp(dmin(c, p/2)) e exp(d p/2) show the
attenuation of the luminance/radiance as c increases, which is
compared to the value at c ¼ p/2. Here, c takes a maximum
value of p/2, and the subtraction between exp(d min(c, p/2))
and exp(d p/2) will not change its symbol when c increases
from 0 to p.

2. The squared cos part indicates a slight re-bounce of the lumi-
nance and radiance when c increases from p/2 to p, which
applies to cases with a low aS. In this part, c takes a minimum
value as c ¼ p/2, and the c below p/2 will give a zero output.

3. The constant one enables the calculation of Equation (1) when c
and e are close to zero, and r is determined by the gradation
function only (i.e., the overcast condition).

In order to calculate radiance (or luminance) without the zenith
measurements or estimations, the numerator of Equation (1) is
normalized by the irradiance (or illuminance). In this case, the
denominator of Equation (1) should be, theoretically, the integra-
tion of the numerator on the horizontal surface over the skydome.
In other words, the numerator of Equation (1) should be a function
of the coefficients c, d, and e, while the full-scale integration can be
impractical. This difficulty partially explains the preference of using
the zenith luminance and radiance (in a simple expression by
taking c of the numerator as ZS) in the normalization in all previous
studies.

The denominator of the indicatrix function is an approximation
of the diffuse irradiance (or illuminance) that is determined by the
numerator. Here, qCir is half of the cone angle of the circumsolar
brightening, and UCir is the corresponding solid angle determined
by Equation (2). This approximation focuses on the resolvable first
(i.e., c [exp (dmin (c, p/2) e exp (d p/2))]) and the last terms (i.e., 1)
of the numerator. The exponential part counts the radiance with
c < qCir on the horizontal surface by the circumsolar assumption.
Here, qCir is set as 0.2p, referring to our previous work [6]. This
assumption agrees with the mathematical features of the expo-
nential, whose value decreases rapidly when the c increases from
0 to p/2. On the other hand, integration of 1 over the skydome on
horizontal surfaces gives p, and the term avoids the mathematical
difficulties (i.e., denominator being zero) when both c and d ap-
proaches zero.
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2.2. Correlating coefficients to weather indices

The essential problem is finding the correlation of the co-
efficients a to e (of Equation (1)) to the readily accessible weather
data. In this process, two correlations are involved:

The first one is the correlation between the relative radiance or
luminance data and their corresponding zenith (Z) and azimuth (4)
angles (Correlation A). Here, the radiance (R) and luminance (L) are
measured in the 145 sky directions with different Z and 4, and
normalized by the diffuse irradiance (EHD) and illuminance (IHD) on
the horizontal surfaces, respectively.

The second one is the correlation between the coefficients a to e
and the weather indices, including the Liu and Jordan clearness
index (Kt) [62], the diffuse fraction (K), and aS (Correlation B). Kt is
the ratio of EHG to the horizontal extraterritorial irradiance (EHE); K
is the ratio of EHD to EHG. The relative global and diffuse irradiance Kt

and K are classical indices that have been used in many previous
studies. Meanwhile, the EHD, EHG and aS (deriving Kt, K and aS) are
readily available from the well-established TMY datasets in hourly
interval that covers many places all over the world. The case is
similar to the Igawa and Perez models [48,50], whose input indices,
though slightly different from Kt and K, are derived by EHD, EHG and
aS as well.

In practice, while developing the first correlation, the data
samples are divided into multiple groups, and each group takes
similar Kt, K, and aS values. The surface fitting for coefficients a to e
of Equation (1) are implemented group-by-group using the
measured r (i.e., L/IHD or R/EHD) in their Z and c angles. The variables
Kt and K ranging from 0 to 0.9 and 0 to 1, are divided into 18 and 20
bins, respectively, with an interval of 0.05. Meanwhile, aS ranges
from 10� to 85�, and is divided into 14 bins with an interval of 5�. In
this case, the surface fitting of Equation (1) repeats multiple times
for all possible combinations of the Kt, K, and aS bins, as shown in
Fig. 2. These surface fittings give a three-dimensional matrix for
each of the coefficients a to e when the Kt, K, and aS take different
values over their possible ranges. It should be noted that the radi-
ance and luminance measurements with c < 6� can be affected by
the direct beam, in which case the radiance sensor will be blocked
Fig. 2. The various groups with different Kt, K, and aS ranges
Correlation A: between luminance or radiance ratios (r) and sky-direction indices (Z and c

Correlation B: between ratio distribution coefficients (a to e) and weather indices (Kt, K, aS
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automatically in case of unwanted damages. This auto-blockage
gives a false reading that is close to 0, which are excluded in the
data analysis. Measurements with 6� < c < 18� can also be affected
with a few close-to-zero readings, and are thus removed if their
radiance is lower than half of the average radiance within
18� < c < 30�.

In the second step, the coefficients a to e are correlated to the
indices Kt, K, aS by a typical three-layer feedforward neural network
(ANN). The ANN is used for the following reasons.

1. Compared to curve/surface/multivariable fitting, ANN needs no
pre-defined equation template to explore the correlation be-
tween the variables.

2. ANN can effectively depict the non-linear correlation between
the weather indices (as the input) and the model coefficients a
to e (as the output).

3. Equations of the ANN model can be easy to use in engineering
simulation tools and is simpler than the split-based approaches
(e.g., Decision Trees, piecewise regressions, etc.) that involve
many if-else comparisons and even ensembles.

The ANN being used includes the input layer, the hidden layer,
and the output layer. Trial-and-error tests show that five hidden
neurons in one hidden layer can be sufficient for good accuracy
(specified in Appendix A). In other words, using more hidden
neurons does not improve the accuracy evidently while introduces
excessive number of model parameters. A full-scale optimization of
the neural network structure and its parameters is out of the scope
of this study. The input and output layers involve three (for Kt, K and
aS) and five neurons (for coefficients a to e), respectively. Such a
structure gives a neural networkwith 50 coefficients in total, which
is comparable to the other equation-like empirical models. The
ANN is developed by the MATLAB toolbox using the Bayesian
Regularization algorithm that has its own form of validation. So,
validations by the subsets of the data are turned off as a default
setting of the program.

The input variables are rescaled into a range of �1 to 1 by
Equation (4), where xi, real is the actual value of the ith input
)
).



j
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variables (which can be one of the input variables Kt, K, and aS for
this problem), xi, max and xi, min are the maximum and minimum
values of it. Equations (5) and (6) are the transfer function hidden
and output layer of the neural network. Here, wj,i is the weight of
variable xi for the jth hidden neuron, bj is the bias of the jth hidden
neuron, and zj is the middle output of the jth hidden neuron. wk,

'

and bk
’ are the weight and bias of zj for the kth output neuron. yk is

the output of the kth rescaled coefficient, ranging from�1 to 1, and
should be converted to its actual values yk,real by Equation (7). yk,real
can be either one of the coefficients a to e.

xi ¼ 2
�
xi;real � xi;min

� � �
xi;max � xi;min

�� 1 (4)

zj ¼ 2
	 

1þ exp

"
� 2

X6
i¼1

�
wj;ixi þ bj

�#!� 1 (5)

yk ¼
X10
j¼1

w0
k;jzj þ b0k (6)

yk;real ¼
1
2
½yk þ1�



yk;max � yk;min

�
þ yk;min (7)

Fig. 3 summarizes the methodology framework of this research.
As shown in “Using the model” part, there are two correlations
being developed. With the common Kt, K and aS indices, the co-
efficients a to e (of Equation (1)) can be determined by the Corre-
lation B. Then, Equation (1) can be used to calculate the luminance
and radiance (in ratios) for any sky element by its angles Z and c

using the Correlation A. The processes in developing these corre-
lations in this work are summarized in the “Developing the model”
part. The ranges of Kt, K and aS are divided into several bins (Step 1),
and the datasets are put into the bins according their Kt, K and aS
values (Step 2). For each group, the coefficients a to e are deter-
mined by fitting Equation (1) according to r at various Z and c that
are acquired by the sophisticated measurements (This Step 3 gives
Correlation A). This fitting process repeats for all possible combi-
nations of Kt, K and aS, covering all sky conditions (Step 4). Finally,
the coefficients a to e (determined by the surface fitting) are
correlated to Kt, K and aS using the Artificial Neural Network (This
Step 5 gives Correlation B).
2.3. The data source and the pre-processes

The data being measured include the EHG and EHD on horizontal
Fig. 3. The approaches of developing and usin
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surfaces, and the radiance and luminance of various parts over the
skydome. The irradiance data are measured by thermopile pyran-
ometers that are horizontally placed facing the entire sky hemi-
sphere. The radiance and luminance data are measured by a sky
scanner that points its sensors against 145 sky directions (covering
the skydome) sequentially. The sky scanner takes around four to
5 min in measuring a single set of luminance and radiance distri-
bution data. These data are taken in multiple places, including
Hong Kong (China), Dammam (Saudi Arabia), Beijing (China), and
Denver (USA). These places are in various latitudes and have
different climates. The database of Denver is acquired via an online
database of the National Renewable Energy Lab [61] of the USA
(freely open to the public), while data of the other places are pri-
vately owned. The model is developed by the data of Hong Kong
and Dammam only, and the data of Beijing and Denver functions as
the “new” data in testing the model, implying its potential accuracy
for new places with latitudes and climates that are different from
the development.

Though efforts were made during the measurement process for
high-quality data, there can still be erroneous measurements due
to the malfunctions, the maintenances of the equipment, the
wrongly placed shadow ring, or even a bird nesting. In this case, the
following criteria are used to evaluate the data quality and reject
the potentially erroneous data.

1. aS > 10�; EHG > 10 W/m2. The two criteria are determined
referring to the CIE guide [63] and Igawa's work [50]. The sky
tends to be dark for cases with low aS and low EHG, which is not
the focus of the usual daylighting and radiation studies. Addi-
tionally, the low aS can lead to difficulties of the measurements
due to the directional response of the pyranometers.

2. EHG < 95% EHE; 0 < EHD < 80%EHE; EHD � EHG. The criteria follow
the CIE guide [63].

3. For each set of L and R distribution, there should be at least N out
of the 145 R or L measurements taking a reading >0; especially,
the zenith R or L should >0. N takes 50 for Denver as the site uses
an early-stage sky scanner (EKO MS-300LR [61]) that is insen-
sitive to low radiance/luminance. N takes 140 otherwise. The
data of L and R are evaluated individually.

4. For the R distribution only, the EHD calculated by the measured R
(in 145 sky directions) should be close to the pyranometer
measurement. The difference should be <25%. This test is not
used for the L data since IHD measured by the lux meter is not
available for all sites.
g the sky radiance and luminance model.



Fig. 4. Value of the coefficients a at different Kt, K and aS values.
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5. K should be within a range that is determined by the Kt of the
same time. The upper and lower limits of K at a given Kt value
are determined as Q3 þ 1.5 (Q3 e Q1) and Q1 e 1.5 (Q3 e Q1),
respectively [64]. Here, Q3 and Q1 are, respectively, the third
and the first quadrantile of K values for the datasets whose Kt are
close to the value under consideration. This empirical criterion
identifies the cases with (potentially) misplaced shadow bands.

The data of Hong Kong is measured from January 2004 to
December 2005; around 40,000 sets of luminance and 37,000 sets
of radiance distribution data passed the quality test. Data of Dam-
mam covers the period from July 2019 to January 2020, and around
7100 and 7600 sets of radiance and luminance distributions are
accepted for this study. Additionally, a short-period measurement
was taken in Beijing from January 10 to 31, 2017, which gives 800
radiance and 980 luminance distributions. Finally, the open-access
data of Denver are available from August 2000 to October 2002,
which gives around 9100 and 12,000 valid sets of radiance and
luminance, respectively. Criterion 4 for radiance rejected more
radiance samples than the luminance, and the differences are
around 6% for most sites, yet is 24% for Denver. Further specifica-
tions of the data of Hong Kong and Denver can be found in our
previous study [47].

The accuracies of the various models are evaluated by the co-
efficient of determination (R2) of Equation (8). R2 indicates the ratio
of the data variation that the model can estimate accurately. Here,
R2 is determined one-by-one for each luminance (and radiance)
distribution, and then the occurrence frequencies of the accuracy
index R2 are evaluated. A reliable model should give high R2 esti-
mations for as much luminance (or radiance) distributions as
possible, inwhich case there should be high occurrence frequencies
for estimations with R2 close to one.

R2 ¼1�
P145

i¼1;2;:::½Estimatei �Measurei�2P145
i¼1;2;:::

h
Measurei �


PN
i¼1Measurei

�.
N
i2 (8)
Fig. 5. Value of the coefficients b at different Kt, K, and aS values.
3. Results and validation

3.1. Coefficients a to e at various Kt, K, and aS values

The regression results of coefficients a to e of Equation (1) using
the luminance and radiance measurements are demonstrated in
Figs. 4e8. The plots indicate the values and trends of a to ewhen Kt,
K and aS take different values, and this is the corner stone of
summarizing/expressing such trends and coefficient values using
the neural network in the following section(s).

How Figs. 4e8 are plotted and organized.
It is reminded the regression (by surface fitting) process (for

Correlation A) is repeated multiple times, with the measurements
takes certain (or very close) Kt, K, and aS values every time. In this
case, each of the coefficient a to e, as the dependent variable, should
be plotted in a four-dimensional (4-D) graph with three indepen-
dent variables (i.e., Kt, K, and aS). Since a 4-D plot is impossible,
Figs. 4(a)-8(a) show the values of the coefficients at different Kt and
K when aS takes 30e35�, as a “slice” of the 4-D plot. Figs. 4(b)-8(b)
give the values of the coefficients at different Kt and aS, in which
case the value of K has to be given when plotting the values of the
coefficients. Since K, Kt and aS are partially inter-correlated, there
should be a “most-likely” Kwhen Kt and aS take certain values, and
this most probable value (of K) is determined by a classical global-
to-diffuse model [65].

The color of the cell takes transparency if the coefficients are
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Fig. 6. Value of the coefficients c at different Kt, K, and aS values.

Fig. 7. Value of the coefficients d at different Kt, K, and aS values.

Fig. 8. Value of the coefficients e at different Kt, K, and aS values.
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determined by less than 50 samples (luminanceþ radiance) within
its Kt, K, and aS ranges. The transparency is evident for values given
by few samples of the measurement. The coefficients are removed
if it takes a huge 95%-confidence-bound in the regression of
Equation (1), indicating the value can be uncertain for the given Kt,
K, and aS. The uncertainty is probably because the coefficient is not
necessary for the weather condition, or the value is determined by
localized luminance and radiance data at a few Z and c values. In
other words, the huge 95% confidence range shows that the rest
coefficients can be sufficient to depict the luminance and radiance
distributions for the weather condition and aS under consideration.
For all coefficients except f, subplots (a) gives the cases with aS
ranging from 35� to 40� (mid-value ¼ 37.5�). For coefficient f of
subplot (a), aS takes a range of 15�e20� that corresponds to an c

from 160� to 165�. Such a c (<p/2) can be high enough for studying
the coefficient e, in which case the term [cos2(max(c, p/2))] takes
none-zero values.

The trends of coefficients a to e at different Kt, K, and aS values.
Values of coefficients a and b at various Kt, K, and aS values are

plotted in Figs. 4 and 5, which shows the trend of the luminance
and radiance variations along the sky altitude. According to
Fig. 4(a), the coefficient a is positive for the overcast skies with low
Kt and high K values, while negative for clear skies with high Kt and
low K values. The trend of coefficient a indicate that the overcast
sky is brightest at the zenith and darkest at the horizon, while the
variation is opposite for clear skies. For partly cloudy skies, the
coefficient a is close to zero, indicating few luminance and radiance
variations along the sky altitude. According to Fig. 4(b), the coeffi-
cient a reduces from around 1 to lower than �2 when Kt increases
from 0 to 0.8. Such reduction is faster (giving lower coefficient a
values) for cases with high aS angles. Meanwhile, the coefficient a is



Table 2
The value ranges of coefficients a to e.

a b c d e

99th percentile 0.94 3.24 26.98 0.00 0.77
1st percentile �2.41 0.33 0.22 �5.65 0.00
Maximum 1.47 5.03 41.73 0.00 1.22
Minimum �3.76 0.20 0.09 �7.99 0.00

Fig. 9. R2 in fitting Equation (1) by the datasets with different Kt, K and aS values.
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almost a constant for Kt < 0.2, regardless of the aS values. A com-
parison between Figs. 4 and 5 shows opposite coefficients a and b at
various Kt, K, and aS values. In other words, the value of coefficient b
is around 0.5 for the overcast skies and higher than 2 for the clear
skies, according to the upper left and the lower right corners of
Fig. 5(a), respectively. This opposite trend of coefficient b against
that of a is because b is added to the gradation function to prevent
negative luminance and radiance estimations of the [acos(Z)]
expression, especially when coefficient a takes a negative value
under the clear-sky conditions.

The values of coefficient c at various Kt, K, and aS are plotted in
Fig. 4. Coefficient c gives the trend of the peak value of the lumi-
nance and radiance. According to Fig. 6(a), coefficient c is close to
zero for the overcast skies in the upper left corner of the subplot for
Kt lower than 0.2, suggesting relatively homogeneous skies. The
value of coefficient c increases rapidly from lower than zero to
higher than 10 as Kt increases from 0.2 to 0.45. The coefficient c
increases further as the sky turns from partly cloudy to clear (Kt

increases and K decreases). The maximum value of coefficient c for
aS ¼ 35�e40� with sample size >50 (i.e., without transparency on
the figure) is around 20, depicting distinct sky brightening around
the sun.

According to Fig. 6(b), the coefficient c increases as Kt rises for all
aS angles. When the sky turns from overcast to clear (i.e., Kt in-
creases from 0 to over 0.8), the coefficient c of the low-aS-cases can
reach a high value of 10 earlier than the high-aS-cases, though the
former usually end upwith a maximumvalue that is lower than the
later case. The highest coefficient c (>30) is found for cases with
70� < aS < 80� and 0.75 < Kt < 0.8 due to the clear sky and the low
air mass. Though coefficient c higher than 20 can be found for aS
lower than 25�, such values were determined by less than 50
luminance and radiance distribution samples. When aS rises from
0� to higher than 80�, coefficient c of the cases with 0.25 < Kt < 0.7
(i.e., usually partly cloudy sky) reduces slightly, while c of cases
with Kt > 0.7 (i.e., clear sky) increases. The trend for the partly
cloudy skies is probably because the circumsolar brightening is less
likely to be obstructed by the clouds for the low aS cases than those
with high aS angles.

The values and trends of coefficient d are given in Fig. 7. Ac-
cording to the figure, cases with Kt < 0.2 are excluded due to their
board 95% confidence region, and the value can sometimes be
misleading in revealing the trend of the coefficient under the
various Kt, K, and aS values. This uncertainty in the low Kt side is
probably because of the low values of its corresponding coefficients
c and e (given in Figs. 6 and 8), which turns the entire indicatrix
function marginal when it is compared to the corresponding
gradation function. Therefore, cases with Kt > 0.2 are focused on
evaluating the trends of coefficient d. According to Fig. 7(a), coef-
ficient d is around �2.5 for most cases when Kt > 0.35, and the
values of d shift slightly towards zero for cases with low Kt values.
This trend can be found in the 35� < aS < 40� row of Fig. 7(b) as well.
Fig. 7(b) shows the coefficient d shifts away from zero for all aS
angles (especially for cases with high aS angles) when Kt increases
from 0.1 to 0.85. This trend of d under various Kt shows the cir-
cumsolar brightening attenuates faster under clear skies than the
overcast and partly cloudy skies. The coefficient d rarely takes
values lower than 3 for cases with aS < 45�, which corresponds to a
board corona area due to the scattering by the significant air mass
of the low aS.

Fig. 8 gives the coefficients e under different sky conditions.
Coefficient e is usually invalid for aS higher than 45� because the
term e[cos2(max(c, p/2))] of Equation (1) focuses on the sky
patches that are far away from the sun (i.e., c higher than p/2). In
this case, aS should be low enough for sufficient luminance and
radiance readings in the sky patches with c in the range of p/2 to p,
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considering the maximum c ¼ p e aS. Coefficient e under clear
skies with high Kt values tends to be higher than the overcast and
the partly cloudy skies with lower Kt values. The trend shows the
re-bounces of the luminance and radiance in the part of the sky-
dome far away from the sun (i.e., with high c values, > p) are often
found under clear skies.

Table 2 summarizes the maximum and minimum values of the
coefficients, as well as the 1st and 99th percentiles of the co-
efficients. The maximum and minimum values are used in devel-
oping the ANN model that correlates the coefficients to the Kt, K,
and aS variables, while the 1st and 99th percentiles shows the
ranges of coefficients excluding their outliers. It is summarized that
coefficients b, c, e are always positive, coefficient d is always
negative, and coefficient a usually ranges from�2.4 to 0.94. The 1st
and 99th percentiles of coefficient c are in good agreement with the
CIE Standard Skies. On the other hand, the 1st percentile of d and
the 99th percentiles of e are slightly lower than those of the CIE
Standard Skies.

Fig. 9 gives the goodness of fitting the Equation (1) (i.e., R2) that
is repeated for all possible combinations of the Kt, K and aS bins.
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Again, a transparency is given to the color of the boxwhen there are
less than 50 datasets available for a single bin. Fig. 9(a) gives the R2

for various Kt and K combinationswhen 35� < aS < 40� (represented
by its mid-value 37.5�), and Fig. 9(b) gives the R2 for various Kt and
aS values. Again, the global-to-diffuse model [65] is used in calcu-
lating the most-likely Kwhen Kt and aS are given, so that the R2 can
be determined by all three variables. According to the figure, the R2

of most cases with Kt > 0.4 are higher than 0.75. Lower R2 are found
for the cloudy and overcast cases with Kt < 0.35, probably because
of the increasingly heavy coverage of the unstable and moving
clouds, though the R2 of most overcast cases are higher than 0.4.
The results indicates that the basic climatic indices Kt, K and aS can
somehow be sufficient for depicting the luminance and radiance
distribution features (given by the coefficients of Equation (1)) if
sophisticated measurements are not accessible, especially for the
non-overcast sky conditions. It is reminded that the final goal of
this study is estimating the values of the luminance and radiance
instead of the coefficients, and the accuracies of the radiance and
luminance are given afterwards.
3.2. The neural network estimating the coefficients, and the
validations

The weights and biases of the neural network for estimating the
coefficients are given in Table 3 to re-produce the work for readers
and model users. The aS, Kt, and K as the neural network input take
ranges of 12.5�e87.5�, 0.025e0.875, and 0.075e0.975, respectively,
which are needed while using the model (in normalizing the input
variables) for future studies.

Fig. 10 gives the occurrence frequencies of R2 from�1 to 1 of the
luminance and radiance distributions that are estimated by
different models. The occurrence frequencies for cases with R2

lower than �1 are given in Table 4. Accurate models should give
right-shifted occurrence curves in Fig. 10 and low values in Table 4,
indicating that the radiance or luminance distributions are
frequently estimated with R2 close to 1. Here, the proposedmodel is
compared to three reference-models given as follows. The pro-
posed and reference approaches can estimate the luminance and
radiance distributions over the skydome by similar parameters as
the input. Though the mathematic processes of the reference
models are briefly given in Appendix B, the readers are highly
encouraged to refer to the original publications.
Table 3
Weights and biases of the neural network estimating coefficients by aS, Kt, and K.

Weight and biases Neuron 1 (j ¼ 1) Neuron 2 (j ¼ 2) Neuron 3 (j ¼
Hidden layer
wj,1 for aS (i ¼ 1) 1.177 �1.908 0.792
wj,2 for Kt (i ¼ 2) �1.498 0.107 �2.473
wj,3 for K (i ¼ 3) 0.369 8.590 �0.462
Bias (bj) �0.659 8.494 1.138
Output layer
w’

1,j for a (k ¼ 1) �1.091 �0.219 �0.112
w’

2,j for b (k ¼ 2) 0.601 �0.072 0.066
w’

3,j for c (k ¼ 3) 1.627 �0.365 0.437
w’

4,j for d (k ¼ 4) 0.438 0.448 �0.148
w’

5,j for e (k ¼ 5) �0.348 0.451 �0.168

Note: * stands for not applicable for the hidden layer.
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1. The Igawa model (Igawa14) [50]: This model was proposed in
2014, which is developed and validated by the data (in 10-min
interval) of three stations in Tokyo and Osaka that are taken
over various periods of 9 months to 6 years. Additionally, the
zenith radiance and luminance, as the inputs of all reference
approaches, can be determined as well.

2. The Perez distribution model (Perez93) [48]: The model was
proposed in 1993. The model is developed by 16,000 sky lumi-
nance scans in Berkeley over 1.5 years.

3. The decision Tree identifying the CIE Sky conditions
(Treeþ CIE): The model [45] classifying the CIE Standard Skies is
proposed in 2017. The CIE Standard Skies 1, 8, and 13 are used to
represent the overcast, partly cloudy, and clear skies according
to an empirical study. The approach is developed by 39,000 sky
luminance scans in Hong Kong over less than 2 years.

According to Fig. 10, the curves of all models are right shifted,
and their peaks are closest to 1 for both the luminance and radiance
distributions. For the radiance of Hong Kong, the peak occurrence
of R2 of the proposed model is closer to 1, being much higher than
the other approaches. As for Dammam and Beijing, the peaks of the
proposed models are similar to the Perez93 model. However, it
should be noted that the occurrence of R2 lower than �1 of the
Perez93 model can be higher than 0.053 for Beijing, which is much
higher than the proposed model and the Igawa model. The Perez93
model gives the highest occurrence of R2 < �1 among all ap-
proaches for all places under consideration except Dammam,
though the curve of the Perez93 model is similar to the others for
R2 > �1. This implicates that the model may misestimate the
luminance and radiance distributions under a few weather situa-
tions. The occurrence frequency curve of the Igawa model, on the
other hand, is slightly more left-shifted than the proposed
approach for all places under evaluation, especially for the radiance
of Hong Kong and Beijing, and the luminance of Denver. An
advantage of the Igawa model is its relatively low occurrence fre-
quency for R2 < �1. Additionally, the R2 occurrence curve of the
decision Tree-CIE approach can be more left-shifted than the other
models, especially for Dammam and Denver, and the occurrence for
R2 < �1 of the Tree-CIE approach is generally higher than the
proposed and the Igawa models. It is finally summarized that the
proposed model and the Igawa model are recommended for the
studies of the luminance and radiance distributions for their good
accuracies for almost all places under consideration.
3) Neuron 4 (j ¼ 4) Neuron 5 (j ¼ 5) Bias (b'k) for output layer

0.322 �0.875 N.A.*
�1.265 1.252 N.A.
�2.043 �0.341 N.A.
�1.358 0.404 N.A.

�1.108 �1.508 �0.380
1.330 0.873 0.616
0.393 2.354 �0.105
�0.770 0.023 �0.412
0.788 �0.491 �0.475



Fig. 10. Occurrence frequencies of the R2 values of luminance and radiance for various places.

Table 4
Occurrence rates of R2 lower than �1.

Models Luminance Radiance

HK DM BJ DV HK DM BJ DV

Proposed 0.008 0.002 0.006 0.012 0.007 0.001 0.013 0.014
Igawa14 0.003 0.000 0 0.005 0.007 0.001 0 0.011
Perez93 0.183 0.006 0.053 0.179 0.183 0.008 0.099 0.190
CIE Skies by decision Tree 0.030 0.007 0.048 0.026 0.025 0.026 0.041 0.045

Note: HK: Hong Kong, DM: Dammam, BJ: Beijing, DV: Denver.
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4. Conclusions

The paper proposes a model that calculates the radiance and
luminanceof any skydirectionunder any skyconditionby the routine
weather data (e.g., the typical meteorological year). This model nor-
malizes the luminance and radiance are normalized by illuminance
and irradiance, respectively, and the uncommon zenith values of
conventional models are thus not needed. In terms of accuracy, the
model is developed by the data of two places and evaluated by the
data of four places with distinct climates. The occurrence frequencies
of the accuracy index R2 is used in evaluating the each luminance and
radiance distribution. The proposed model gives a higher (or at least
similar) occurrence of R2 close to one than the other approaches that
estimate the luminance and radiance distributions for all places.
Meanwhile, the occurrence frequencies ofR2<�1 cases (suggesting a
mis-estimation) of the proposed approach is lower than most of the
models and comparable to the Igawa 2014 model. Results show that
the proposed model is reliable in estimating the distributions of the
radiance and luminance by the common radiation data. Thus, the
proposedmodel is easy-to-use, and canbe anessential cornerstoneof
the daylight and radiation estimations of the thermal, energy, and
daylight environments of the buildings and the building complexes in
the densely built urban areas.
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Appendix A. The accuracy of ANN with different numbers of
the hidden neurons

The accuracies of the neural network with 2, 3, 4,…, 32 hidden
neurons are tested, and the process is repeated by 400 times for
robustness of the results. Every time, the data of Hong Kong and
Dammam data is separated into the training (70%) and the testing
(30%) groups. The neural networks are trained by the Bayesian
Regularization method. The R2 of the training and testing sub-
groups are given in Figure A1. Here, each of the five outputs is re-
scaled to a range from �1 to 1 before calculating the R2. The figure
shows the neural network with 5 hidden neurons can estimate
coefficients a to e with sufficient accuracies, and the quantity of
weight and bias coefficients of such a structure (i.e., 5 hidden
neurons) is reasonable for relatively easy reuse by the readers.
Meanwhile, there are few overfitting risks if the model is trained
with 5 hidden neurons since the R2 of the training and testing
datasets are similar.
different numbers of the hidden neurons.
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Appendix B. Introduction of the reference distribution
models

1. Igawa 2014 model

The relative luminance and radiance of a sky element to the
zenith values can be calculated as:
r0 ¼
�
1þ aIg exp

�
bp
�
cos Z

���
1þ cIg

�
exp

�
dpc

�� exp
�
dIgp=2

��þ eIgcos 2 c
��

1þ aIg exp
�
bp
���

1þ cIg exp
�
exp

�
dpZS

�� exp
�
dIgp=2

��þ eIgcos 2ZS
�

here, aIg, bIg, cIg, dIg, and eIg are coefficients, and should be deter-
mined using the following equation, where xIg represents one of the
aIg to eIg coefficients. r' (instead of r) represents the luminance or
radiance normalized by its zenith value (instead of the readily
accessible horizontal illuminance and irradiance).

xIg ¼AþB exp
�
�Gkc

2


þ E exp

�
�GCle

2


þ H exp

�
� Gkc þ GCle

2



Gkc ¼ ½ðKc� CÞ=D�2;GCle ¼ ½ðCle� FÞ=G�2

Coefficients A, B, C, D, E, F, and G are different for coefficients aIg
to eIg. Kc and Cle are the clear sky indx and cloudless index,
respectively, and should be calculated as follows:

Kc¼ EHG = Seeg;Cle¼ð1�KÞ = ð1� CesÞ
Seeg is the standard global solar irradiance, and Ces is the

standard cloud ratio:

Seeg¼0:84 expð�0:054mÞENE =m

Ces¼0:08302þ0:5358expð�17:3aSÞþ0:3818expð�3:2899aSÞ

here, m is the optical air mass, ENE is the extraterristrial solar irra-
diance on the surface that is normal to the light transfer direction.

The zenith luminance and radiance are needed for all three
reference models, and can be calculated as:

LZ ¼ IHD,f ðaS;Kc;CleÞ
The horizontal diffuse illuminance (IHD) can be replaced by EHD

for zenith radiance.
f ðaS;Kc;CleÞ¼
X5
k¼0

h
AZðkÞKck

i
;AZðkÞ¼

X6
j¼0

h
BZðj; kÞClej

i
;BZðj; kÞ¼

X5
i¼0

h

r¼ ½1þ aCIE expðbCIE=cos ZÞ�
�
1þ cCIEfexpðdCIEcÞ � expðdCIEp=2Þg þ e

½1þ aCIE expðbCIEÞ�
�
1þ cCIE expfexpðdCIEZSÞ � expðdCIEp=2Þg þ e
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where coefficient CZ should be determined by a 6 � 7 � 6 three-
dimensional table.

2. Perez 1993 model

The relative luminance (or radiance) of a sky element to the
zenith values can be calculated as:
r0 ¼
�
1þ ap exp

�
bp
�
cos Z

���
1þ cp exp

�
dpc

�þ epcos 2 c
��

1þ ap exp
�
bp
���

1þ cp exp
�
dpZS

�þ epcos 2ZS
�

here, ap, bp, cp, dp, and ep are coefficients, and should be determined
using the following equation, where xp represents one of the ap to ep
coefficients.

xp ¼ xp1ðεÞþ xp2ðεÞZS þ D
�
xp3ðεÞþ xp4ðεÞZS

�
here, D is the sky brightness, and ε is the sky clearness that should
be determined as:

D¼mEHD=ENE

ε¼
h
ðEHD þ ENBÞ

.
EHDþ 1:041ZS

3
i.h

1þ1:041ZS
3
i

m is the air mass, ENE is the extraterristrial solar irradiance on the
surface that is normal to the light transferdirection,ENB is the ground-
level beam solar irradiance on the surface that is normal to the light
transferdirection.ZS should take radianswhenthefactor1.041 isused.

Coefficients xp1, xp2, xp3, and xp4 are different for each of the
coefficients ap to ep, and should be determined by a lookup table
(according to the value of ε) of Perez.

For 1 < ε < 1.065, especially, the following equations should be
used instead of the xp equation

cp ¼ exp
h�
D
�
cp1 þ cp2ZS

��cp3i� 1

dp1 ¼ � exp
�
D
�
dp1 þdp2ZS

��þdp3 þ Ddp4
3. The classification tree and CIE Standard Sky model

The relative radiance and luminance are determined as:
CZði; j; kÞaSi
i

CIEcos 2 c
�

CIEcos 2ZS
�
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Coefficients aCIE, bCIE, cCIE, dCIE, and eCIE takes different constant
values for overcast, partly cloudy and clear skies. The sky conditions
are determined by a decision tree that uses Kt, K and aS as the input.
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